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Acoustic-phonon transmission in quasiperiodic superlattices
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Acoustic-phonon transmission through a realistic Fibonacci superlattice is studied theoretically.
'We find a number of transmission dips corresponding to Bragg-like reflections of phonons. The
transmission spectrum is much more complex than in the periodic case; however, the strongest
dips in transmission are remarkably correlated with those of the periodic superlattice. We also
present the first realistic calculations of the phonon dispersion relations in an actual quasiperiodic
superlattice. For oblique angles of incidence, intermode Bragg-like reflections of the phonons are
predicted.

Since the discovery of quasicrystalline phases in metal-
lic alloys there has been a number of studies on the vi-
brational properties of one-dimensional (1D) quasiperiod-
ic systems. Recently, Merlin et al. have fabricated semi-
conductor superlattices in a 1D quasiperiodic fashion.
Basically, two diA'erent building blocks A and 8 of
GaAs/A1As are layered according to a well-prescribed
rule, such that the ratio of these A and B blocks equals the
golden mean, r=(l+ J5)/2. The prescribed sequence of
blocks, ABAABABA. . . , produces a "Fibonacci superlat-
tice." X-ray and Raman scattering measurements
have revealed the special characteristics of this nonperiod-
ic heterostructure.

We shall study here the acoustic phonon transmission in
a Fibonacci superlattice. In a periodic superlattice with
periodicity d the phonons satisfying the condition q =q„
=ntr/d are Bragg reflected, where q is the normal com-
ponent of the wave vector and n is an integer specifying
the order of the Bragg reflection. This means that pho-
nons with q =q„cannot propagate through an ideal super-
lattice with an infinite number of periods, and frequency
gaps are created at q =q„. For a superlattice with a finite
number of periods, the exact periodicity is lost, but there
are distinct dips in the transmission for phonons with fre-
quencies in the band gaps. These dips in transmission
have been observed both by phonon spectroscopy ' and
by phonon imaging. '

In a superlattice, the interference eN'ects between the
incident and reflected phonons are described by the struc-
ture factor

Sg =+exp(iQz, ),
J

where Q is the sum of the normal components of the wave
vectors of the incident and reflected phonons. For in-
stance, Q =2q for a reflection in which the mode of the
phonon does not change. In this equation fzIJ defines the
positions of the interfaces. The structure factor for a
periodic system is simply S() = (2 /d t)rQ„B(Q —2q„).
Calculations of the structure factor for quasiperiodic sys-
tems have been made via direct" and projection
methods. ' The result for the Fibonacci superlattice con-
sisting of A and 8 layers with thickness dz and d~ and for

d~/dtt =r (which is approximately satisfied by the sam-
ple') is

S()a: g ' exp(iX „)B(Q—
Q „),
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d~™,and p~ defined as the phonon wave number, '

thickness, and appropriate elastic constant of layer M in
block A. T~ is defined similarly. We envision an experi-
ment where an acoustic wave incident on the superlattice
from the substrate with amplitude Up =Us passes

where X~ „nr(mr —n)/(1+r ), Q „=2tr(m+nr)/d,
and d = rd~+d~. Thus, the constructive interference be-
tween the incident and reflected phonons of definite polar-
ization occurs for q =q „=—Q „/2, which leads to dips in
transmission for phonons of frequencies v=v „—=v(m
+nr)/2d, where v is the relevant sound velocity in the Fi-
bonacci superlattice. The form of the prefactor to the 8
function in Eq. (2) dictates that the most significant dips
in transmission occur for those q =q „ for which n/m
is close to r, i.e., m and n are successive Fibonacci num-
bers, (m, n) =(F~ ),F~), wher-e F~~i =F~+F~ ) and
(Fp, Fi ) = (0, 1 ). For these values of (m, n), q „ takes
the form of (integer) xtrr /d. The "order" of the major
reflections, therefore, is classified by a single integer p,
and these reflections are commonly labeled i~.

The phonon transmission rate is calculated by using the
transfer matrix for the acoustic fields. As an example we
assume the Fibonacci superlattice used in the experiment
by Merlin et al. in which two building blocks A = (42-A
GaAs) (17-A AlAs) and 8=(20-A GaAs) (17-A A1As)
are deposited in a Fibonacci sequence. First, we consider
the case of phonons propagating perpendicular to the in-
terfaces. Let us introduce the two-component vector U,
consisting of the nonvanishing components of the displace-
ment and stress fields in the superlattice. After propa-
gating through an A block, U changes to T~U. Here,
T„=~,'Ga"'«„'"'"', where ~~

' is defined by
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through the superlattice of length z~, and arrives in a
"detector layer" with amplitude U~+i =UD. Hence, we
have

Uiv+ i (z~ +s) =T~Up(0 —s) (4)

where a' and a' represent the transmission and reflection
coefficients, respectively, and 5 and D denote substrate
and detector. By setting aD =0 and as =1 and solving Eq.
(4), we obtain the amplitude of the transmitted wave in
the detector layer and of the reflected wave in the sub-
strate. The phonon transmission rate is then given by

