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Longitudinal magnetoresistance of potassium
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Recently, Zhu and Overhauser showed that the Hall coefficient of potassium is anisotropic, de-

pending on the angle between the applied magnetic field and the charge-density wave. It follows
that the Hall coefficient of a polydornain sample is inhomogeneous. By means of effective-medium
theory, the magnetoresistance of a domain structure has been evaluated. It is shown that both the
longitudinal and transverse magnetoresistance increase with increasing field. The Kohler slope de-

pends on the domain distribution. For a random distribution, the longitudinal and transverse
Kohler slopes are about ~ % and 1 ~ %, respectively.

I. INTRODUCTION

The nonsaturating magnetoresistance of potassium has
been a long-standing puzzle. ' All workers have found
that both the longitudinal " and transverse magne-
toresistance increase linearly with field strength, showing
no sign of saturation in the highest magnetic fields
(B—100 kG). Fear that this was an artifact caused by
probes led to the development of inductive techniques, '

which confirm the results of probe methods. The effect
occurs in both polycrystalline and single-crystal samples.
Although the nonsaturating magnetoresistance has been
most extensively studied in potassium, it is observed in all
the alkali metals.

The Kohler slope S is defined by

Ap=Spe, ~,
where Ap is the resistivity change, p is the zero-field resis-
tivity, to, =eB/mc is the cyclotron frequency, and r is the
electron relaxation time. S is typically 10 —10 for
both the longitudinal and transverse magnetoresistance.
It depends upon sample preparation and history, varying
by at least 50% for nominally identical samples.

It is especially hard to explain the nonsaturating longi-
tudinal magnetoresistance. Semiclassical transport
theorems show that the longitudinal magnetoresistance
of a homogeneous metal, whatever its Fermi surface, satu-
rates when to, r& 1. (Open orbits, which arise when the
Fermi surface is multiply connected, cause the transverse
magnetoresistance to increase, but do not affect the longi-
tudinal magnetoresistance. '

) Voids can cause a linear
longitudinal and transverse magnetoresistance, " but the
volume fraction required is known to be too high. ' '
Surface imperfections can cause a linear transverse mag-
netoresistance, ' but are not predicted to affect the longi-
tudinal magnetoresistance (except as voids). A recent
theory' of longitudinal and transverse magnetoresistance,
based on magnetic-field corrections to the transport equa-
tion, has since been withdrawn' as an explanation for the
linear magnetoresistance in potassium, since it requires
that the Kohler slope depend strongly on temperature
below 4.2 K, contrary to observation.

The theory presented here is based upon the charge-
density-wave structure of potassium, ' which recently has
been observed directly by neutron diffraction. ' The new
ingredient of this theory is the discovery' by Zhu and
Overhauser of the Hall-resistivity relation in potassium.
The proposed relation explains the amplitude and phase of
the four-peak induced-torque patterns, observed in single-
crystal spheres of potassium.

The Hall coefficient is the ratio of the transverse, Hall
electric field E~ to the product jB of the current density
and the applied magnetic field (Fig. 1). In the usual,
transverse Hall effect, B is perpendicular to j; in the long-
itudinal Hall effect, B is parallel to j. Zhu and
Overhauser found that both the transverse and longitudi-
nal Hall coefficients of potassium are anisotropic, depend-
ing on the angle 0 between B and the charge-density wave
(CDW).

The CDW wave vector Q in potassium, determined by
neutron diffraction, ' is tilted 0.85 away from a [110]
direction and lies in a plane rotated 47 away from the
(001) plane. Because of the underlying cubic symmetry,
there are 24 energetically equivalent Q directions, grouped
in clusters of four about the six [110]axes. A single crys-
tal is expected to be divided into Q domains, each having
its Q along one of the 24 preferred axes. Since the Hall
coefficient depends on the angle between Q and B, the
Hall coefficient of a single crystal is then inhomogeneous.

It was first shown by Herring that an inhomogeneous
Hall coefficient produces a nonsaturating magnetoresis-
tance. The inhomogeneity of the Hall electric field dis-
torts the current paths, thereby increasing the magne-
toresistance. Herring applied his theory to a material hav-
ing a free-electron local conductivity, whose Hall coeffi-
cient varied due to fluctuations in carrier concentration.
Then the transverse magnetoresistance increases indefi-
nitely, but the longitudinal magnetoresistance saturates,
since no Hall field arises when B is parallel to j. For a
Q-domain structure, however, having the local conduc-
tivity proposed by Zhu and Overhauser, a nonuniform
Hall field arises both when B is parallel to j and perpen-
dicular to j, thus explaining the nonsaturating longitudi-
nal and transverse magnetoresistance.
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tion, R being about 4% larger than Rp for B along a
[100] direction and about 8% larger for B along a [110]
direction. The induced-torque anomalies require that the
Hall-coefficient anisotropy of a single Q domain be at
least as large as 30%. a=0.3 is therefore assumed. By
Eq. (2), the Kohler slope and Hall coefficient of a domain
structure scale with t, since E depends on co, ~ through the
product tee, v.. For simplicity, t =1.0 is assumed.

