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Determination of the incommensurately modulated structure of a-uranium below 37 K
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The modulated structure of a-uranium is analyzed with use of the neutron scattering data of
Marmeggi et al. [Solid State Commun. 43, 577 (1982)j. The results of the refinements are given for
all the superspace groups compatible with the neutron diffraction pattern. Fits to the experimental
data of equal quality are obtained for different structure models (different symmetries), thus prohi-
biting the determination of the structure from neutron scattering alone. Together with the recently
reported results of electron microscopy, the refinements lead to a unique assignment of a superspace
group to the incommensurately modulated structure of a-uranium below T=37 K, with the tenta-

tive symbol P2/m 11( 2 Py). The values of the structural parameters, as follow from the refine-

ments, are also reported.

I. INTRODUCTION
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FIG. 1. Perspective drawing of the C-centered orthorhombic
unit cell of a-uranium.

The low-temperature physical properties and structure
of a-uranium have been studied extensively over the past
three decades. Although considerable progress has been
made, a complete understanding of the changes in +-
uranium occurring at low temperature has yet to be ob-
tained.

At room temperature, a-uranium is believed to crystal-
lize in the orthorhombic space group Cmcm (Dzt, ). The
first structure determination was performed in 1937 by
Jacob and Warren, ' and it has been confirmed on many
occasions. ' For T &18 K the lattice parameters are,
a =2.8444 A, b =5.868 A, and c =4.9316 A. There is
one independent atom on a fourfold position +(O,y, —, ),
+( —, , —, +y, —, ), with y =0.102 (Fig. 1).

Major steps in the understanding of the low-

temperature behavior came with the preparation of large
single crystals by Fisher and McSkimmin, and subse-

quently the measurement of the elastic constants down to

T = 1.5 K. These experiments clearly showed an anomaly
at T =43 K, and therefore indicated a phase transition at
this temperature. Later, Steinitz et al. were able to show,
by means of thermal expansion measurements, the ex-
istence of three low-temperature phase transitions, respec-
tively at 43, 37, and 23 K. Only around 1980 it became
clear that the 43-K transition is connected with the for-
mation of an incommensurately modulated structure,
presumably due to a charge-density wave (CDW).

Inelastic neutron scattering at room temperature re-
vealed a softening in the X4 phonon branch at a wave vec-
tor at 0.5a*. Low-temperature elastic neutron scattering
indicated the occurrence of satellite reflections below a
temperature of 43 K. One set can be described as com-
mensurate satellites [q=(0.5,0,0] with respect to a slightly
expanded lattice. The other, much intenser, set consists
of incommensurate satellites at positions (+ —,', +qy, +q, ),
with q~=0. 176 and q, =0.182 at T=5 K. ' These re-
flections gave the conclusive proof that the phases below
43 K have an incommensurately modulated structure.
Both sets of satellites were measured in neutron diffrac-
tion between 5 and -43 K, ' however, the transitions at
23 and 37 K could not be observed. A review of this ear-
lier neutron scattering work is given by Smith and
Lander. 'o' "

The diffraction pattern of both main reflections and in-
commensurate satellites shows mmm symmetry. ' Mar-
meggi et al. noted that this could be interpreted as satel-
lites coming from a single domain multiple-q structure or
from a multidomain single-q structure. However, their
analysis of the intensity data was restricted to the four-
domain single-q structure, which has triclinic symmetry.
In an earlier paper, ' ' it was argued that the correct
description of the symmetry of a-uranium should make
use of the superspace groups developed by De Wolff,
Janner, and Janssen. ' ' A complete list of all 16 possible
superspace groups was derived, which arises when all pos-
sibilities for dividing the diffraction pattern in subsets
coming from different domains are considered. ' ' On
the basis of the experimental data available at that time
(most notably the fact that the first component of the
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modulation wave vectors was found to be exactly one-
half), 9 the orthorhombic superspace group Pmcm ( —,P) )

was assigned to the structure as the most probable one, al-
though it was recognized that structure refinements
and/or other experiments are necssary for a reliable
determination of the symmetry. ' '

Recently, transmission electron microscopy (TEM) ex-
periments were performed. ' These clearly show that the
incommensurate satellites and the commensurate satellites
come from different regions in the crystal. This supports
the assumption that both sets of satellites can be con-
sidered independently, at least as far as a description of
the structure is concerned. In this paper we shall confine
the analysis to the incommensurate domains.

