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The S =1 anisotropic Heisenberg model in a transverse field (AHMTF) is studied by means of

2

double-time Green’s functions. A new approximation scheme is employed which is based upon the
assumption of the statistical independence of the ordering operator. The basic approximations are re-
quired to satisfy all relevant operator and correlation identities. Emphasis is placed upon obtaining
accurate approximations for those Green’s functions which are related to the ordering susceptibility.

The scheme is relatively simple to use and applicable to a wide variety of systems.

Standard

Green’s-function techniques are shown to provide results for the critical transverse field for Ising-like
systems which violate S :% identities. They are also shown to be not applicable to the ordered phase

of XY-like systems. In contrast, the new approximation provides reasonable results for all tempera-

tures and couplings for the § =1 AHMTF.

I. INTRODUCTION

Double-time Green’s functions' (DTGF) describe the
linear response of many-body systems to external fields
and treat quantum and thermal fluctuations on the same
level. They provide a suitable framework for the con-
sistent treatment of the physics of many-body systems at
all temperatures. The development of approximation
schemes for DTGF has focused on decoupling their equa-
tions of motion. Ideally, such schemes should be well
defined (the decoupling criterion should be clear), con-
sistent with all relevant operator identities, and generally
applicable to a wide variety of systems.

The first step in the standard decoupling approach is to
use the equations of motion of a basis set of operators to
form the equations of motion of the DTGF. This results
in a hierarchy of equations which must be decoupled to
provide a closed set of equations for the DTGF. The ap-
proximate DTGF thus obtained are required to satisfy an
identity in common with their exact counterparts. The
decoupling is usually chosen for convenience or for
reasons which are essentially ad hoc. The consistency of
the basic decoupling approximation with relevant operator
identities is not always assured.

This paper describes a new scheme which also begins
by forming the DTGF equations of motion but, in addi-
tion, uses the operator equations of motion to form a set
of correlation identities which are not considered in the
standard procedure. The decoupling scheme is based
upon the assumption of the statistical independence of the
ordering operator and is, therefore, well defined and can
be applied to a wide variety of systems. As part of the
new procedure, the decoupling approximations are re-
quired to be consistent with all relevant operator identi-
ties. This requirement produces a set of correlation ap-
proximations. The decoupled hierarchy and correlation
approximations are then used to determine the DTGF
which are associated with the susceptibilities describing
the response of the system to the ordering field. The ac-
curacy of these approximate DTGF is assured by requir-
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ing them to satisfy an identity in common with their exact
counterparts.

The S=1 anisotropic Heisenberg model in an external
field transverse to the ordering direction (AHMTF) is an
important application for any DTGF approximation
scheme. The presence of the transverse field allows the
determination of those DTGF which are directly related
to the ordering susceptibilities of the system. Most
currently available schemes have been developed for the
case of vanishing transverse field>~* (AHM) and, thus,
do not provide approximations for those DTGF which are
directly related to the ordering susceptibilities. Those
schemes proposed most recently’~’ have improved on
earlier versions through increasingly more complicated,
ad hoc decouplings and are not generally applicable to
other systems. Special cases of nonvanishing transverse
field [i.e., the XY (Ref. 8) and Ising models® in a trans-
verse field] have been treated within the standard approxi-
mation scheme by symmetric (random-phase) decoupling.
It will be shown that adherence to the standard procedure
forces unacceptable results for the Ising-type AHMTF
[a;>a; in Eq. (3.1)] and precludes the study of the or-
dered phase of the XY-type AHMTF [a,>a, in Eq.
(3.D].

In contrast to previous approaches, the new general ap-
proximation scheme provides a DTGF-based treatment of
the AHMTF which is valid for all T and all values of the
coupling constants. Decoupling the DTGF equations of
motion in first order, expressions are obtained for the crit-
ical curve and for the magnetization in the ordered phase.
The parameters of the critical curve, i.e., the critical trans-
verse field and the critical temperature in vanishing trans-
verse field, compare very well in the pure Ising and pure
XY limits with those obtained by high-temperature expan-
sion techniques.'®!! The ground-state order parameter is
obtained for all values of the coupling constants.