~ ag, because we assume perfect acoustic match be-
tween substrate and superlattice and between superlattice
and detector. Note that

~ aD ( + ) ag = l.
In Fig. 1 we have plotted the transmission rate for

transverse acoustic (TA) phonons as a function of fre-
quency. The result for longitudinal acoustic (LA) pho-
nons is very similar to Fig. 1; only the scale of the frequen-
cy is changed according to v v(vL/vT), where vL and vr
are the sound velocities of the LA and TA phonons, re-
spectively. (vL/vT —1.42 for [001] propagation. ' ) The
seventh generation of the Fibonacci superlattice which

where s is an infinitesimal positive number and the
Nth-order transfer matrix T~ is given by T&
=T~TgT~T~TgT~. . . , i.e., the product of N, T~ and
Ts matrices forming a Fibonacci sequence. Explicitly, Up
and U~+~ are given by

&s+as
U. (0—.) =

, s&s sas,
(5)

aD exp(ikDz~) +aD exp( —ikDz~)
UN+ l (ZN+ 8) =

PDaD exp(ikDziv ) —PDaD exp( —ikDz~ ) '

consists of thirteen A blocks and eight B blocks is assumed
for the numerical calculation. [As the number of genera-
tions tends to infinity (number of A blocks)/(number of B
blocks) = r. ] Several frequencies for which dips in
transmission are predicted, i.e., v= v „=(m, n), are indi-
cated by arrows in this figure. As expected, the main dips
are observed at v „ for which m and n are neighboring
Fibonacci numbers, as indicated by ri'.

For comparison, we have also plotted in Fig. 2 the
transmission rate of the TA phonons in the periodic super-
lattice consisting of the sequence ABABAB. . . . The total
of 21 2 and B blocks assumed for the numerical calcula-
tion is the same as the seventh generation of the Fibonacci
superlattice. All these dips in transmission are due to
Bragg reflections of phonons in the periodic system, which
predicts dips at v=v„= nc/—2d, where d=d~+d~ is the
periodicity and c is the transverse sound velocity in the
periodic superlattice. ' The frequencies v„corresponding
to nth-order Bragg reflection are also indicated by arrows
in Fig. 2. Surprisingly, all of the main dips in transmis-
sion for the Fibonacci superlattice are very close in width,
magnitude, and frequency to the periodic Bragg dips. A
similar calculation for a randomly generated sequence of
A and B shows no such correlations with the periodic case.
This observation shows that the Fibonacci superlattice is
much more closely related to a periodic superlattice than a
random one. Clearly, it would be interesting to study such
correlations as the rules for constructing a quasiperiodic
lattice are changed.

The transmission spectrum of the Fibonacci superlattice
can be understood in terms of the phonon dispersion rela-
tion. The dispersion relations for phonons in this system
are obtained by imposing a Bloch-like boundary condi-
tion ' to the acoustic fields. Here, we assume an infinite
repetition of the "unit cell" [O,z~] and put

U~+i(z~+s) =exp(iqziv)Up(0 —s) .
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FIG. 1. Frequency dependence of the TA phonon transmis-
sion rate in a seven-generation GaAs/A1As Fibonacci superlat-
tice ABAABABAABAABABAABABA. The propagation direc-
tion is perpendicular to the interfaces, i.e., along the [001] direc-
tion. Arrows indicate the frequencies v „=(m, n). For those
m and n that are neighboring Fibonacci numbers v „—rj' and
for these frequencies the power of i is explicitly shown.
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FIG. 2. Frequency dependence of the TA phonon transmis-
sion rate in the GaAs/AlAs periodic superlattice consisting of 21
A and B alternating blocks. Propagation direction is perpendic-
ular to the interfaces. Arrows indicate the frequencies predicted
by the Bragg condition, where n stands for the order of the
reflection.
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Then, combining with Eq. (4), we find that exp(iqzz) cor-
responds to the eigenvalue of the transfer matrix T~.

Figure 3 shows the dispersion curves of both the TA
and LA phonons propagating normal to the Fibonacci
superlattice. To our knowledge, these are the first realistic
calculations of the phonon dispersion relations in an actu-
al quasiperiodic superlattice. In order to obtain these
plots we have divided the frequency range 0 to 1 THz into
2500 intervals and then calculated the wave number for
each frequency. Because the wave numbers given by solv-
ing the eigenvalue equation are restricted to the values in
the interval, 0~ q ~ x/z~, we have unfolded this folded
zone appropriately to obtain the dispersion relations in the
extended zone scheme. Except for the fact that the
dispersion curves are almost linear (a consequence of the
long wavelength approximation), the results are qualita-
tively similar to the phonon dispersion relation obtained
by Nori and Rodriguez for a nearest-neighbor harmonic
chain. That is, many gaps are observed and their struc-
tures are almost self-similar. This can be seen for TA
phonons in the frequency range 0.2 to 0.6 THz and for LA
phonons within 0.3 to 0.8 THz. Specifically, each larger
band has two major gaps which split it into three smaller

bands. In turn, each of the smaller bands has two major
gaps, and so on. These band gaps correspond to the fre-
quencies v „=(m,n) indicated by arrows in this figure
and, likewise, all gaps in the dispersion curves have one-
to-one correspondences to the dips in transmission. The
dispersion curves plotted in Fig. 3 were computed assum-
ing the ninth Fibonacci generation. For large generation
numbers the curves are independent of generation num-
ber.