In TEM all three low-temperature phase transitions are
observed. ' The 23-K transition is found to be connected
with the onset of the growth of the incommensurate
domains at the expense of the commensurate domains.
Around 37 K almost the whole crystal consists of incom-
mensurate domains. The 37-K transition is connected
with a change within the incommensurate domains. At
T=43 K the satellites, and therefore the modulation,
disappear. It is noted that TEM experiments are done
with very thin samples, and that the observed effects need
not reflect the bulk properties. Based on the satellite in-
tensities in neutron scattering, it is believed that the in-
commensurate domains comprise the largest part of the
crystal at any temperature. ' '

For the incommensurate domains below T =37 K, the
TEM experiments show one domain with modulation
wave vector q' = ( —,', q~, q, ) and a second with

q =( —, ,q», —q, ). ' Also, the presence of main reflections
with h +k =odd indicate a loss of the high-temperature
C-centering. As noted by Walker, ' the symmetry of each
of these domains is then given by the monoclinic super-
space group P2/ml1( ,

'
f3@), or one —ofits acentric maxi-

mal subgroups. ' ' The nature of the incommensurate
domains between 37 and 43 K is less clear. The observa-
tion in TEM is that domains with q (q') start to grow
within the q' (q ) domains. A discussion of the possible
interpretations is deferred to Sec. V.

The transition at 43 K is believed to be second order,
whereas the 37- and 23-K transitions are first order. '

Based on the presumption of a second-order phase transi-
tion at T =43 K, and a high-temperature symmetry
Cmcm, Walker' has performed a Landau-theory analysis
for the transition to the incommensurate domains. It ap-
peared that a second-order phase transition is only possi-
ble to a modulated structure in which the first component
of the modulation wave vector is also incommensurate. '

This is easily understood when we recognize that in the
superspace groups where q = —, , the modulation can be
described with respect to the C-centered cell by one or two
incommensurate wave vectors q' and q =( —, , —q~, q, ),
and a commensurate wave vector q =(1,0,0). It is known
that for a second-order phase transition to be possible only
wave vectors belonging to one star of the high-symmetric
phase can occur. (q', q ) and q belong to different stars
of the space group Cmcm. The description given by
Walker' for low-temperature behavior is then a second-
order phase transition at T =43 K to a structure with su-

perspace group C2/m I I (a13y ), a&0.5, followed by a
lockin transition at T =37 K to a structure with symme-
try P2/ml 1( —,Py). Although this series of transitions
might quite well be possible, there is at present no positive
experimental evidence to support it. In particular, devia-
tions of q~ from —, have not been observed. ' ' Also, we
like to point out that already at room temperature some
reflections are observed in neutron diffraction at positions
forbidden by the C-centering. ' This would indicate a
high-temperature symmetry Pmcm. In that case a
second-order phase transition to a noncentered structure is
possible, and in fact these symmetries (orthorhombic and
a-axis unique monoclinic) are the only ones which need to
be considered.

In this paper we present the results of the refinements
of the structural parameters on the neutron intensity data
of Marmeggi et al. , for each of the possible superspace
groups listed in Ref. 12. The a-axis incommensurate su-
perspace groups suggested by Walker' reduce to one of
the groups given in Ref. 12 if q = —,. Since there are as
yet no experimental indications that q„&—„', or, if so, what
the deviation will be, these a-axis incommensurate super-
space groups will not be considered here. Moreover, the
intensity data collection was done at T = 10 K, for which
there is ample experimental evidence that q = —, . '' To
show the insensitiveness of the quality of the fit to the
particular structure model, we give results for all 16 su-
perspace groups, rather than only the a-axis unique mono-
clinic ones. In fact, it will appear that one of the
orthorhombic superspace groups gives a fit of equal quali-
ty as the best fit for an a-axis unique monoclinic super-
space group.

To understand the various structure models, the defini-
tions of the superspace groups need to be known. In Secs.
II and III we review the derivation of the various super-
space groups and their consequences for the structure as
given in Refs. 12 and 13. In Sec. IV the results of the re-
finements will be presented. In Sec. V the consequences
of the structure model will be evaluated, and the possible
interpretations for the modulated structure above 37 K
will be discussed. Finally, conclusions are presented in
Sec. VI.