II. DOUBLE-TIME GREEN’S FUNCTIONS

The retarded (p=+1) or advanced (p=—1) commuta-
tor (p=—1) or anticommutator (p=+1) double-time
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Green’s function is defined by
K A@;BUON = —é‘[(p—i-l)@(t—t')
+(p—1)6(t"—1)]
x{[4®),B(t"],) , @1

where
A(t):ethAe—th ,

[4,Bl,= AB+nBA ,

(2.2)

and ©O(t) is unity for ¢ >0 and zero for t <0. The single
angular brackets in Eq. (2.1) denote thermal average. It
follows from Eq. (2.1) that  4(1);B(¢')}{7) is a function
of t —t' only.

The Fourier transform of ( A4 (¢);B »fg,’ is defined by

CABND, o= [ " drexpli(E+ipe)]

XL A@;BNY, e—~0F 2.3)
and satisfies the equation of motion
E{A;BNP' =([4,B],)+([4,H]_;BNY . (2.4)

The Green’s function (GF) on the right-hand side of Eq.
(2.4) is generally of “higher order” than the GF on the
left-hand side and must be decoupled so that a closed sys-
tem of equations is obtained. The Fourier transformed
GF as defined in Eq. (2.3) is sectionally holomorphic; the
retarded (or advanced) GF is analytic in the upper (re-
spectively, lower) half of the complex E plane.'>!* It has
been shown'? that the commutator GF cannot have a pole
at E=0, i.e.,

c'—'=0, 2.5)
where
C(”’zéimoE(( A;BWD . (2.6)

The correlation { BA(t)) may be calculated from

(BA1))=1(1—m)C'~™
+*2—i; fw dE(ePE 4 q)~le — i

X lim ({ 4;BNF .

e—0t

— (4B .0, @.7)

where B=1/kpT. The response of the system to an
external field coupling to B is described by the generalized
susceptibility '+ 1°

X 4 p(E)=— lim  4;BN& ) . (2.8)

e—0

III. ANISOTROPIC HEISENBERG MODEL

The anisotropic coupling of nearest-neighbor spins is
represented by

[ B BN

a x as
Hoz-——Z—ZJ,j(S,-"Sj +S,«”Sjy)———-2—2J,«jS-’S<‘ (3.1
hj ij
where {S#}, u=x,y,z are the familiar dipolar spin opera-
tors which satisfy (f=1)
[SK,8}1=i8,6,.,.S] , 3.2)

where &6, ., is the Levi-Civita symbol with &, ,,=1.
For S=1, {S}'} also satisfies

Suv i
SHSY= {; + Eéﬁ,v‘ks} . (3.3)
The effects of uniform fields coupling to S{* and S} are de-
scribed by

Hy=—Q,3 57 3.4)

and

The case of z ordering in the presence of a transverse x
field, for which the full Hamiltonian is given by

H=H,+H, (3.6

is considered in detail in this section and in Secs. IV and
V. In Sec. VI, results are also reported for the case of x-y
ordering in the presence of a transverse z field, for which
the full Hamiltonian is given by

H’=H0+H3 B (37)

Usually?~7 z ordering in a system described by H, is

studied by using H' and letting ;—0 and x-y ordering is
studied by using H and letting ,—0. Such procedures
clearly preclude the study of the effects of a transverse
field on the ordering process. As will be seen in Sec. V,
the presence of a transverse field also allows the deter-
mination of those Green’s functions which are directly re-
lated to the susceptibilities which diverge at the critical
point.

Using Eq. (3.2), the equations of motion of the spin
operators are

[SXH]=—ict; 3 JinSiSt +icty 3 JimSISE (3.82)
m m
[Szy’lel‘Qlez'*'lal EjimSier):l —iay E']zmszxsril ’
m m
(3.8b)
(3.8¢c)

[SH,H])=—iQSt—ia; 3 Jim(SPSy —S7Sy) .

