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The order parameter of superfluid 'He-8 is calculated near surfaces with the quasiclassical theory
and a thin-dirty-layer surface-scattering model. The surface structures depend on the temperature,
the surface roughness, the Fermi-liquid parameters, and the mass superAow tangential to the surface.
All these are studied with special emphasis on the roughness and the superflow. A numerical tech-
nique of solving the quasiclassical equations is discussed.

I. INTRODUCTION

The superfluid state at the surface of an ordinary s-
wave superconductor is essentially the same as that in the
bulk, if the effects of a magnetic field are not considered.
In p-wave superfluids —such as He and conceivably some
heavy-fermion superconductors —this is not the case.
There the order parameter is weakened within a couple of
coherence lengths ((0=15 nm) from a wall by quasiparti-
cle scattering at the surface. The different spatial com-
ponents of the order parameter are handled unequally and
the structure of the order parameter becomes complicated
and sensitive to the scattering properties of the wall. We
study the equilibrium surface structure of the order pa-
rameter in the B phase of superfluid He.

The surface structure of the order parameter is of in-
terest for several reasons. A surface imposes a boundary
condition on the hydrodynamics of the bulk. ' An exam-
ple is the hydrodynamic theories of the normal and
superfluid components of a superfluid. The classical
boundary condition for the normal fluid is the vanishing
of the velocity at a stationary wall. In low-temperature
Fermi systems, the mean free path of quasiparticles may
become very long, rendering the classical condition inade-
quate. A simple remedy is a "slip boundary condition"
which requires the extrapolation of the tangential velocity
to vanish at a slip length g behind the wall. The order
parameter at the surface influences the scattering of quasi-
particles (Andreev refiection) and thus enters into the
theoretical calculation of the slip length. For the
superfluid fraction, a surface imposes boundary conditions
on the texture of the order parameter, the direction of the
n vector in the B phase and the direction of the I vector
in the 2 phase. In some cases boundary conditions can
be deduced from symmetries alone. In general, they de-
pend on the tangential superfluid velocity and the magnet-
ic field and have to be determined from the exact
configuration of the order parameter. At high superfluid
velocities there are the great unsolved problems of vortex
nucleation and critical velocities. The determination of
the equilibrium surface order parameter is a first step to-
wards their resolution. There is also a recent theoretical
result by Thuneberg that the conventional surface struc-

ture of the B phase, under certain conditions, may spon-
taneously break its symmetry and form an 3-phase-like
structure at the wall. On the experimental side, there are
several recent observations of dissipation or critical veloci-
ties ' that may be directly related to surfaces. Finally,
surface structures may be important in identifying heavy-
fermion superconductors such as CeCuzSi2, UBe&3, UPt3,
etc. The tunneling spectra are expected to be different in
p-wave superconductors from those in ordinary s-wave su-
perconductors. They are clearly related to surface states.

In the present work, surface structures at rough walls
are calculated with the quasiclassical theory of He. "
The scattering of quasiparticles off rough surfaces is treat-
ed in terms of a one-parameter model by Culetto et al. '

Surface structures have been studied previously in the
case of specular surface scattering' and also for the rough
surface with a more complicated boundary condition than
here. ' The most important limitation of the present
analysis is the restriction of the weak-coupling version of
the quasiclassical theory. Although we can reach temper-
atures lower than the Ginzburg-Landau region we can see
no explicit strong-coupling effects, such as the anomalous
surface state of Ref. 6. On the other hand, we do take
into account the Fermi-liquid corrections. In practice,
this seems to mean including the most important, F'i,
which couples to the supercurrent. The inclusion of fur-
ther parameters would be straightforward.