II. SUPERSPACE GROUPS

By analysis of a neutron or x-ray diffraction pattern,
i.e., by determination of its point symmetry and of the ex-
tinction conditions, the number of possible space groups
for a particular structure can be reduced to but a few.
Often, only one centrosymmetric group and its maximal
acentric subgroups need to be considered. The analysis
for ordinary structures (leading to a spacegroup) and for
modulated structures (resulting in a superspace group) is
completely analogous. For a-uranium the diffraction pat-
tern alone is not sufficient to determine if it originates in
one domain or in more. This leads to an additional ambi-
guity for the symmetry. In Ref. 12, all the possibilities
for the superspace group of o,-uranium, compatible with
the neutron diffraction results, were derived, which we
shall review here.

The incommensurate satellites occur at positions
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4 1
(3)

Note that there are now satellites belonging to present
main reflections and belonging to main reflections forbid-
den by the C centering. This means that in the single
domain structure the centering is lost. Alternatively, the
symmetry of this structure can be described by a centered
superspace group, if an additional modulation wave vector
q =(1,0,0) is used (or any choice of three vectors from
the set (q', q, q, q I ). This latter description would lead
to a superspace group which is a combination of a two-
dimensional incommensurate and one-dimensional totally
commensurate modulation, and which is a more compli-
cated analogue of the totally commensurate one-
dimensional superspace groups. ' ' Such a description
would show the resemblance of the a-axis commensurate
superspace groups with the a-axis incommensurate super-
space groups proposed by Walker' for the T & 37 K
phase. However, in the analysis presented here, we have
chosen to describe the loss of the centering by the use of a
primitive unit cell.

A. Orthorhombic symmetry

The point symmetry of a diffraction pattern for an
orthorhombic (super)space group is always mmm. It is
then easily shown that by starting from one satellite, all
the others are generated. Therefore, the complete diffrac-
tion pattern originates in one domain. This does not
mean that the crystal has only one domain, but only states
that all domains give identical diffraction patterns. In
fact, noncentrosymmetric structures always have two dif-
ferent domains, whereas the loss of the C centering also
leads to two different domains, which are related by a

(+ —,, +q», +q, ) as measured from the nonextinct main re-
flections in the C-centered lattice. In the superspace
group description of modulated structures all reflections
are characterized by a set of (3 + d) integers, defining the
diffraction wave vector as'

d
S=ha*+kc*+lc'+ g mjq~ .

j= 1

The modulation wave vectors are chosen such that a
minimum number, d, is needed to describe all reflections.
d is called the dimension of the modulation. a*, b', and
c* are the reciprocal-lattice vectors of the average struc-
ture, and for o.-uranium they are equal to those of the
high-temperature space group Cmcm. The superspace
group is determined by considering the point symmetry of
the diffraction pattern and the extinction conditions for
the indices h, k, I, mj (j =1,2, . . . , d).

First, consider the whole diffraction pattern as coming
from one domain. Then only two wave vectors are needed
to describe the satellites. A possibility is

1

q =( —, ,q, q, ),
2

q =(-, —qy~qz)

Other possibilities include a choice from the wave vectors
3 1

1

q; =(O, qy, q, ),
1

qi = (0 qy ~ qz )

The transformation of the indices is,

(4)

H =2k +m ( +my

K=k,
L=l,
m I,mz unchanged .

(5)

In the larger unit-cell reflections with H +m
& +m z

——odd
are absent, which correspond to a centering translation

The first three components give the translations along the
new basic unit-cell vectors 2a, b, and c. The last two
components give translations along the two extra coordi-
nates defined by the two modulation wave vectors.

For the main reflections, one extra extinction condition
is given by: 1=odd is absent for the (h Ol) reflections. 2'3

For the satellites it can be deduced from the reflection
set ' that there are no extinction conditions. Therefore,
for the complete diffraction pattern one extinction condi-
tion: L =odd is absent for the (HOL 00) reflections.
This represents a translation component of (00 —,

' 00) for
the mirror plane perpendicular to the y axis.

