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Antiferromagnetic singlet pairs, high-frequency phonons, and superconductivity
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The properties of a model of electrons interacting through an on-site Hubbard repulsion U, and
coupled to intersite lattice vibrations, are discussed. It is argued that the antiferromagnetic sing-
let pairs induced by U wi11 condense into a superconducting state in the presence of coupling to
high-frequency phonons, or, equivalently, that an on-site U strongly enhances the electron-phonon
coupling giving rise to superconductivity. It is proposed that this model describes the essential
features of the high-T, oxide superconductors.

In a recent Letter, ' it was pointed out that an effective
attractive interaction between nearest-neighbor antiparal-
lel spins arises in the non-half-filled repulsive Hubbard
model for strong U, and suggested that these singlet pairs
could condense into a superconducting state. It was also
found within weak-coupling perturbation theory that anti-
ferromagnetic spin Auctu ation s induce a tendency to
even-parity singlet pairing, particularly near a spin-
density-wave instability. While numerical evidence on
two-dimensional small lattices was found to support the
existence of this nearest-neighbor attraction, it did not
unequivocally point toward a superconducting state at low
temperatures in the pure Hubbard model. The question of
whether in the pure Hubbard model the antiferromagnetic
singlet pairs will condense into a superconducting state at
sufficiently low temperatures is still open.

Anderson has suggested that the oxide superconductors

can be described by a Hubbard model. He proposed that
the insulating phase in these systems is a "resonating-
valence-bond" state, which when doped would give rise to
a superconducting state when the pre-existing singlet pairs
condense. While his condensation of the singlet pairs is
clearly related to the above-mentioned picture, we believe
that the resonating-valence-bond insulating state probably
does not exist in the pure Hubbard model on a square lat-
tice. This is based on the fact that Monte Carlo simula-
tion results for the pure half-filled Hubbard model clearly
point to the existence of long-range antiferromagnetic or-
der for all U. In the presence of coupling to phonon de-
grees of freedom, the the ground state is likely to be an in-
sulating spin-Peierls state, as discussed below.

We will consider in this Brief Report the properties of
the Peierls-Hubbard Hamiltonian
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with (ij ) nearest neighbors on a bipartite lattice. In par-
ticular, we have a two-dimensional square lattice in mind,
with possibly a weak coupling in the three-dimensional
direction. In a one-dimensional geometry, it has been re-
cently shown that in the presence of coupling to low-
frequency intermolecular vibrations, an on-site repulsion
U will strongly enhance the tendency of the system to-
wards dimerization. The largest enhancement was
found to occur for U approximately equal to the band-
width. That is, the antiferromagnetic singlet pairs induced
by U couple more strongly to the intermolecular lattice vi-
brations than uncorrelated electrons. The enhancement of
dimerization by U was qualitatively explained by Mazum-
dar and Dixit in terms of U providing a barrier to reso-
nance between states diAering by a lattice translation.
Clearly the same mechanism can be invoked in a two-
dimensional square lattice. The square lattice has also a
nested Fermi surface in the half-filled-band case, and ad-
ditionally a logarithmic singularity in the density of states
which should enhance the instability further. Moreover,
in one dimension it was shown that the dimerized state is
stable against quantum fluctuations for arbitrary phonon
frequency. This should be even more so in two dimen-
sions. These considerations strongly suggest to us that the

two-dimensional half-filled Peierls-Hubbard Hamiltonian
will exhibit a spin-Peierls ground state for arbitrary pa-
rameters. This is not inconsistent with fairly extended an-
tiferromagnetic spin correlations, as has been shown in
Monte Carlo simulations in the one-dimensional case.
Finally, a small nearest-neighbor repulsion was found to
enhance the lattice instability further in the one-
dimensional case, ' and this is also likely to carry over to
two dimensions.

It is easy to see that an on-site U will enhance the
electron-phonon interaction that occurs through rnodula-
tion of the intersite hopping t. Consider a simple two-site
system: In the absence of U, one has up and down elec-
trons that resonate independently between the two sites,
while in the presence of U the processes become coherent,
as depicted in Fig. 1. The coherent hopping process cou-
ples more strongly to a modulation of the hopping t: The
fractional change in the energy of this two-site system un-
der a change in the hopping is

1 dE 8t 1 (2)
d(U'/4)+4t ' U/2 —J(U'/4)+4t '

which is an increasing function of U, going from 2 to 4 as
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FIG. l. (a) For U=O, up and down electrons resonate in-

dependently between two neighboring sites. (b) For large U,
only correlated hoppings occur.

U increases from zero to infinity. The extra factor of 2 in
the large-U limit arises from the fact that the effective
coupling is t /U. PP In the large-U limit, the effective
Hamiltonian for the half-filled Hubbard model is a
Heisenberg Hamiltonian with coupling t;I/U, which in one
dimension is unstable toward dimerization (spin-Peierls
transition). The instability is stronger than the Peierls
one, since the relevant susceptibility diverges linearly in
I/T rather than logarithmically. " This will yield a transi-
tion temperature that goes linearly with the coupling con-
stant rather than exponentially. For any finite U the cor-
responding instability toward bond charge-density-wave
order (BCDW), is found to have the same divergence as
in the large-U limit froln numerical simulations. ' It is
also likely that in two dimensions the spin-Peierls instabil-
ity is stronger than the Peierls one, although it has not yet
been verified directly.