We have computed the order parameter for varying de-
grees of roughness (defined below) and temperatures in
the absence of a current. The effect of a current was also
investigated, i.e., a constant phase gradient was imposed
along a specular surface. This was done at the reduced
temperature T/T, =t =0.8 at which the phase transition
curve of Pekola et al. takes its minimum pressure ( & 15
bars). Three values of the Landau parameter F'~ were as-
sumed, F'~ ——0, 9.27 (9 bars pressure) (Ref. 15) and 13.18
(24 bars pressure). Finally, the combined eff'ect of the sur-
face roughness and the current was studied at t =0.8,
F'i ——9.27. Nowhere did we observe a change in the sym-
metry of the order parameter. All our results have the
symmetries P~, P2, P3, as discussed in Sec. IV.

Nevertheless, we did observe a metastable state separate
from the one that continuously arises out of what we be-
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lieve to be the state of lowest energy ("regular" state) in
the absence of current. In the metastable state the real
part of the order-parameter component parallel to the
current goes to zero at the surface. Strangely enough, this
state, as does the strong-coupling state of Ref. 6, remains
metastable in the limit of vanishing current.

The surface structures have the curious property that
even the simplest state without mass current has macro-
scopic spin currents flowing along the surface. Such
currents are consistent with the rotational symmetry
around the surface normal x because spins pointing in the
s direction flow in the direction s && x. This may favor the
nucleation of spin-current vortices. '

We also discuss the numerical solution of the quasiclas-
sical equation. The equations can be reduced to a first-
order differential equation for a five-component complex
vector in the absence of magnetic field irrespective of the
form of the order parameter. In the present paper, never-
theless, we used a ten-component vector representation
and apply the multiplication trick only outside the scatter-
ing layer.

The rest of the paper is organized as follows. In Sec.
II, we discuss some general aspects of the quasiclassical
theory as they apply to the present problem. In Sec. III
we discuss on surface models and boundary conditions
and in Sec. IV a symmetry classification of the surface
states. In Sec. V we analyze the quasiclassical equation in

some detail and discuss the technical aspects of its numer-
ical treatment. Our results are presented in Sec. VI and
their implications are discussed. A preliminary report of
a part of the present results has appeared elsewhere. '

[ic„r3—o(k, R;c„),g(k, R;c„)]

+ ifivF k. Vg(k, R;c„)=0,

[g(k, R;c„)]=—(M) (lb)

o(k, R;c„)= 10.24' - cT V —o.~V- cTO. 2
(2a)

and the Green's function as

g+g. o (f + f o)icr2. .

g(k, R;c„)= io.2(f+f+f o) g —o.2g oo2 (2b)

The self-consistency equations

I

v(k, R) = g f A'(k. k ')g(k ', R;c„),
4~

(3a)

I

v(k, R)= g f A'(k. k')g(k', R;c„),4~
(3b)

The ELOE equation is an ordinary first-order differential
equation along "trajectories, " lines parallel to k, and Eq.
(lb) is a normalization condition. Here, [A,B]=A B
—8 3 and c„ is the Matsubara frequency,
c„=~kaT(2n +1). A caret denotes (either the unit vec-
tor k or) a 4&&4 matrix, which is a product of the spin
space and the Nambu particle-hole space. The Pauli ma-
trices in these two spaces are denoted by o.; and v.;, re-
spectively. The self-energy is parametrized as

V+V 0'

II. BULK QUASICLASSICAL THEORY

f dII
k k, )f(k, R )

fih(k, R)
4~ [c2 + Q2( T) ]1/2

E.

=0

(3c)
The quasiclassical theory of Fermi systems describes

slowly varying phenomena in space and time. Charac-
teristic lengths have to be large on the scale of the Fermi
wavelength kF and characteristic times long on the scale
of the inverse Fermi frequency REF '. Superfluid phe-
nomena belong to the required category with a large mar-
gin with b &&E~ and jo=fiv~l22rks T, &&k~ '. The
quasiclassical theory covers all the hydrodynamic effects
such as transport of mass, heat, momentum, and spin as
well as nonhydrodynamic collective modes and the com-
plete thermodynamics of a superfluid. Because the
quasiclassical theory eliminates a great deal of fine struc-
ture right at the outset, it is well suited for numerical cal-
culation. The input information of the quasiclassical
weak-coupling scheme is the superfluid transition temper-
ature and Landau Fermi-liquid parameters (including the
Fermi velocity). The strong-coupling version needs the
full scattering amplitude of a pair of quasiparticles at the
Fermi surface in addition to the above. A review of the
quasiclassical theory can be found in Ref. 11~