III. EFFECTIVE-MEDIUM THEORY

(b)

FIG. 1. Hall effect: (a) transverse and (b) longitudinal.

II. ANISOTROPIC HALL COEFFICIENT

The induced-torque anomalies in potassium require that
the magnetoresistivity of a Q domain be'

E=p[j+ttp, rj XB+attp, r(Q B)j XQ] . (2)

p =m /ne ~ is the zero-field resistivity; t is the ratio of the
Hall coefficient to the free-electron value, when B and Q
are perpendicular; and a is the Hall-coefficient anisotro-

py. The new, third term is linear in B and even in Q.
For simplicity, the zero-field resistivity anisotropy and
the open-orbit magnetoresistance have been omitted.
Since the component of E parallel to j in Eq. (2) is simply
E=pj, the resistance of a Q domain is independent of
magnetic-field strength and direction.

To evaluate the transverse Hall coefficient R =EH/jB,
let B be perpendicular to j. If Q is perpendicular to B,
the third term in (2) vanishes, yielding

Rj ——tRp . (3)

Rp= —I/nec is the free-electron Hall coefficient. If Q is
parallel to B, the second and third terms in (2) add, yield-
ing

R~~~~

——(1+a)tRp . (4)

In general, if Q makes an angle 0 with B, the Hall coeffi-
cient is

R =(1+a cos 8)tRp .

From (3) and (4), the Hall-coefficient anisotropy, defined

by (R
~~

—R~ )/R~, is equal to a.
In order to exhibit the longitudinal Hall effect, let B be

parallel to j. For free electrons, the transverse electric
field would vanish. If the relation (2) holds, however, this
is not so. Taking Q at an angle 0 relative to B yields

EH ——atpco, ~j sinO cosO,

with the direction of the Hall field being parallel to
BXQ. The longitudinal Hall effect is a maximum when
0=45 and vanishes when O=O' or 90'.

In helicon transmission experiments, Chimenti and
Maxfield found that the transverse Hall coefficient of
single crystals of potassium depends on crystal orienta-

The effective magnetoresistance of a CDW domain
structure, having the local magnetoresistivity (2), is
evaluated by means of the effective-medium approxima-
tion. This is a mean-field type of approximation,
which is expected to be valid when the domain size is
greater than the electron mean free path but smaller than
the sample dimensions. For T &4.2 K, the electron mean
free path in high-purity potassium is about 0.1 mm; the
domain size may vary, but is estimated to be also about
0.1 mm.

The effective conductivity of a domain structure is
then25

24 24

~eft= aext+ g fn (~n ~ext) 'an ' g fnan
n=1 n=1

f„and cr„reathe volume fraction and conductivity of Q
domain n. cr,„, is the conductivity of the "host" sur-
rounding each domain. a„ is a tensor depending on a„
and o.,„,

a„=[1—I,„, (o„—tr,„,)] (8)

The tensor I „, depends only on the symmetric part
o. ,",t of o.,„„having the same principal axes. The eigen-
values I; of' I „„which satisfy the equation

1I3——— 1—
(A, 3

—A, ~)

A2

k3

1/2

E

I' and E are elliptic integrals of the first and second
kinds, defined by

E(6,k) = f (1—k sin P) dP,

E(5,k)= f (1 ksin P)' dP, —

having amplitude and modulus

5=sin '(1 —A, , /A3)'~

(1—k)/k2)'~2

(1 —X, /A, ,)'"

If k1 ——12&F3, then I 1
——I 2 and

are functions of the eigenvalues A,; of o,'„',. If A,
~ & kq & A, 3,

then
1/2

(F E), —
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jeff ~ext ~ (10)

can be found easily by iteration of Eq. (7). Starting from
a free-electron conductivity tensor, the solution typically
converged after 20 iterations to within 0.1%.

IV. NONSATURATING MAGNETORESISTANCE

The domain structures of the potassium samples stud-
ied experimentally are not known. The domain distribu-
tion and size depend upon sample preparation and history,
being affected, for example, by sample shape and size,
surface orientation and facet size, etching procedure, an-
nealing time, and thermal stress. The uncontrolled
domain structure is responsible for the variation of the
Kohler slopes for nominally identical samples.

In Fig. 2, the longitudinal magnetoresistance is plotted
for a random domain distribution (f„=1/24) for four
field directions: B parallel to [100], [110], [ill], and

(kt/A. &)' sin '(1 —A, , /A. ~)'

(1 —A, t/As)'~

If A, ) & A, 2 ——A, 3, then I 2
——I 3 and

(Xs/A, , )'~ sinh '(A~/X, —1)'~
r, =

A3 (Xs/A, t
—1 )

'

If k& =X2=k3, then I f
—I 2 —I 3 — ~3.