For comparison, we have also plotted in Fig. 3 the
dispersion curve of the TA phonons in the periodic super-
lattice (thin lines). Note that the horizontal scale has
been changed from q to 0.95q for this curve to avoid the
overlap of the two dispersion curves. The gaps in the
dispersion curve of the periodic lattice are due to Bragg
reflections at q q„. Here, we again see that these gaps
correlate well with the main gaps of the quasiperiodic sys-
tern.

So far, we have shown the results for phonons propa-
gating perpendicular to the interfaces. For oblique pho-
non propagation, the situation becomes much more com-
plicated. Mode conversions occur among the three
diff'erent polarizations of phonons due to reflections at the
interfaces. Consequently, U becomes a vector with six
elements and the transfer matrix is a 6 x 6 matrix instead
of a 2x2. For the periodic case, a remarkable result of
the mode conversion is the presence of the intermode
Bragg reflections, as recently predicted theoretically' and
then verified experimentally. ' Specifically, band gaps ap-
pear inside the folded zone due to the coupling of TA and
LA phonons at oblique propagation directions. A similar
eN'ect is also expected for phopons in the quasiperiodic su-
perlattice. Actually, strong intermode phonon reflections
in the quasiperiodic system are also predicted by Eq. (2).
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FIG. 3. Dispersion relation of the phonons at normal in-
cidence to a GaAs/A1As Fibonacci superlattice. Arrows indi-
cate the frequencies v .„—= (m, n). (See also Fig. 1.) Thin lines
show the dispersion relation of the TA phonons in the periodic
GaAs/A1As superlattice consisting of alternating A and B
blocks. In order to avoid an overlap of the dispersion curves, we
have increased the slope of the "periodic" curve by changing the
scale of q to 0.95q. The correct slope for v 0 is 3.52x10
cm/sec, which is very close to 3.51 x 105 cm/sec for the TA mode
in the Fibonacci superlattice (Refs. 14 and 15). Gaps in the
periodic case are indexed according to the order of the Bragg
reflection of the system. The gap corresponding to the fourth-
order reflection is too small to be resolved.
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FIG. 4. Transmission rate of phonons propagating in the
(110) plane and oblique to the interfaces. Polarization vectors
are also in the (110) plane. Angles of incidence of the wave vec-
tor are 17.3' for the TA (thin line) and 30.0' for the LA (bold
line) phonons in the GaAs layer. (These phonons are excited
simultaneously in the superlattices by Snell's law. ) Several fre-
quencies v „=&m,n) corresponding to intermode Bragg-like
reflections are indicated by arrows. Strong dips labeled by + are
due to intramode Bragg-like reflections of TA phonons.
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The LA to TA reflection corresponds to Q =qt. +qT,
where qL and qT are the normal components of the LA
and TA phonons, respectively. ' ' This condition implies

T

v=v „—= + (m+nz)/d .
1 1

VL VT
(6)

In Fig. 4 we have plotted the transmission rates of both
TA (thin line) and LA (bold line) phonons propagating in
the (110) saggital plane of the previously described
(001)-A1As/GaAs Fibonacci superlattice. ' For a wave-
vector angle of incidence of 30 for LA phonons in a
GaAs layer, the angle of the reflected TA phonons is
17.3 in GaAs, as determined by the conservation of a
wave vector parallel to the interface. (Likewise, an in-
cident TA phonon at 17.3 produces a reflected LA pho-
non at 30'.) Notably, dips labeled by zt' in Fig. 4 are
common to both TA and LA phonons. These dips corre-
spond to the intermode phonon reflections in the Fibonacci
superlattice. We have indicated by the arrows the fre-
quencies v~ „=(m,n) predicted by Eq. (6). ' The coin-
cidence of these predicted v „with the locations of the

dips are excellent. Note that there exist strong dips (la-
beled by *) which are not common to both modes. There-
fore, these dips do not correspond to intermode reflections
but rather to intramode Bragg-like reflections of the TA
phonons.

To conclude, we have computed the transmission spec-
trum and dispersion relation of acoustic phonons in a Fi-
bonacci superlattice. The main transmission dips strongly
resemble those of a periodic superlattice with the same
number and size of unit blocks. This indicates that the Fi-
bonacci lattice is much more closely related to a regular
periodic lattice than to a random lattice. As for the
periodic case, oblique propagation leads to intermode
Bragg-like reflections in the quasiperiodic superlattices.
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