The state of liquid He is represented by a quasiclassical
propagator g which is a 4 & 4 single-particle matrix
G-reen's function integrated over the magnitude of the
momentum. The Matsubara propagator satisfies the
transportlike or the Eilenberger-Larkin-Ovchinnikov-
Eliashberg (ELOE) equation:"

J(R)= g f N (Ep)kg(k, R;c„),4~
(4a)

dBJ(R),;=vpksTQ f N(Ep)k;g (k, R;c„) .
4m

(4b)

The Matsubara propagators and the self-energies satisfy
the basic symmetry relations

[ [u (k, R;c„)]"I
*= r2u (k, R; —c„)r3,

[u(k, R;c„)]"=r2u(—k, R; —c„)r2,

(Sa)

determine the self-energy in (1). The functions A in the
first two can be represented as

s, a

A "(k k') = $ Pl(k. k'),
1+FI"l(21 + 1)

where I'I" are the Landau Fermi-liquid parameters. The
gap equation (3c) is written in a cutoff-independent form
by introducing h(T), the (temperature-dependent) gap in
the bulk liquid. In the absence of boundaries the equa-
tions above are a closed set which allows the computation
of the Green's function and the self-energies. Out of these
one can deduce the physical quantities. For example, the
mass current and the spin current are given by
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where ci stands either for g or & and tr denotes the trans-
pose matrix. Hence only a calculation at positive energies
and in one half-space of the directions of the trajectories is
required. The symmetries (5) follow directly from the
definition of the propagators. In addition, Eq. (1) has the
symmetry

[u(k, R;e„)]'"=—~pu(k, R;c.„)r2 . (6)

This symmetry applies in the absence of a magnetic field
in the ELOE equation (1) (because the gap has definite
parity). It follows from this symmetry that the solution of
(1) has no magnetic moment on the order of p~N(E~)b„
i.e., the magnetic moment given by an equation of the
type (4) is zero. However, symmetry (6) is not the time-
inversion symmetry: it does not constrain the form of the
order parameter and it does not exclude a magnetic mo-
ment on the order of p~N (EF}5 /E~ arising from a
violation of the particle-hole symmetry. Near the transi-
tion temperature the magnetization is given by'

M(R)=iC f b, (k, R)xh*(k, R),
4~

where C-N'(EF). This is nonzero for surface states at
zero field in general. Unfortunately, its reliable theoreti-
cal evaluation at a general temperature is not simple: In
order to be consistent, one has to take into account the
particle-hole asymmetry in both the density of states and
in the pairing interaction, and there is no exact relation
connecting the two. Their relative contributions vary as
functions of the temperature, i.e., at least two phenomeno-
logical parameters are needed.

denotes the position on the surface. The order parameter
and the density of states near a specular wall have been
calculated by Buchholtz and Zwicknagel. ' Obviously,
the specular model cannot imitate a rough surface.
Buchholtz' mimicked the rough wall with the "random-
ripple-wall model" where the location of the wall is al-
lowed to fluctuate around a smooth average. This model
has two parameters relating to the height of the irregulari-
ties and their "wave vector" along the surface.

We chose the boundary condition of Culetto et al. '

who studied the proximity effect in superconductors.
Their model consists of a specularly reflecting surface
coated with a layer containing impurities. The layer has
the thickness d and a scattering mean free path I. Both d
and I are imagined as going to zero with their ratio main-
tained at a constant value. The ratio p=d/l then de-
scribes the diffusivity of the scattering; with p=0 the
scattering is specular and with p= oo fully diffuse.

