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Ninth-order low-temperature series expansions for the Ising interface and SOS (solid on solid)
models were once thought to be a suitable method for determining the location and exponents of
the roughening transition. However, the temperature and exponent estimates thus derived were
found to fail to obey exact, rigorous inequalities derived by Swendsen from Lapunov inequalities,
and this led to obvious doubts as to the reliability of the estimates from such short series. In this
Rapid Communication I show that a careful reanalysis of the series gives temperature and
central-exponent estimates that obey the Swendsen-Lapunov inequalities, and are in excellent
agreement with Monte Carlo and renormalization-group estimates. This reanalysis gives the erst
reliable estimate of the diA'erence in the Ising interface and SOS roughening temperatures, within

the same approximation. I find Ytt(Ising) =0.199~ 0.010 [Ttt(ising) =2.475 4 0.075] and

YR(SOS) =0.207+ 0.009 [T,(SOS) =2.54+ 0.07].

More than ten years ago low-temperature series expan-
sions appeared to show great promise as an analytic tool
for probing the nature and location of roughening transi-
tions in Ising interfaces' and SOS (solid on solid) mod-
els. The analysis of these series was based on the assump-
tion that the interface width (W) diverges as

and

If T; =TM for alii then

&k/k ~ 0k+ )/k + 1

(2b)

(2c)

W—(T —Ttt ) (1) and

at the roughening transition at temperature T~. The
series for the three-dimensional (3D) Ising-model inter-
face' were generated for the first two moments (z ) and
(z ) of the density gradient, and for the inverse of the gra-
dient of the density at the center of the interface, M. M is
found via the relation M=1/[1 —2p(z ——,

' )] with the
T=0 interface located at z =0 and p(z) the normalized
layer density. The 0 exponents for these three width mea-
sures are denoted by 02, 04, and 0~, respectively. For the
SOS model, (z ) series are not publically available.

It should be noted that in the years intervening between
the presentation and subsequent discrediting of the
roughening series, and the present time, considerable de-
velopments have occurred in our understanding of the
roughening transition. These are summarized in the re-
views of van Beijeren and Nolden and Balibar and Casta-
ing. It is pertinent to our discussion to note that Chiu and
Weeks have mapped the double Gaussian roughening
model onto a two-dimensional Coulomb gas, thus provid-
ing an upper bound for T~ for the SOS model. A lower
bound for T~ for the SOS model was found by van
Beijeren to be the critical temperature of the two-
dimensional Ising model. A summary of published Tz
and 0 estimates from the series, as well as other calcula-
tions, is given in Table I.

Swendsen has shown that Lampunov inequalities can
be derived to relate the k th and k + 1st moments of the
density gradient. These imply (if Tk is the temperature at
which ( z

~
) diverges)

Tk —Tk+ ]

01 —0M (2d)

These inequalities can also be derived quite trivially if
scaling is assumed, and Swendson's results have quite ex-
cluded the possibility of scaling violation. Observation of
the results summarized in Table I shows that 2(a) and
2(b) are not satisfied by the results of Refs. 1 and 2. I
quote Swendsen in saying that if the temperatures are set
to a single biased estimate convergence is poor and 2(c)
and 2(d) are also violated. (It is immaterial which pair of
0 estimates from within the range of Ref. 1 are chosen, as
all violate the inequalities. ) These contradictions of the
exact inequalities were interpreted as implying that the
series were too short for reliability. This is disappointing,
especially since Monte Carlo results for the SOS model
found T~ in reasonable agreement with the series esti-
mate, and there is good agreement with the Monte Carlo
results well below T~. A glance at Table I shows that in
addition to the inequality violations there is no clear con-
sensus whether there is a single TR for M, (z ), and (z )
or whether Ttr(Ising) is larger or smaller than Ttt(SOS).
The series results are inconsistent; the SOS and Ising
Monte Carlo T~ have been evaluated by somewhat
diA'erent approaches, and the renormalization group (RG)
does not evaluate T~. It would be expected that
Ttt(Ising) is less than Ttt(SOS) since there are additional
excitations in the Ising systems, but the diAerence may be
extremely small.

In this Rapid Communication I show that a reanalysis
of the extant series gives central exponent estimates that
satisfy the Swendsen-Lapunov inequalities. In addition,
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TABLE I. Estitnates for Ttt, Ytt, and 8 from difTerent measures of the interface width, and from G(r), the height-height correla-
tion at distance r.