The effective-medium approximation is obtained by re-
quiring the conductivity o,„,of the host, surrounding each
domain, to be just cr,ff. This self-consistent tensor,

[123]. The longitudinal magnetoresistance is indeed non-
saturating. Even though the domain distribution is isotro-
pic, the effective magnetoresistance is anisotropic, de-
pending on field direction. The approximate Kohler
slopes vary from about 0.3% to 0.6%.

In Fig. 3, the transverse magnetoresistance is plotted
for a random domain distribution for the same four field
directions and selected current directions. The transverse
magnetoresistance is also nonsaturating and anisotropic.
The approximate Kohler slopes vary from about 1% to
2%. This anisotropy of the high-field magnetoresistance
has been seen in potassium. '

For an isotropic domain distribution, the transverse
Hall coefficient R is isotropic. It is field independent for
~,~& I, having the calculated value R =1.09RO. An in-
homogeneous Hall coefficient is thus insufficient to ex-
plain the observed field-dependence of R.

These calculations have been repeated with the Hall-
coefficient anisotropy a=0.2 and 0.4. The longitudinal
and transverse Kohler slopes increase approximately in
proportion to a" and u, respectively. The deviation of
the Hall coefficient from the free-electron value is propor-
tional to a.

In order to illustrate the variety of possible behavior,
the four domain distributions listed in Table I are con-
sidered. Each domain distribution is specified by the
probabilities of the six domain groups corresponding to
the six [110]axes; the four Q vectors within each domain
group are assumed to occur with equal probability. The
Q vectors in each distribution make approximately the
same angle 0 with the applied magnetic field. The mag-
netoresistance, plotted in Figs. 4 and 5, is strictly linear.
The Kohler slopes and Hall coefficients are given in Table
I.
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FICx. 2. Longitudinal magnetoresistance for a random
domain distribution. Hall-coefficient anisotropy a =0.3.

FIG. 3. Transverse magnetoresistance for a random domain
distribution. Hall-coefficient anisotropy a =0.3. The chosen
current directions yield the maximum and minimum magne-
toresistance. For B along the [100] or [111]directions, the mag-
netoresistance is the same for all perpendicular current direc-
tions.
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TABLE I. Domain distribution, magnetic-field direction, angle 0 between Q and B, longitudinal Kohler slope, current direction
for the transverse magnetoresistance, transverse Kohler slope, and Hall coefficient. For I, III, and IV the transverse magnetoresis-
tance is independent of the current direction.

[110] [110]
Domain-group

[101]
probability
[101] [011] [011] B 10 SL 10 ST- R /Ro

I
II A

II B
III
IV

1

4

0
1

3

0

1

4

1

3

1

4
1
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4
1
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4
1

4
1

4

1

3

1

4
1

4
1

3

1

4
1

4

1

3

[100]

[1 10]

[110]
[111]
[111]

45'

60'

60'

35'

90'

1.5
1.2

1.2

1 ' 3

[110]
[001]

1.5

1.6

0.8
1.3

1.15

1.07

1.07

1.20

1.00

Open orbits, observed in potassium by the induced-
torque method, ' also contribute to the transverse mag-
netoresistance. The magnitude of this effect is difficult
to estimate, since the open-orbit electron fraction is un-
known.

V. CONCLUSION

It is especially hard to explain a longitudinal magne-
toresistance, since an electron in a magnetic field spirals
about the field direction, its velocity parallel to the field
being unaffected. An exotic mechanism is required. It
has been shown that an inhomogeneous, longitudinal Hall
coefficient produces a nonsaturating, longitudinal magne-
toresistance. The calculated Kohler slopes agree with the
observed values.

A dramatic test of this theory would be to field cool a
potassium wire in a magnetic field large enough to induce
formation of a single Q domain. This theory requires

that the longitudinal magnetoresistance would then disap-
pear.

A nonsaturating longitudinal magnetoresistance is not
unique to potassium and the other alkali metals, but also
occurs in aluminum and indium. Since the
phenomenon is still unexplained in these other metals, the
theory presented here suggests that experimental searches
be undertaken to determine whether they too have
charge-density-wave ground states.

A microscopic theory of the Hall-coefficient anisotropy
in potassium, caused by the CDW structure, is as yet un-
developed. This remains a challenging project for future
research.
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FIG. 4. Longitudinal magnetoresistance for the domain dis-
tributions in Table I. Hall-coefficient anisotropy a =0.3.

FIG. 5. Transverse magnetoresistance for the domain distri-
butions in Table I. Hall-coefficient anisotropy a =0.3.
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