The thin-dirty-layer boundary condition can be ex-
pressed mathematically as follows. In the scattering layer
the Green's function obeys the same equation as in the
bulk, but generalized to take into account the impurity
scattering. In the limit of short mean free path, only the
impurity-scattering term and the gradient term perpendic-
ular to the surface survive,

[g(k, g, R,„&,e„),&; (g, R,„&,e„)]

k„g(k, g, R,„~,e„}=0,2&1

p d

where the impurity self-energy is

dA'
&; p(g', R,„~,E„)= g(k', g, R,„,r,'E„) .

4~
(10)

III. BOUNDARY CONDITION

At surfaces the quasiclassical equations (1) have to be
supplemented with boundary conditions. A fully general
boundary condition within the quasiclassical theory of
superfluidity was first derived by Buchholtz and Rainer. '

This condition requires a surface scattering t matrix for
quasiparticles at the Fermi energy and turns out to be too
cumbersome for practical calculations. It is more con-
venient to take advantage of models imitating surfaces.
The simplest such model is the specular surface, where
the quasiparticle momentum along the surface is con-
served. In terms of the quasiparticle propagator this con-
dition takes the form

g(k, R,„,r, e„)=g(k —2x(k. x), R,„,r, E„),
where x is the unit vector normal to the wall and R,„„f

I

Here the variable g' denotes the position in the scattering
layer; /=0 corresponds to the specular wall and g= 1 to
the interface between the scattering layer and the bulk.
On the interface it is natural to require g to be continu-
ous; on the specular-wall side the specular reflection
boundary condition (8) has to be imposed. The normali-
zation condition (lb) remains valid in the scattering layer.

It must be stressed that this boundary condition is a
model. It is therefore not necessary to treat the impurity
scattering in higher order than the self-consistent Born ap-
proximation or to consider coherent scattering from the
infinitely dense impurities. It is only important that the
model be a mathematically well-behaved, simple, and in-
tuitive one-parameter boundary condition.

The parameter p can be related to other diffusivity pa-
rarneters in the literature. Luders and Usadel define
their diffusivity parameter p as

p= —f dII;„ f dII.„,
~

x k;„~ P (k.„„k,„)(xXk;„).[xX(k;.—k...)],
7T d Bout

where (dp /d Q „,)(k,„„k;„) is the differential scattering
probability from the momentum direction k;„ to the direc-
tion k,„,. The value p =0 corresponds to specular and
p =1 to fully diffuse scattering. In the present model, all
particles scattered in the impurity layers are counted as

diffusively scattered. It is simple to deduce from Eq. (11)
the connection between p and p,

p =1—4 f dOcosOsin Oexp( —2p/cosO) .
0
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IV. SYMMETRY CLASSIFICATION
OF SURFACE STATES

r

Ri 0 0
0 R2 0

0 0
(12)

in the absence of current (class 17 of Table I), and

Equations defining a problem usually have a number of
symmetries. Solutions of these equations may either have
all the same symmetries or some of the symmetries may
be (spontaneously) broken. The possible solutions of the
problem can thus be classified according to their sym-
metries. In this section we present a symmetry
classification of the equations discussed above in the fol-
lowing geometry: infinite planar wall at x =0 and bulk
B phase in the x ~~0 region and a uniform superfluid flow
in the y direction in the bulk. We further assume that the
solutions do not break the translational invariance in the
plane of the surface (solutions with vortices are ruled out).
In order to simplify the notation, the bulk B-phase order
parameter 3; is assumed to be proportional to the unit
matrix. ( We use the standard representation
[b.(k)] = 3;k;.) Under these assumptions, the symme-
try operators very much resemble those studied by
Salomaa and Volovik ' in the case of an isolated vortex.
The operators are P] ——R„P2 TRy and P3 ——P

~ P2,
where R~ and R, are reflection operators in the x -z and
x-y planes, respectively. In the absence of a magnetic field
the time inversion operator T reduces to complex conjuga-
tion. Because two of the symmetries imply the third,
there are five diferent symmetry classes: one having no
symmetry, three having one each, and one having all the
symmetries.