Taking the thermal averages of both sides of each member
of Egs. (3.8a)—(3.8c¢) yields the correlation identities

(ay—ay)) 3 1, (SISE ) =0, (3.9a)
Qiz—(ay—a) 3 Jim (SFSE =0, (3.9b)
Q,y=0, (3.9¢)
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where, by definition and translational symmetry,

u={(S*), u=x,y,z . (3.10)

Equation (3.9¢) clearly gives y =0 for all T if €,=£0.
Defining

GERV= SR NE, LER T =([SIR )

u=x,y,z, (3.11)

and using Eqgs. (3.8a)-(3.8¢c) in Eq. (2.4) gives the Green’s
function equations of motion

EGPRMW=LXR" i, 3 J,, {SESH; RN
+iay 3 T (SISERNY (3.12a)

EG;yjj,R(‘r]):L[;.R(T[)+iQ1Gij_,R(ﬂ)+l-al EJU «S,ZS;:,,R] »lby)

—iay 3 Jim ASESIRNE (3.12b)
EG,;’R'T’):L,;’R(U)—I'QIG[;’R(U)

—ia zjim(<<SIySr)r(1;Rj nE

—(SSHR N . (3.12¢)

While Eq. (2.7) gives
(R;S) =11 —n) lim ECSFR, )Y

L ol BE -1 1 e W o
+ 21T f*x dE(e +77) 511.131’(«5’ 1RJ >)1:y+lf

—USHER NP0 . (3.13)

From Eq. (2.8), the response of the system to a uniform
magnetic field in the p direction (u=x,y,z) is given by

Xy E)=— lim 3 (S";SENE e (3.14)

e—~0"

V=X,p,Z .

IV. CUMULANT DECOUPLING —STANDARD
PROCEDURE

The Green’s functions on the right-hand sides of Egs.
(3.12a)-(3.12¢) are of the form (Sf'Sy;R;) ¥’ and are of
higher order than the basic Green’s functions in Eq.
(3.11). They must be approximately decoupled to provide
a closed, soluble set of equations to replace Egs.
(3.12a)-(3.12¢). The decoupling scheme used in this
treatment is based upon the concepts of cumulants and
statistical independence. The cumulant averages of
(SHOSy(1)R;) and (R;S{(1)Sy, (1)), the correlations ap-
pearing in ((S{S,;;R; )}, are defined by'®

(SHOS, (R ) =Sy (DR; ) +v{(SHDR;)
+R({SHSY ) —2uv)

+{(SHOSH(DR;), 4.1a)

and
(R;SHDISy (1)) =p(R;Sy (1)) +v{(R;S; (1))
+R({SESY ) —2uv)
+{(R;SHDOSH (1), , (4.1b)

where is=m, us#v, R=(R;) and the subscript ¢ stands
for cumulant average. The cumulant averages can be
written in terms of the fluctuations

Axlt(t):SlH-',u" H=x,y,z

AR=R,—R ,

as
(SHD)S,, (1R ). = (AH(DA}, (1)AF) (4.22)
(R;SHDISy (1)) . = (ARA ()AL, (D) . (4.2b)

The assumption that one of the operators appearing in
{SKSy;R; N is statistically independent of the others
gives!®

(SHDS, (1)R; ). =(R;SF(1)S,, (1)) . =0 4.3)

and is equivalent to the assumption (in the calculation of
the fluctuation correlations) that two of the fluctuation
operators interact with the average of the third. When
used in Egs. (4.1a) and (4.1b), Eq. (4.3) gives the approxi-
mations (im,u=~v)

(SE(NOSy(DR;) =p{ Sy (DR} ) +v(SHDIR;)

+R({(SKSY ) —2uv) , (4.42)
(R;SHDSy (1)) =u{R;Sy (1)) +v{R;SH1))
+R({SFSy ) —2uv) . (4.4b)

Using Eqgs. (4.4a) and (4.4b) gives the cumulant decou-
pling approximation

(SESy R N g =puG R +vG iR

+%( (SESY) —2uv) .
Inspection of Egs. (3.12a)-(3.12c) shows that R; is the
only operator that appears in all of the Green’s functions
which are to be decoupled by Eq. (4.5). Therefore, the as-
sumption that a single operator of the set {S},S/,S7} is
statistically independent of the others requires that R; be
chosen to be the statistically independent operator. Using
Eq. (4.5) in Egs. (3.12a)-(3.12¢), solving the resulting
decoupled equations, and requiring that the commutator
Green’s functions (= —1) have no zero-frequency poles
[cf. Eq. (2.5)] gives the conditions

(4.5)

xLipR ) 4zl R =0 4.6)