For non-half-filled-band cases, however, and in the
presence of high-frequency phonons, we expect the dom-
inant instability to be toward a superconducting state, and
it should also be enhanced by a Hubbard U. For the non-
half-filled Hubbard model, one can write an eff'ective
Hamiltonian in strong coupling with interaction: '
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which suggests that there is a tendency to a pairing of
nearest-neighbor electrons with antiparallel spins. The
appropriate order parameter is"

We can also obtain an effective interaction arising from
the phonon part of the Hamiltonian Eq. (I) in the limit of
high-frequency phonons:
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The last term represents the hopping of pairs of electrons
on the same site and can be neglected for large U. The
first term is a nearest-neighbor repulsion between elec-
trons of parallel spin, and the second term gives rise to
pairing of antiparallel electrons on the bonds, stabilizing
further the pairs that appear in the pure Hubbard model.

Figure 2 shows in a simple example how the electron-
phonon interaction stabilizes the pairs. In the absence of
it, Fig. 2(a), two pairs next to each other can transform
into a single pair and two isolated electrons; in the pres-
ence of electron-lattice coupling this pair-breaking mech-
anism is inhibited by the fact that the lattice distorts
where the singlet pairs are, making it energetically un-
favorable to break the pairs. In addition, the eff'ective
nearest-neighbor repulsion between parallel electrons in
Eq. (6) will inhibit pairs from occupying nearest-neighbor
sites.

To investigate the competition between superconduc-
tivity and bond CDW order in this model requires a de-
tailed calculation. Some insight can be gained by consid-
ering a related model describing intramolecular vibrations
(Holstein model) and with an attractive Hubbard U.
That model is well understood both in strong and weak
coupling, ' ' and it is found that low-frequency phonons
favor a charge-density-wave state and high-frequency
phonons a superconducting state. As one approaches the
half-filled-band case, the CDW state becomes more favor-
able for fixed phonon frequency, and at exactly half filling
it dominates for any phonon frequency. An attractive U
enhances both instabilities. It is likely that the repulsive
Hubbard model with intermolecular vibrations has identi-
cal properties, both models being connected by a duality
transformation that interchanges sites and bonds (the on-
site repulsive U gives an effective attractive —t /U on the

CiTCj) Ci/CjT
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with i,j nearest neighbors, in terms of which
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Although the forms of Eqs. (3) and (5) suggest pair-
ing, " they do not prove that the system will become su-
perconducting. First, there are other terms in the eff'ective
interaction involving three sites that were omitted; ' in ad-
dition, the kinetic energy itself of the effective Hamiltoni-
an does not describe free particles. This question will
probably be settled only by nonperturbative numerical
calculations.

FIG. 2. (a) In the absence of electron-lattice coupling, it is

easy to break two pairs to form a single pair plus two unpaired
electrons. (b) If the lattice distorts, the pairs are stabilized.
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bonds). The details of this mapping will be discussed elsewhere. Here, we will infer the qualitative behavior of the
Peierls-Hubbard Hamiltonian by considering the appropriate susceptibilities in the noninteracting case. The susceptibili-

ty toward bond CDW order in the x direction is

N(q) =—
&
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and toward pairing on bonds in the x direction
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We assume that there is a cut-oA' frequency mo for the
pairing interaction so that the sum in Eq. (8) is restricted
to

~ sk ~
& coo. The cutoff does not affect the CDW insta-

bility. '

At one-half band filling, both susceptibilities diverge
as ln T. The strong divergence is due to the log singular-
ity in the density of states, and for N(q) to the fact that
the Fermi surface is nested. As we move away from half-
filled band (p =1), P diverges as InT and N is no longer
divergent. However, at intermediate temperatures X may
still be larger than P so that bond CDW order can occur
first. Figure 3 shows the susceptibilities for two tempera-
tures as functions of band filling. For P=4, bond CDW
order dominates for band filling p ~ 0.8, and superconduc-
tivity for p & 0.8. As T is lowered, superconductivity
dominates up to p=0.92 for P=8. If we decrease the
cutoA frequency coo, bond COW order occurs over a
larger range of band fillings and the superconducting T,
decreases. In Fig. 4 we show critical temperatures ob-
tained within the random-phase approximation assuming

the same coupling A, =2 for both instabilities. Supercon-
ductivity dominates for band filling ~ 0.9, and T, de-
creases rapidly as the band filling decreases and as the
cutoA' frequency decreases.

Finally, one should remark that if the singularity in the
density of states occurs at a point ~here there is no nest-

ing, one will obtain strongly enhanced superconductivity
dominating over the bond CDW instability. This has been
discussed in detail elsewhere, and may be of relevance to
the oxide superconductors.

In summary, we have discussed the interplay between
bond CDW order (spin-Peierls instability) and supercon-
ductivity from condensation of nearest-neighbor singlet
pairs in the two-dimensional Peierls-Hubbard model. We
have shown that a Hubbard U enhances the eA'ective

electron-phonon coupling. We argued that away from
half-band filling, the dominant instability is toward super-
conductivity due to condensation of the nearest-neighbor
singlet pairs, and that as we approach the half-filled-band
case T, increases until the superconductivity is pre-
empted by the condensation of the singlet pairs into a
spin-Peierls state. Higher phonon frequency favors super-
conductivity over spin-Peierls. %'hile we do not yet have a
quantitative theory, these considerations suggest that a
Hubbard model coupled to high-frequency intermolecular
vibrations may contain the essential features to describe
the high-T, oxide superconductors.
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FIG. 3. Bond CDW (full line) and bond pairing susceptibili-
ties as functions of band filling for P= 1/T 4 and 8, in units

where t =1. The cutoA' is coo=2.

FIG. 4. Transition temperatures toward spin-Peierls (full
line) and superconducting state (dashed lines) vs band filling for
X =2 and several values of cop.
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