If there is no current there are more possible sym-
metries: Rotation symmetry around the x axis by an arbi-
trary angle (C ) is allowed and the time-inversion symme-
try can be present independent of the rest. Of these one
can construct four new point symmetries: P4 ——T,
Pg = TPi —TRz ~ P6 = TPp Ry &

and P7 ——TP3 ——RyRz.
The last of the list is the discrete rotation symmetry
around the x axis by 180'. There are now more symme-
try classes than before. Five of them include the continu-
ous rotation symmetry and they are the same as those in
the presence of a current apart from the additional rota-
tion symmetry. The classes not having the continuous ro-
tation symmetry are as follows: There is one state having
no symmetry at all, there are a number of states having
one point symmetry (R;, i =1, . . . , 7), there are states
having two point symmetries, and so on. By this pro-
cedure one generates a great number of states, most of
them equivalent however, i.e., the same except for a rota-
tion around x. Sifting through all of them, 12 turn out to
be nonequivalent. They are listed in Table I.

Knowing the symmetries of a solution, one can often
simplify the corresponding equation (number of variable
of the equation). For example, for the most symmetric
surface state one finds the order parameter to have the
form

TABLE I. The 17 symmetry classes for surface textures in
case there is no current in the bulk. One possible set of symme-
try operations is shown for each class (different sets for each
class can be generated by rotating the symmetry operations
around the surface normal). As in the main text, C„denotes ro-
tational symmetry around x, R s the rejections, and T the time
inversion. In the case in which there is a superflow in the y
direction, only symmetry classes 1 —4 and 7 are possible.

Number of class

1

2
3
4
5

6
7
8

9
10
11
12
13
14
15
16
17

Symmetries

No symmetry
Rz
TRy
TRy R,
T
RyR,
Rz & TRy & TRy Rz
T, R„TR,
T& RyRz & TRy Rz

Ry Rz ) RyRz
TRy &

TRz
& Ry Rz

All point symmetries
C
C, R,
C„, TRy
C„, TRyRz
C, all point symmetries

R] iR4 0

iR5 Rp 0

0 0 R3

in the presence of a current (class 7). Here the R s are
real functions of x.

V. METHOD OF SOLUTION

Equations (1)—(3), (9), and (10) were solved self-
consistently by iterating 5 and &; p The former iteration
was carried out as in Ref. 17 (see Ref. 22 for a generaliza-
tion). The crucial point in the whole procedure is the
handling of the ELOE equation (la) and it is discussed
below.

The most important single property of the quasiclassical
equation (la) is that the commutator of any two of its
solutions is another solution. In addition to being analyti-
cally useful, this property supplies a technique of solving
the equation numerically. Assuming a spatially constant
order parameter, it is easy to see that there are three
dift'erent types of solution. One group is position indepen-
dent; the rest are exponentially increasing or exponentially
decreasing along a trajectory. Near a wall, only such
solutions can be physical which either turn into constant
solutions in the bulk or decrease exponentially into the
bulk. Numerically, only exponentially increasing solu-
tions along a trajectory can be found because of the insta-
bility toward the largest eigenvalue. Solutions decaying
into the bulk have to be computed moving toward the sur-
face and starting with the known analytic forms in the
bulk. The constant solutions are tricker. It seems to us
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that the most powerful method of getting at them is an
explosion trick where one calculates an exponentially in-
creasing and exponentially decreasing solution (backward)
and then the commutator of these. If one chooses the
starting solutions correctly, this procedure generates the
physical constant solution.

Analysis of the ELOE equation reveals that there is a
transformation from variables g, g, g, g, f, f, f, and f of
Eq. (2b) to another set 3, B, C, D, A, 8, C, and D,

2A =f+f, 2B =f f, 2A—=f+f, 2B=f—f,
(14)

. ~UF d
i k C=0,

2 dx

i k C —iv&(C+i 613 —6~B =0,. ~UF d
2 dx

(16a)

which separates the matrix ELOE equation into three in-
dependent sets of equations. In the present geometry
(Sec. IV), they can be written as (outside of the scattering
layer)

2C =g+g, 2D =g —g, 2C=g+g, 2D=g —g,

COa o-
a

(a)