The extinction condition representing the C-centering
of the average structure then states that H+2K&4n is
absent for the (HKL 00) reflections (n is the integer).
There is no symmetry element in the Bravais class
Pmmm ( —,'Py) which can account for this condition. In
fact, considering the description based on a C-centered
lattice discussed earlier, some of the second-order satel-
lites (e.g. , q'+q ) are at the positions of reflections for-
bidden by the C-centering. In neutron diffraction some of
them have been observed by Marmeggi et al. ,

' and in
TEM they were observed by Chen and Lander. ' Other
second-order satellites, of the form 2q, were observed by
Smith and Lander. '

An element of a (3+d)-dimensional point-group opera-
tion consists of a three dimensional part R, a d-
dimensional part represented by a d &d matrix c, and a
( d X 3) matrix G built from d reciprocal-lattice vectors of
the basic unit cell. For every three-dimensional operator
R and each given set of modulation wave vectors Iq~I
(j= 1, . . . , d), the s matrix and G can be determined
from the relation'

RQ —EQ= 6,

translation over a vector a. ' The Bravais class can now
be established as Pmmm ( 2 I3y), No. 2-51 in the tables of
Janner et al. '

To analyze the extinction conditions, it is advantageous
to make a transformation to a larger basic unit cell, such
that the commensurate components of the modulation
wave vectors disappear. ' The required new unit cell is
(2a Xb Xc), in which the modulation is described by the
two wave vectors
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where Q is a d X3 matrix formed by the d wave vectors
qj. In addition, the demand has to be fulfilled that the set
of transformations ( R, e) forms a group. For the choice
of modulation wave vectors given in Eqs. (2) or (4) a set of
c matrices is obtained, denoted by c,

&
in Table I. For the

other choices of the pair of modulation wave vectors it is
possible that another set of E matrices is obtained (Ez in
Table I). Next to the point-group part, each element of a
superspace group contains a translation vector of length
(3+d). For a-uranium the translation components are
derived above from the extinction conditions. The com-
plete set of symmetry operators for the two-dimensional
superspace groups of a-uranium is given in Table I.
Rather than develop an ad hoc notation for them, we will
denote each superspace group element by its three-
dimensional part, bearing in mind that the complete
operator given in Table I is meant.

Now, the superspace groups for all possible orthorhom-
bic symmetries can be determined. There is one cen-
trosymmetric and there are four acentric superspace
groups. They are given in Table II.

One complicating feature should be noted. For the cen-
trosymmetric group we are free to choose any pair of
modulation wave vectors to describe the structure (except,
of course, combinations as q' with q, which are rational-
ly dependent). However, for the noncentrosymmetric
groups we are restricted to a choice of pairs of wave vec-
tors which can be transformed into each other by the ele-

ments of that noncentrosymmetric superspace group. It is
not possible to make always a choice such that the c& ma-
trices can be used. The pair of wave vectors used in the
rest of this paper, as well as the set of c matrices which
should be used, is included in Table I. Such a complica-
tion does not occur for one-dimensional modulated struc-
tures.

B. Monoclinic symmetry, a-axis unique

The diffraction pattern of a structure with monoclinic
symmetry has point symmetry 2/m. There are three pos-
sibilities for a monoclinic symmetry, with, respectively,
the unique axis along a, b, and c of the high-temperature
orthorhombic unit cell. These will be considered in this
and subsequent subsections.

By application of each of the symmetry elements 2, m,
or i, to each modulation wave vector +qj (j =1,2, 3,4), it
is easily shown that in the case of monoclinic symmetry
the satellites divide into two subsets, originating in dif-
ferent domains. Again, the real number of domains might
also be four or eight, where then two, respectively, four
domains give identical diffraction results.

For the Laue group 2/m11, one set of satellites can be
described by q' and the other set of q . Again, satellites
occur for both present and extinct main reflections, indi-
cating a loss of the C-centering. The Bravais class is
P2/m ( —,13y), No. 1-3 in the tables of Janner et al. ' The

TABLE I. The (3 + 2)-dimensional superspace group elements.