(which is an identity in this case for all R; =S/,5/,S7) and
[Q 4+ (a,—a) XJ IR~ =0 4.7)

and the cumulant decoupling approximation Green’s
functions
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Gk = (DJE) [ELER 4 iayzlo(l —ayyy/a)LyR™]
— 1(51<1>+(E)) {zHay—a)RI[2(a—a))xTg— QINS o+ [Q+axJo(1 —ayy/a)] 4%}, (4.8)
k
GPROM = — L ELyRO) L1 4Rz [2(ay—a xS — QNS
®(E) :
—i[aszo(1 —ayy/a) LR —[Q+axJo(1 —ayyi/a) LR}, (4.9)
1 z : )
GL = gy (ELE™ T =il a1 =y I
+‘(1—+ﬂ{QIR[2(az—a1)x.]0—Q[]Nskvo—,u..lo(]—al')/k/az)Af} . (410)

E®(E)

In Egs. (4.6)-(4.10),

Gﬁ’R(”)=% 2e“‘"’fG,5%R‘") , (4.11a)

ij

Rop _ 1 KTy r 4 R(7)

LR = — 3 ™ ppRon (4.11b)

N <

1 iker;;
Jk:?\; 2 e /J,'j y (411C)

R, 1 l'k‘l”u-
agpt=—3e Y(R;S!), (4.11d)
N <
Yi=Jx/Jo » 4.11e)
b (E)=E*—wi , 4.119
Af:[Ql—}—alio(l-—yk)]af”‘

+ayzlo(l—ayp/az)a 4.11g)

and
or=[Q+axJo(1—y)I[Q +axJo(1—ayy/a)]

+(az ) (1 —ayy/ay)* . (4.11h)

The standard procedure for implementing the approxi-
mate Green’s functions, Egs. (4.8)-(4.10) is to use them in
Eq. (3.13) and apply the S=1 identity, Eq. (3.3), to ob-
tain approximate correlation expressions. Following this
procedure (cf. Appendix) forces the choice R; =S} in or-
der to obtain useful information. All information is then
generated from the approximate G{”'™.  Serious
difficulties with this standard procedure become apparent
when its predictions for the critical curve are considered.
In particular, the result for the critical field, i.e., the value
of Q, for which the critical temperature vanishes, violates
the fundamental property of S = J systems

U< T, U=XP,Z . (4.12)

Thus, while the standard procedure has apparent advan-
tages (e.g., cumulant and symmetric decoupling coincide
and commutator and anticommutator Green’s functions
provide the same result), because of the violation of in-
equality (4.12), the standard procedure must be con-

f

sidered unsatisfactory.

The source of the failure of the standard procedure is
the choice R; =S}, i.e., the assumption that S/ is the sta-
tistically independent operator of the set {S7,S?,S?}. This
choice leads to the determination of all information from
G{?'™. From another point of view, the use of Eq. (3.13)
within the standard procedure serves to assure that the
approximate version of G{”'~’ satisfies Eq. (3.13) in com-
mon with the exact G{*'~'. However, on the critical
curve for z ordering,

X,,=—G5 ' (E =0) 4.13)

is diverging, while G%”'~)(E =0) remains finite. The
dominant Green’s function in the neighborhood of the
critical curve is thus G¢*'~, not G{*'~’. An improved
approximation scheme would allow the use of Eq. (3.13)
to assure the accuracy of an approximate version of
G%*'~). Such a scheme would clearly require the choice
R; =S}, i.e., the assumption of the statistical independence
of the ordering operator. In addition, the standard pro-
cedure for implementing G&*'~) and Eq. (3.13) must be
replaced since the standard procedure only yields useful
results for the choice R; =S7.

V. NEW APPROXIMATION SCHEME

The new approximation scheme is based upon the as-
sumption of the statistical independence of the ordering
operator. As discussed in Sec. IV, this dictates the choice
R; =S} and is equivalent to the assumption that in the
fluctuation correlation, (A#(I)Afn(t)Aj), the fluctuations
A¥(¢) and A}, (¢) interact with the mean ordering field.
For R;=S?, the basic decoupling approximations, Egs.
(4.4a) and (4.4b), become (i£m).