0.0 5.0 7.5 10.0 12.5

0.0 2.5 5.0
x/

7.5 10.0 12.5

CO

a
ao

C&

0.0 2.5

x/
7.5 10.0

(b)

12.5
0.0 5.0

x/,
10.0

(b)

FIG. 1. Order parameter of 'He-8 in the vicinity of a wall.
In (a) five dNerent roughnesses are shown for p=0, 0.02, 0.1,
0.2, and 1.0 at t =0.8; in (b) is shown the same at t =0.4. The
upper cluster of lines is the parallel component, the lower the
perpendicular component. The roughness increases from top to
bottom in the upper and bottom to top in the lower.

FIG. 2. Order parameter near a specularly scattering wall at
r =0.8, F( =0 at different phase-gradient parameters A, [Eq.
(19)]. The resulting current is indicated as a dashed-dotted line
in units of N(EF)kgT, UF/2. Dotted lines indicates the real part
of the order-parameter components and dashed lines indicate the
off-diagonal imaginary part of the order-parameter components.
(a) and (b) are for A. =0. 1 and 0.5, respectively.
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AVF d WUF
kx ~ + &~n —&— qky B +i gg-C =0,

2 dx 2

(16b)

AUF i6VF
i kx A+ i cn —v — qky B

2 dx 2

—iv X A+i KID —i hg X D=0, (17c)

AVF
&+

2 dx

i6VF
qky 3 +6~.C=O, i6VF d AVF

kx + ~n & qky2 dx 2

i5VF
i kx D+ihI. A —hq -B=O,

2 dx

G5 O

~+O—

O

0.0 5.0

x/,
7.5 10.0

. &VF d
i k„D—ivXD+ihR X A+51 XB=O,

2 dx

(16c)

(17a)

(17b)

(a)

—ivXB+b, „D+6/XD=O . (17d)

Here,

h(x, y, z) = exp(iqy)[b/i (x)+i 5/(x)]

and the symmetry (6) has been applied to simplify the
self-energy (but not the Green's function). The reduction
to the sets (16) and (17) works in the absence of a magnet-
ic field irrespective to the geometry. The physical solution
is contained in the third set of (17). The first two sets do
not satisfy the symmetry (6). (They would satisfy
g = +12g 'r2. ) Nevertheless, the second set of Eqs. (16)
(with a constant self-energy) has three constant solutions,
a single exponentially increasing solution, and a single de-
caying one. Furthermore, the commutator of these ex-
ponentially increasing and exponentially decreasing solu-
tions turns out to be the constant physical solution of the
physical third set. This remains true in a varying order-
parameter field as well. The exponentially increasing and
decreasing solutions of the second block are very easy to
find. They appear automatically in a numerical computa-
tion forward and backward on the trajectory with a few
coherence lengths whatever the initial conditions. In this
way the constant physical solution is determined as a
commutator at each point of the trajectory. An apparent
problem arises near a wall. There is no way of generating
the purely inward (into the fiuid) exploding solution at
such points (because the analytic solutions are unknown)

ao-

~+o—

0.0 5.0

Xg/
7.5 10.0 12.5

D2

O

O
O

/
/

/
/

//
//

//
//

//
//

//
//

//
//

//

//

//

//

//

//

//

//

//

//

I
I

I
I.
/.I:

/. '

/:
/:
c

r

0.00 0.25 0.50 0.75 1.00 1.25 1.50

FIG. 3. Same as Fig. 2, but now at F'~ ——9.27. {a) and (b) are
for X=0.1 and 0.45, respectively.

FIG. 4. Current vs phase-gradient parameter at F~ ——0 (dot-
ted pair) and F'~ ——9.27 (dashed pair). The upper curve corre-
sponds to the bulk and lower to the wall.
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and one is forced to accept a mixture for calculating the
commutator with the outward (toward the wall) diverging
solutions. This leads to a linear combination of the physi-
cal constant solution and inward decaying solutions. In
order to meet the boundary condition, one then mixes the
correct additional dose of each of the three inward decay-
ing solutions of the third block of Eqs. (17). The result is
the complete physical solution.