Measure kttTtt/J Ytt =exp( —4J/kttTtt)

Ising interface

Analysis Ref.

M
(z 2&

(z4&

2.46
2.60
2.64

0.1967
0,2147
0.219

SOS interface

0.78 d log Pade Weeks etal. (Ref. 1)
1.00 d log Pade (z )/Y Weeks etal. (Ref. 1)
1.43 d log Pade (z4)/Yz Weeks etal. (Ref. 1)

M
(z 2&

M
(z'&
&z4&

2.4904
2.5568

0.2006
0.209

RG estimates

Monte Carlo

0.972 Ratio
0.968 Ratio

1.0

Leamy etal. (Ref. 2)
Learny et al. (Ref. 2)

Ohta and Kawasaki (Ref. 9)
Ohta and Kawasaki (Ref. 9)
Ohta and Kawasaki (Ref. 9)

ASOS G(r) 2.48
ASOS W 2.28
Ising W 2.42+ 0.12

2D Ising
(lower bound) 2.26

DG
(upper bound) 2.90

0.199
0.17
0.19 w 0.02

0.17

0.25

Exact

Shugard et al. (Ref. 7)
Swendsen (Ref. 3)
Burkner and Stauff'er (Ref. 14)

Van Beijeren (Ref. 6)

Chui and Weeks (Ref. 5)

single and distinct central T~ estimates are made for the
Ising and SOS models, although the error bars are such
that equality cannot be completely excluded. Faith in the
series is therefore restored and two useful Ttt estimates
are made.

One possible explanation for the problems with the
series is that it is not the series themselves which are
suspect, but rather their analysis. After a11, it has been
shown that roughening transitions have essential singulari-
ties; in this event Eq. (1) would be incorrect, and any
analysis based on it would therefore be unreliable.
Methods have been developed to study the asymptotic
behavior of series with essential singularities. I was some-
what surprised to find that attempts to analyze the various
series by looking at the double logarithmic derivative
clearly showed that these series have power-law singulari-
ties in agreement with Eq. (1). In fact, Ohta and
Kawasaki have given RG arguments to show that the in-
terface widths measured by the moments of the density
profile and by the inverse of the gradient of the profile at
the center of the interface all have critical behavior of the
form of Eq. (1) and do not exhibit essential singularities.
They suggest that 0~= —,', 02= —,', and 83=1.0; these
values are consistent with the Lapunov inequality as an
equality and are each exactly 2 of the corresponding
mean-field exponents. Thus it is somewhat perplexing
that the series failed to give exponent estimates anywhere
near these values; the series estimates for 0~ of 0.78 and
0.972 being at least 3 times as large as the RG result.
This is a far larger discrepancy than that between series
and RG results in, for example, 20 percolation.

The problems in the early Ising and percolation-series
analyses were caused by neglect of allowance for ir-

relevant operators in the series analyses. ' Allowance for
these operators means replacing Eq. (1) with the assump-
tion that 8'diverges as

W —(T —TR ) [I +a(T —Ttt ) '1 . (3)

a (0)+a (1 )Y+a (2)Y +

where Y=exp( 4J/kttT) is the low-tem—perature vari-
able, and a(0) =a(1) =0. As far as I can determine, the
d log Fade analysis of Ref. 1, Table II, has been carried
out on the series divided by the square of the expansion
variable Y, perhaps so that the first term studied is a con-
stant. This could, and in my opinion has, led to severe sys-
tematic errors in the determination of the exponents.

We have no idea in advance what value h, ~ will take for in-
terface widths but may conjecture" that it will take the
same value for the diH'erent moments (as appears to occur
in percolation series), although not necessarily for lM.

%'e shall carry out the analysis of the series based on
Eq. (3) by the following two diH'erent methods: Ml, '2

essentially designed to estimate h, ~, and M2, ' designed to
remove the inAuence of the correction on the estimation of
0. In both cases we will obtain graphs of diferent Pade
approximants to 0 as a function of input 6, for a chosen
value of Tg. These diA'erent Pade approximants will con-
verge near the correct (8,6) estimate, and the values of
T~ and h, that give the tightest convergence are the
correct Tg and h~. The 0 value for 6 =1.0 corresponds to
the result from a temperature-biased d log Pade analysis.