(SIS ()SF) =plSm(DSF) +v{(SH()SF)
+z((SESpm ) —2uv)
and
(SESHDISH (1)) =p{SiSm (1)) +v(SiSH(1))
+z((SHSY ) —2uv) . (5.2)

In the new scheme, the basic decoupling approxima-
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tions are required to be consistent with the S:ZL identity,
Eq. (3.3). Using Eq. (3.3) in the t =0 forms of Egs. (5.1)
and (5.2) gives the two-site correlation approximations

(SS} ) =vz, i=*=m, v=x,),z . (5.3)
Using Eq. (5.3) in Eq. (4.11d) gives

5
1,2
ajt =

A /
—2p(1—N8y o)+ 2,y - (5.4)

2

Using Eq. (5.3) in the correlation

(3.9a)—(3.9¢) yields
z[Q—(a;—a;)xJy]=0 . (5.5)

identities Eqgs.

Next, the cumulant decoupling approximation for G&%'~/,
the Green’s function associated with the ordering suscep-
tibility, X,, is obtained by setting R;=S7 in Eq. (4.10)

]

1 Qp+axJo(l—7yy) Boy
42N < ok

Equations (5.8) and (5.5) determine the single site terms x
and z in the new procedure and together with Eq. (5.6)
determine the DTGF associated with the ordering suscep-
tibility.
Above the critical temperature (73), z=0 and Egs.
(5.6) and (4.13) give the z susceptibility
X

Xz 2= s (5.9)
! Ql—(a2~a1)x./0

while Eq. (5.8) becomes

Q+axJo(l—yy) Bw
2 1 1XJ0 Yk coth 21(’
k

(%

T>T, (5.10)

Z|x

1
2
where
op=[Q+axJo(1—y)]
X[Q+axJo(l—ay/a)] . (5.1

The critical curve is determined by the divergence of X, ,,

i.e., from Eq. (5.9),
Ql—(az—al)xJOﬁO, T—>T*T . (512)

Using Eq. (5.12) in Eq. (5.10) gives the expression for the
critical curve

172
%:%g —l%k/ﬂ cothZ% (513
where B3;=1/kp T and
oriz=0axJo(1—y )N (1 —ay /a)? . (5.14)
Since
l—ayy/a,>0 (5.15)
for all k only if
a;<a;, (5.16)

2 2 2
oth 2 +z° [ 14+(F—x*—2z )NE %

with n=—1, i.e,

Z,z( — X
Gk‘ ( ): (Dk(E) [Q1+a1xJ0(1—7/k)] . (56)

Using Eqgs. (5.4) and (5.5) with Eq. (4.10) gives

2221 —ay/as)

lim EG#'+)=2z2N8, o+
Ewo K k0 XM=y )4z 1 —ay/a,)

X(L_x2—-22). (5.7)

Finally, the approximate G2~ is required to satisfy Eq.
(3.13) in common with its exact counterpart. Thus, using
Egs. (5.6) and (5.7) in Eq. (3.13) and summing over k
gives

1 l—ayy/a;
l—y+zHl—a 1y /az)

(5.8)
k X

I

real solutions for 33 and w3 are obtained from Egs. (5.13)
and (5.14) only if inequality (5.16) is satisfied. Thus, this
solution predicts z ordering only if a, > a;.

The critical value of x, again denoted by x3, is obtained
from Eq. (5.13) by letting 33— o this gives

1/2
l—ayyy/a;

-7y

X3= /2 - (517)

1
>
N %
Equation (5.17) gives for a; <a;

X3<% (518)

as required by the basic spin-1 relation, Eq. (4.12). The
dependence of x; on a,;/a, is depicted in Fig. 1. The
value of T; for vanishing Q,, denoted by T is obtained
by letting x —0 in Eq. (5.13) to give

kpT$
Ity _ 174 (5.19)
(12.]0 F(—1)
where the Watson sums, F(n), are given by17
1
Fln)=— 3 (1—y)". (5.20)
N %
For the isotropic-Heisenberg-zero-field case (Q,;=0,

a;=a,), Eq. (5.19) reduces to the result of Tahir-Kheli.'?
These results for T agree to about 1% with the results of
high temperature series expansions.!® The results of the
new scheme for the critical curve parameters x; and 75 in
the special case a;=0, a,=1 (IMTF) are presented in
Table I along with the results of high-temperature series
expansions (HTE) and other current approximation
schemes. Only the two-spin cluster variation result com-
pares more favorably than the current scheme with the
HTE results. However, the two-spin cluster approxima-
tion is suitable only at higher temperatures?® while the