It would obviously be possible to limit all calculations
to the physical third set of equations. There are, however,
three decreasing and increasing solutions there. This
would force one into a relatively complicated procedure of
picking the correct constant solution among the commuta-
tors of the different pairs of exponentially varying solu-
tions.

It may be worth mentioning here that the boundary

condition is mathematically well posed. There are six
complex unknowns in the third set (the amplitudes of the
outward exploding solutions). The continuity of the solu-
tion at the wall gives 10 complex conditions. However,
the normalization condition (lb) for the third set reads

D'+ D' —A'+ B'= —(M)',
iDD= AXB,

(18a)

(18b)

which says that four of the 10 conditions are automatical-
ly satisfied.

It is sometimes possible to reduce the number of de-
grees of freedom in g by exploiting the symmetries of the
order parameter (discussed in Sec. IV). All the com-
ponents of g (14) are either real or pure imaginary if the
time-inversion symmetry (T) applies. The rotational sym-
metry (C ) together with a reAection symmetry (for exam-
ple, R, ) set four of the components in the physical set to
zero. If there is current Aow, however, none of the above
works, and one has to keep all the 10 complex degrees of
freedom in the physical set. The point symmetries (P~,
P2, and P3) can then be used only to reduce the number
of momentum directions in the numerical calculation.

4 O—

O

O

0.0
x/

7.5 10.0

(aj

12.5

VI. NUMERICAL RESULTS

No symmetry restrictions were place on the numerical
search for the order parameter except for the translational
symmetry along the wall. As we were looking for a phase
transition on the surface, an important negative result of
the study was that all the computed surface configurations
belong to the same symmetry class, i.e., the most sym-
metric one having all the symmetries P &,P2, P3 ~ The
currentless conventional states have, in addition, the con-
tinuous rotation symmetry around the axis perpendicular
to the wall. The new metastable state is an exception
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FICz. 5. Eft'ect of the surface roughness on the order parame-
ter with phase gradient parameter X=0.3 at t =0.8 and Fl
=9.27. (a) p=0. 1; (b) p=1.0. Lines as in Fig. 2.

FIG. 6. Spin current in units of N(EF )k& T,AvF /2 at t =0.8,
F'l =0, A, =O, and p=0. Dotted line for J,~ and dashed line for
J~, . {J,~ = —J~, ) because of the symmetry requirement. )
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FIG. 7. The anomalous metastable state at t =0.8, X=0.3,
and F l =9.27. (a) specular surface; (b) diffuse with p= 1.0.
Lines as in Fig. 2.

from this rule. The results of our calculation are
displayed in Figs. 1 —7. Throughout, the order parameter
is scaled by the bulk gap at T =0 and the distance from
the wall by the zero-temperature coherence length
go=fivF/2nk~T, . In Fig. 1 we study the dependence of
the order-parameter configurations on the roughness of
the wall at different temperatures without a current. The
temperatures displayed in Figs. 1(a) and 1(b) are t =0.8
and 0.4; each panel includes the roughnesses p=0, 0.02,
0.1, 0.2, and 1.0 (another similar figure was published ear-
lier' at the temperature t=0.3; there, indicated values of
p were in error and should be multiplied by a factor of 2).
Two distinct clusters of curves are seen in each figure.
The lower curves are the perpendicular component of the
order parameter (Aq), the upper the parallel component
(b, ~). It is well known that the perpendicular component

should vanish at a surface. A rough boundary is seen to
kill the parallel component as well, but only a great deal
closer to the wall. At a fully diffusely scattering surface,
the slope of the parallel component at the wall is infinite
(provided that all the Matsubara frequencies are included
in the computation, see Ref. 17).