Some thought must also be given to the form in which
to cast the series for their analysis. The (z ) and (z )
series here are of the form
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overall estimates A~ =1.0~0.04, 0=0.25+ 0.15 for the
M series.

I now consider the implications of these analyses. First,
I have been able to find a single pair of Tg values for the
Ising and SOS series at which the central 0 values' are
consistent with the Swendsen-Lapunov inequalities. Fur-
thermore, these 0 values include the RG results of Ohta
and Kawasaki at the center of their ranges, strongly sug-
gesting that although the RG numbers may not be
rigorous, they are probably exact. In addition, I have
found Ttt (Ising) and Ttt(SOS) to be close but not identi-
cal. The SOS value is slightly higher than the Ising one,
as expected. I note that the diAerence between the central
Y~(Ttt) estimates is 0.008 (0.065), which is smaller than
the error bounds on either Yg(Ttt). These error bounds
are based on averaging the temperatures obtained from all
the series by both analysis methods and thus are larger
than the actual uncertainty in each measurement. If we
compare either the (z )"or M series analyses for the SOS
series with the corresponding Ising series, then it is clear
that the T~ estimates are distinct for the two models. I
note that of the previous T~ estimates, those of Refs. 2, 7,
and 14 and the M series of reference are consistent with
these new results, but the (z ) and (z ) estimates of Ref. I

are above my range.
The SOS series are better behaved than the Ising ones,

but I have demonstrated that from both series clear re-
sults, consistent with available exact Monte Carlo and RG
results, can be obtained.
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FIG. 2. Graphs of ez as a function of 6 for (a) (z & "(SOS) at
Ytt =0.206 with M2, (b) izzl" (Ising) at Y~ =0.199 with M2.
Optimal (Hz, h~ ) choices for these Yn are indicated by boxes.

I thank E. Riedel and M. den Nijs for introducing me
to roughening transitions and for hospitality at the Uni-
versity of Washington where I first became aware of the
problem with the Lapunov inequalities. I thank J. Avron
for arranging support from the U.S.-Israel Binational
Science Foundation under Grant No. 84-00376 and the
Israel Academy of Science during the calculations. Dis-
cussions and correspondence with J. Oitmaa, J. Weeks,
A. Van Enter, and M. Wortis helped clarify some confus-
ing aspects of this work. Support at the University of
Washington was from NSF Grant No. DMR83-19301.

'J. D. Weeks, G. H. Gilmer, and H. J. Leamy, Phys. Rev. Lett.
31, 549 (1973).

zH. J. Leamy, G. H. Gilmer, and K. A. Jackson, in Surface
Physics of Crystalline Materials, edited by J. M. Blakely
(Academic, New York, 1976).

3R. H. Swendsen, Phys. Rev. Lett. 38, 615 (1977).
4H. Van Beijeren and I. Nolden (unpublished); S. Balibar and

B. Castaing (unpublished).
sS. T. Chui and J. D. Weeks, Phys. Rev. B 14, 4978 (1976).
6H. van Beijeren, Commun. Math. Phys. 40, 1 (1975).
W. J. Shugard, J. D. Weeks, and G. H. Gilmer, Phys. Rev.

Lett. 41, 1399 (1978), for TR , R. H. Swends. en, Phys. Rev. B
15, 5421 (1977), for T« Tn.

sA. J. Guttman, J. Phys. A 11, 543 (1978).
9T. Ohta and K. Kawasaki, Prog. Theor. Phys. 6(1, 365 (1978).

'OJ. Adler, M. Moshe, and V. Privman, J. Phys. B 26, 1411
(1982).

''J. Adler, A. Aharony, Y. Meir, and A. B. Harris, J. Phys. A
19, 3631 (1986).

' J. Adler, M. Moshe, and V. Privman, J. Phys. A 14, L363
(1981).

' There is obviously a problem that the error limits of the 0~
and 82 estimates are such that these values overlap if we com-
pare the bottom of the 02 range with the top of the 0~. Since
all the exponents increase monotonically as functions of T&

for each Tz the Swendsen-Lapunov inequalities are obeyed by
the full range of the estimates from each T~ within the Tg
range.

'4E. Burkner and D. Stauffer, Z. Phys. B 53, 241 (1983).