36 GREEN’S-FUNCTION THEORY OF THE ANISOTROPIC . .. 271

0.50

048

046 | ]
00 05 o . 10

FIG. 1. Dependence of critical field (x;) on coupling ratio

(a,/a;,) for a bece lattice, Ising-like coupling (a,/a; < 1).

present scheme is appropriate for all temperatures.
For T < T3, z#0 and Eq. (5.5) gives

Qi =(a,—a)xJy . (5.21)
Using Eq. (5.21), Eq. (5.8) becomes
%=22+zz(}—x2—22)% %Dk+% %Dl‘(/zcoth% ,

(5.22)
where
l—ay/a

D= xz(l_yk)“‘;(/‘l‘_;yk/az) (5.23)
and

oi=(ayJo(1—ayy/a)

X[x21—y)+z2 1 —ay/ay)] . (5.24)

The ground-state magnetization in the bcc lattice as a
function of x for a,/a,=0.5, obtained by taking B— « in
Eq. (5.22), is presented in Fig. 2.

VI. APPLICATION TO XY-LIKE
COUPLING (a; > a;)

In this case the Hamiltonian is given by Eq. (3.7) and

TABLE 1. Comparison of results obtained by high-
temperature expansion and various current-approximation
schemes for the critical field (x3) and the critical temperature in
vanishing applied field (ks T3 /Jo) for the IMTF, sc lattice.

X3 ks TS8/Jo
High temperature 0.430 0.188
expansion (Refs. 10 and 21)
Cluster-variation (Refs. 20 and 22) 0.446 0.206
Present (DTGF) 0.449 0.165
Effective field (Ref. 23) 0.392 0.212
Mean field 0.5 0.25

the operator equations of motions are

[SFH']1=iQ38)—ia, EJimS,'zS;‘;, +ia; EJ[,,,S,‘VS;, ,
m m

(6.1a)
[SI})!HI:I: _i‘Q}Six*‘ial E JimSier)r‘: —ia, 2 JimSiXSrit ’
m m

(6.1b)

[SLH'l=—ia; 3 J;m(SPS,, —S7SY) . (6.1c)
Taking the thermal average of both sides of Egs. (6.1a)
and (6.1b) yields the correlation identities

Qy—(ay—ay) 3 Jim (S7S5 ) =0, (6.2)

Qsx —(a;—ay) 3 Jim (SIS ) =0, (6.3)

Using cumulant or symmetric decoupling within the stan-
dard procedure as described in Sec. IV provides two equa-
tions for the three unknowns a£*, a £ and a £# which, in
the ordered phase, do not provide a unique solution for
any member of the set (af*,af”,af?) for any R. Thus,
the standard procedure does not allow the study of the or-
dered phase for XY-like coupling in a transverse field.

The new approximation procedure is based upon the as-
sumption of the statistical independence of the ordering
operators, S* and S”. Using cumulant decoupling under
this assumption requires, as in Sec. V, the choices R; =S/
and R;=S}. Requiring that cumulant decoupling be con-
sistent with the S =1 identity, Eq. (3.3), now gives

(S7S!)=xv, i#l, v=xy,z, (6.4)
(S?S})=yv, i£l, v=x,,z . (6.5)
Using Egs. (6.4) and (6.5) in Egs. (6.2) and (6.3) gives
y[Q3—(a;—a;y)zJy]1=0, (6.6)
x[Q3—(a;—ajy)z/y]1=0, (6.7)

while using Egs. (6.4) and (6.5) in Eq. (4.11d) gives

05

(0]¢] 05
X

FIG. 2. Dependence of ground-state magnetization (z) on ap-
plied field (x) for a bcc lattice, Ising-like coupling, a,/a,=0.5.
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8 .

apt = ‘ZX —xu(1—Ndy o)+ Lz}ié’x%k , (6.8)
8,y iA

a{"‘: 4 —y,u(l—NSk,OH— —2_6),,%)\ . (69)