Point-group element'
Cl

Translation
component Remarks

m„
1 0
0 1

1 0
0 1

mz
0 1

1 0
0

0 (0,0, ~,0,0)

m,
0 1

1 0

0 1

1 0 located at (x,y, 4 )

1 0
0 1

1 0

0 1

y
0 1

1 0
0 1

1 0 located at (O,y, 4 )

2Z
0 1

1 0
0 1

1 0 (0,0, 2,0,0)

1 0
0 1 0 1

'For definitions of R and c, see the text.
el matrices are obtained for example for the following pairs of modulation wave vectors:
q'=( z, q~, q, ) with q =( z, —q~, q, ); q =( z, q~, —q, ) with q =( 2, —q~, —q, ). E2 matrices are ob-

tained for the pairs of modulation wave vectors, q'=( —,, q~, q, ) with q'=( 2,q„, —q, ); q =( ~, —q~, q, )

with q = ( 2, —q~, —q, ).
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modulation is now one-dimensional. Transforming to the
(2a X b Xc) cell, analogous to Eq. (5), makes it possible to
determine the extinction condition that L=odd is absent
for the (HOL 0) reflections. This corresponds to a c
glide perpendicular to the y axis. Because such a symme-
try element is not present, this observed extinction condi-
tion cannot be accounted for by symmetry. The cen-
trosymmetric and the two acentric possibilities for the su-
perspace group are given in Table II. For the one-
dimensional incommensurate superspace groups a corn-
plete list and a notation is given by De Wolff et al. '

This alternative symbol is given in Table II, instead of
specifying the set of c values, thus also defining the super-
space group. To facilitate the comparison with the aver-
age structure and with the other superspace groups, we
shall use the incomplete symbol given in the first column
of Table II in this paper.

C. Monoclinic symmetry, b-axis unique

Starting with a spot at q' as measured from a present
main reflection, it can be shown that one subset of the sa-
tellites is given by q' and q, but measured from the
present main reflections only. The other domain gives
rise to the satellites at q and q . The extinction condi-
tions are the same as in the orthorhombic case, except
that now all (HKL m~ mq) reflections with H+K= dod

are absent. The C-centering of the high-temperature
structure remains present. The (3+ 2)-dimensional Bra-
vais class is C2/m (apy), No. 2-17 in the tables of Janner
et al. ' The three possible superspace groups are given in
Table II. Note that for these groups e= —,

' cannot be a
consequence of the symmetry.

D. Monoclinic symmetry, c-axis unique

The derivation for this case is completeIy analogous to
that for the Laue group 12/m 1. The diffraction pattern
of one of the domains is now given by the q' and q satel-
lites, as measured from the present main reAections only.
The structure is C-centered, and the Bravais class is given
by C2/m (aPy), No. 2-17 in Ref. 15. The three possible
superspace groups are listed in Table II.

E. Triclinic symmetry

For a triclinic group, the only symmetry of the diffrac-
tion pattern is given by the inversion operator i. The dif-
fraction pattern splits into four subsets, each one arising
from a different domain. Each subset is characterized by
one of the four modulation wave vectors q~ (j =1,2, 3,4),
and only satellites belonging to the present main reflec-
tions are found. The modulation is one-dimensional, and
the Bravais class is P 1(czpy), No. 1-1 in Ref. 15. The two
possible superspace groups are given in Table II. Qf
course the extinction condition that L =odd is absent for
(H OL 0) reflections cannot be accounted for by symme-
try.

To conclude this section, we would like to mention the
following. It is possible to divide the satellite reflections
into subsets coming from the different domains. Howev-

er, for the main reflections such a disentangling is not
possible. Therefore, to make a complete structure deter-
mination possible in, for example the a-axis unique super-
space groups, a data collection must be performed on a
crystal with unequal populations of the different domains.

III. STRUCTURAL PARAMETERS

In the high-temperature ( T & 43 K) space group
Cmcm, there is one independent atom on a fourfold spe-
cial position + (O,y, —, ), + ( —, , —, +y, 4 ). All experimental
data indicate that these remain the average positions in
the modulated phases to a good approximation. ' '
Therefore, we shall assume that no large structural
changes occur at low temperature.