The next two sets of plots, Figs. 2 and 3, display the or-
der parameter at a specular wall with different superfiuid
velocities U, along the surface at the temperature t =0.8.
The velocity is described by the dimensionless parameter

i6VF g

2b, (0)
1 PFUs

I+F', /3 &(0)
(19)

The dashed-dotted line in the figures displays the current
density, in units of N (EF )k& T, UF/2, near the surface.
The dotted lines indicate the real part of the order-
parameter components parallel and perpendicular to the
wall. At higher values of k, the parallel components are
seen to split into a separate one, smaller, in the direction
along the current and a larger perpendicular to the
current. ' The dashed lines lowest in the figures

represent the off-diagonal imaginary components iR4 and

iR~ as see in (13), the latter vanishing at the wall. The
difference between Figs. 2 and 3 lies in the Landau pa-
rameter F[ which takes the value F& ——9.27 in Fig. 3 as

opposed to zero in Fig. 2. It can be seen that the current
is almost the same as in the bulk at all distances from the
wall. This implies that the increase of A~~ and decrease of
A1 near the wall almost cancel each other in the current.
This is further illustrated in Fig. 4, where the current den-
sities at the wall (x =0) and in the bulk (x = ~) are
drawn as a function of the phase gradient. It is of impor-
tance that the local maximum current is essentially in-

dependent of the position. If it were shifted to lower
phase gradients near the wall, it would be indicative of an
instability of the surface structure towards nucleating vor-
tices. This would have explained why the bulk critical ve-

locity has never been seen, but the calculation does not
support such an explanation for the specular surface.

It can be seen that the most pronounced effect of the
Landau parameter is slightly enhancing the current for a
given phase-gradient parameter A, [but lowering for a
given pFU, /b, (0)]. The local maximum current is almost
independent of F'~.

Figure 5 illustrates the effect of the roughness of the
surface on the order parameter in the presence of the
phase-gradient parameter A, =0.3 and F'~ ——9.27 at t =0.8.
The roughness reduces the order parameter essentially in
the same way as seen in Fig. 1, but now the current also
becomes reduced close to the surface. This is in agree-
ment with the well-known effect that the current in
superfluid for a given phase gradient is reduced (but not
destroyed) by scattering.

Figure 6 shows the spin current, in units of
N(EF)kz T, AUF /2, without mass current and roughness at
F& ——0 and t =0.8. In the presence of a current there is
also a small magnetization near the wall long the z axis.
More generally, if the B-phase order parameter has the
form A„~ =R„(R„ is a rotation matrix) in the bulk, the
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magnetization is in the direction of R„,.
We finally return to the metastable state mentioned in

the Introduction. Its symmetry class is number 7 of
Table I in general and number 12 in the currentless case.
This state seems to persist no matter what the current or
the scattering properties of the wall. In Figs. 7(a) and 7(b)
we display the state for a specular surface and rough sur-
face in the presence of a phase-gradient parameter A, =0.3.
The distinguishing feature of the metastable state is the
vanishing of the real part of the order-parameter com-
ponent parallel to the current. It can be seen in the
figures that the new vanishing component recovers quite
slowly into the Quid. The current density as a function of
the distance from the walls is very sensitive to the scatter-
ing properties of the surface and it is always smaller than
that in the "regular" state. The magnetization in this
state is much smaller than the "regular" state. We have
not investigated the energy of the metastable state.

VII. CONCLUSIONS

of He-B near surfaces in the absence, as well as in the
presence, of a current. Both the specular wall and the
diffusely quasiparticle scattering wall were studied. Part
of the motivation of the work was a search for surface
phase transitions at temperatures below the strict range of
validity of the Ginzburg-Landau theory. We found, how-
ever, only states of the single symmetry class including a
metastable state belonging to the same symmetry class as
the "regular" surface state. In the metastable state, the
real part of the order-parameter component parallel to the
current vanishes at the wall. We have investigated the
effects of superAuid How and surface roughness on the
surface state. We did not find any sign of instability of
the surface structure towards nucleating vortices below
the critical velocity of the bulk, but this possibility is far
from excluded by the present work. Knowing the surface
structure allows the determination of the boundary condi-
tions to impose on the superfluid (n-vector field of He-B)
and the quasiparticle degrees of freedom.

We have investigated the order-parameter configuration
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