Forming the Green’s function equations of motion with
Egs. (6.1a)—(6.1c) and using the cumulant decoupling ap-
proximation, Eq. (4.5) gives

7 {z[Q3+az)o(1—a vy /a,)]

Ez“ﬂk
+ylaJo(l—ayy/a)} , (6.10)
1
G{’y‘_’z—z—z{Z[Q3+azzJ0(1—a|7/k/a2)]
E”—ni
+x2aJy(1—ayy/ay)} (6.11)
and
éin})EGﬁ"‘(“=2x2N8k'0+2x2(%—xz—yz—zz)Bk ,
(6.12)

lim G =2p2N&, o+2p* (L —x?—p2—2?)B, , (6.13)
E—0

where
Me=[Qs+a2o(1—a /)]
+la )P x4y 1 —y )l —ayy /a,y) , (6.14)
and
(1 —ayyy/ay)
T 20—y )+ )=y /ar)

By (6.15)

Using Egs. (6.10)-(6.13) in Eq. (3.13) and summing over
k gives

x2=y? (6.16)
and
1 1 1
4~ 2N zk" E{z[ﬂg—f—azz-]o(l_alyk/al)]
B
+x2a1J0(1—az7/k/a1)}C°th%
+x2+x2(%_2x2_z2)-]{[_ S B, . (6.17)

k

Above the critical temperature (denoted by T)),
x =y =0 and Eqgs. (6.10), (6.11), and (3.14) give the sus-
ceptibilities

z
X, = 6.18
Xox =Xy Q3 —(a,—ay)zd, (6.18)
while Eq. (6.17) becomes
1z B
—== h—— .
=N %cot > (6.19)

where

nk:Q3+a22J0(l—a1)/k/a2) . (620)

The critical curve is determined by the divergence of X ,

and X, ,, i.e., from Eq. (6.18)

Q3—(d]—a2)ZJO—>O as T—+T1+ . (6.21)

Using Eq. (6.21) in Eq. (6.19) gives the expression for the
critical curve

1 z B
—=— 3 coth—— , (6.22)
2 N% 2
where B,=1/kg T and
nklza]zJO(l—‘yk) . (623)

The critical value of z, denoted by z,, is obtained from
Eq. (6.22) by taking 8;— . This gives z;=1 for all
ay/a;. The value of T for vanishing Q3, denoted by T,
is obtained by taking z—0 in Eq. (6.22) to obtain

keTS  1/4

ado " F(—1) (6.24)

For the special case @, =0 (pure XY model in a transverse
field), Eq. (6.24) is identical to the result of Austen® and is
within 2%, 1.7%, and 1.4% of the HTE results!! for the
sc, bee, and fec lattices, respectively.

For T <T,, x and y do not vanish and Egs. (6.6) and
(6.7) give

Q3=(a1—a2)ZJ0, T<T1 . (625)
Eq. (6.17) now becomes
%:x2+x2(%—2x2—22)L2Bk
N %
aJo 1., )
2 1— 1—
+ N % 77k[z< Yi)+x(1—ayyx/a;)]
Xcoth% , (6.26)
where, now,
Me=(aJo)(1—y )22 (1 =y )+ 2x (1 —ayyi/ay)] ,
T<T,. (6.27)

The ground-state magnetization in the bcc lattice as a
function of z for a,/a,=0.5 is presented in Fig. 3 and the
dependence of the ground-state magnetization on a,/a;
for z—0 is shown in Fig. 4.

VII. CONCLUSION

The new DTGF approximation scheme is based upon
the assumption of the statistical independence of the or-
dering operator, requires the consistency of the basic ap-
proximation with all relevant operator and correlation
identities, and emphasizes the accuracy of the DTGF
which are related to the ordering susceptibility. It has
been used to study the AHMTF for all T and all values of
a,/a;. In contrast to the standard approach, it provides
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reasonable results for the AHMTF critical transverse field
for all values of a,/a; and is applicable to the ordered
phase in the case of XY-like coupling. The results ob-
tained in the special cases of pure Ising and pure XY cou-
plings in a transverse field compare very favorably with
those obtained by HTE in these special cases. The new
scheme is reasonably simple to apply and is based upon
ideas which are well defined and generally applicable to a
wide variety of systems.

a2 o(1—a yi/ay)a ™ —[Q +axJo(1—ayy /a)]af?