The modulation in a-uranium is of the displacive type.
Then, the positions of the atoms are given as the sum of
an average position, r, and a modulation function,
u(x4, x5, . . . , X3+d),

r=r +u(x4, x5, . . . , x3+d) .

x3+j q'r (j= 1,2, . . . , d) represent additional coordi-
nates of the atoms, related to the d-independent modula-
tion wave vectors. The function u(x4, x~, . . . , x3+d) 1s

periodic in each of its arguments with period one. ' The
superspace group elements operate in the (3 + d)-
dimensional space defined by the coordinates x &,xq, x3 of
r and the additional coordinates X4,x5, . . . , x3+d. The
average positions have the symmetry given by the three-
dimensional part of' the operators in the superspace group,
and thus they form a three-dimensional lattice with a unit
ce11 defined as the average structure or basic structure unit
ce11. Except for the possible absence of the C-centering,
this unit cell is identical to that of the high-temperature
structure. The actual position of an atom is different in
each unit cell, due to the incommensurability of the
modulation, i.e., u(x&, xz, . . . , x3+d) assumes a different
value in each unit cell.

The special positions in the average structure (r ) fol-
low from the average structure space-group elements.
This space group is a subgroup of the high-temperature
structure space group Cmcm, and therefore the restric-
tions on the average structure parameters may be less than
in Cmcm. In particular, the original fourfold position
may split up in two twofold or four single positions. For
example, loss of the C-centering makes the atoms on
+(O,y, —, ) independent from those on +( —, , —, +y, —, ).
Moreover, the originally restricted parameters x =0 and

1z = 4, may become free, due to the loss of the correspond-
ing symmetry elements. All the special positions for a-
uranium are listed in Table II.

Each independent atom has its own modulation func-
tion [Eq. (8)]. The number of modulation functions to be
considered is therefore limited to a small amount; one to
four for the different possible symmetries. However, the
only requirement for u(x4, xq, . . . , x3+d) is that it be
periodic. To be able to determine this function we need
some model for it. For example, the modulation func-
tions can be expanded in their Fourier series,
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TABLE II. The different possible symmetries for the modulated phase of a-uranium. Indicated are the dimension of the modula-

tion, the wave vectors which are used in the definition of the modulation functions, and the set of c matrices which applies to that

particular choice. The first wave vector is always q =( 2, q~, q, ), which is the only one for the one-dimensional modulations, and the

superspace group symbol is given in the notation of Ref. 14. The last column gives the average positions of the atoms. Each line cor-

responds to one independent atom. For the centered groups, additional atoms are found at positions ( 2, —,,0)+.

Superspace
group

Orthorhombic

(1) Pmcm ( z Py )

(2) P222)( z Py)

Dimension
of the

modulation

Second
modulation
wave vector

—q'

Set of
c. matrices
(Table I)

Number of
independent

atoms
Average position

of the atoms

(1) (Oy, 4), {0,—yl, —4)
(2) ( —,',y, , —,'), ( —,', —y„——,')

(1) (o,yl, 4 ), (0, —yl, —
4 )

(» ( —, ,V2 4) {2 V2
I 1 I I

(3) Pmc2, ( —,Py) (1) (O,yl, zl), (0,—yl, zl —
2 )
I

I 1 I

y2 z2) { 2 V2 Z2

(4) P2cm( z Py) (1) (xl,yl, 4 ), (xl, —yl, —
4 )

I I

(2) (x2&y2, 4 ), (x2, y2, 4
I I

(5) Pm2m ( z Py)

Monoclinic

q' (1) (0 yl, zl)
(2) (O,y2, z2)
(3) ( —, ,y„z, )

(4) ( —,y, z )

(6) P2/ml 1( z Py) ~ P2lm
I I

(1) (0 yl, zl), (0, —yl, —zl)
I I

V2 Z2) ( 2 V2 Z2)

(7) P211(—,Py ) gP2
I

(1) {xl,yl, zl), (xl, —VI —zl)
{x2 V2 z2) {x y2

(8) Pml 1( z Py) gPm (1) (O,yl, zl )

(2) (O,y„z, )

(3) ( —, ,y3, Z3)

(4) ( —, ,y4, z4)

(9) C12/c1(aPy)

(10) C121(aPy )

q'

—q

(o,y, 4 ), (o, —y, —
4 )

(1) {O,yl, 4 )

(2) (O,y2, —
4 )

(11) Cl c 1 (aPy )

(12) C112,/m (aPy)

(13) C112,(aPy )

(14) Cl 1 m (aPy)

Triclinic

q

—q'