APPENDIX: STANDARD APPROXIMATION
PROCEDURE (a; > a;)

The standard procedure uses Egs. (4.8)-(4.10) in Egq.
(3.13) and applies Eq. (3.3) to obtain approximate correla-
tion expressions. Following this procedure, both G§&™
and GL®™ when used in Eq. (3.13) lead to the same ex-
pression, i.e.

:iw—kL{’R(_)coth Pooy + ol it +Rz[2(ay—a)xJg— 1INy o (A1)
2 2 2[Q +axJo(1—y,)] e
while using G{®'™ in Eq. (3.13) gives
L ,R(—) . )
af'y-:_—%——z;wk{azz.]o(l—an/k/az)Li'R("—[Ql—i—alx.]o(l—azyk/a,)]Lﬁ’R(_’}cothé-z—k . (A2)

Equations (A1) and (A2) must be supplemented by the
analyticity condition, Eq. (4.7).

Clearly, Eq. (A1) does not generally permit the deter-
mination of separate solutions for af* and af? Atten-
tion is thus focused on Eq. (A2) which beconses, for
R;=S7, S?, and S}, respectively,

ay?=iz/2, (A3)

1
ay?’= Z—wk {axdo(l—a y/ay)z?

Boy
+[Q+a1xJo(1 —ayy/ay)]x }cothT ,
(A4)

ap?=—ix/2 . (A5)

Summing over k and using Eq. (3.3), Egs. (A3) and (A5)
give identities while Eq. (A4) gives

05

00 05
z

FIG. 3. Dependence of ground-state magnetization (x) on ap-
plied field (z) for a bec lattice, XY-like coupling, a,/a;=0.5.

f

1 1
%:'ﬁ > ;;fazjo(l—aﬂk/az)zz
K

By
+{Q+axdo(l —ayy/a)]x }coth—z— .

(A6)

Thus, practical considerations [the extraction of useful in-
formation, i.e., Eq. (A6)] within the standard procedure
dictate the choice R; =S}. Use of the standard procedure
within other decoupling schemes (e.g., symmetric decou-
pling®) leads to the same conclusion. For R; =S}, the re-
sults of cumulant and symmetric decoupling are identical
and the analyticity condition, Eq. (4.7), becomes

[Ql+(al—a2)xJ0]z=0 . (A7)

Equations (A6) and (A7) represent the standard
cumulant-symmetric decoupling solution for this case.
Serious difficulties with this solution become apparent

0.35-

0.34r

0.33F

00 05

XKa fK 10

FIG. 4. Dependence of ground-state magnetization (x) on
coupling ratio (a,/a;) for z—0, bcc lattice, XY-like coupling
(ay/a; < 1).
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when its predictions for the critical curve are considered.
For z5£0, Eq. (A7) gives

Q=(a,—a;)xJ, (A8)
and Eq. (A6) becomes
L:i s (1—a y/az)z?+(1—y)x? 12 oth&
2 N<% l—ay/a; 2
(A9)
While using Eq. (A8) in Eq. (4.11h) gives
0t =(ayJ) (1 —ay/a,)
X[(1—ayp/a)z?+(1—y )x?] . (A10)

The expression for the critical curve is obtained by letting
z—0 to obtain

172
1—vyk

l—alyk/az

1 x
2_N§

X coth Eziaszo(l—-alyk/az)'/z(l—yk)'/zI ,

(A1)

where T3 denotes the critical temperature and
B3=1/kpT;.

The critical field is defined as that value of €, for
which 83— w. For values of Q, greater than the critical
value, no ordering takes place. Since {; and x are related
by Eq. (A8), a critical value of {}; implies a critical value
of x (denoted by x3) which is obtained by letting 83— oo

in Eq. (A11) to give

2
X3= 1/ 73 - (A12)
LE -7k
N L | 1—ay/ay
Since, for a; < a,,
) 1—y 172
—7Yk
— —_— 1, A13
N2 | T—amva | < (A13)
Eq. (A12) gives
X3>% (A14)

which violates the fundamental property of S=1 systems,
Eq. (4.12).
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