—q'

q E2

(x,y, z), (x, —y, z —
2 )
1

(xy, 4), ( —x, —y, —4)
I I

(xy, 4), ( —x, —yz —2)
I I

(1) ( x l,y I, 4 )

(2) (x„y,, —4)

(15) C 1(aPy )

(16) Cl(aPy)

pPI
I

pPI
I

(xy, z), ( —x, —y, —z)

(1) (xl,yl, zl )
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u (x4,x&, . . . , x3+d)= g g g A"„„.. . „cos[2)r(n&x4+nzx)+ . +ndx3+d)]
nl ——On& ——0 nd

——0

+B"„„.. . „sin[2)r(n~x4+n)x) + +ndx3+d)]

where p labels the independent atoms, and
n&

——n2 —— . . ——nd ——0 is excluded from the summation.
Now A"„„.. . „and B"„„.. . „can be used as parame-

1 2 d n
1 fl2 nd

ters to be determined in the refinement on the diffraction
data. It follows that we have an infinite set of parameters
for only a finite set of data. Fortunately, it can be shown
that the intensity of satellites of the mth order
(m= 1m' I+ Imz I+ ' ' ' + I~d

I
) is mainly d~t~~-

mined by the Fourier components up to the mth order.
For o;-uranium only the first-order satellites were mea-
sured, so that only the first harmonics can be determined.
This leads to 6d modulation structural parameters for
each independent atom.

Symmetry restrictions on the modulation function can
be obtained from

(R, e)u(x&, x&, . . . , x3+d) —u(x4, x5&,x3+d) (10)

for each superspace group operator (R,e), for which the
three-dimensional part R leaves the average position in-
variant. The atom on (O,y, —, ) is left invariant under the
operators m„, 2», and m, . The atom on ( —, , —, +y, ~ ) is

left invariant under m, and under the combination of
operators am and a2~. For the determination of the re-
strictions on u, the (3 + 1)-dimensional and (3 -+ 2)-
dimensional superspace groups need to be considered
separately.

A. Two-dimensional modulation

To analyze the symmetry restrictions we work in the
larger 2a &b &c unit cell, where G for each operator is
zero. The translation over a becomes the centering
translations ct=( —,,0,0, —,', —, ) in this larger unit cell [Eq.
(6)]. The restrictions for all symmetry elements and for
both possibilities of the set of c matrices are given in
Table III. Note that for the higher-order harmonics the
restrictions can be different. The various superspace
groups listed in Table II may contain only a subset of the
operators given in Table III. Also, the independent atoms
may vary for the different possibilities. Therefore, the ac-
tual restrictions are different for each superspace group.
They are summarized in Table IV. The given restrictions
apply to the atom with average position given as the first
entry in Table II.

B. One-dimensional modulation

For the triclinic groups, only the inversion can be
present as point symmetry. Therefore, there are no re-
strictions on the modulation parameters. For the a-axis
unique monoclinic groups, restrictions can only be derived
from m„and am„. Transformation to the (2a Xb Xc)
unit cell now let a correspond to the centering translation
( —, 00 —, ). The restrictions are given in Table IV.

TABLE III. Restrictions on the first-order harmonics of the modulation functions for the symmetry
operators which leave atom l on (O,y, 4 ) or atom 2 on ( 2, 2 +y, 4 ) of the average structure invariant.

The fourth and fifth operation refer to the subsequent application of a point group element and the
centering translation (Eq. 6). Note that the restrictions on the higher harmonics will be different. For
the sine part of the modulation (B), the set of E. l matrices and the set of E2 matrices give rise to different
restrictions. Both restrictions are given, respectively, in the third and fourth columns.

Operator

(m, c. )

Restrictions
for

both matrices

A lp
——Apl ——0

For El

matrices

Blo =Bol =o

For c2
matrices

(2y, C.2y ) A lpx A Olx

A lpy —A Q ly

A 10 = —Apl

B1ox Bp lx

B1py Bply
Blo.= Bol.

B1ox Bp 1x
B1py B ply
Blo. = —Bol.

( m„C2, ) A lox A plx

A lpy
——A ply

A 10,———Apl,

B 1 Ox
—BO 1x

Bloy = —Boly
Blo,= Bol.

B 1ox Bp lx

B1py B ply
Blo. = —Bol.

ct(m, c x) A 1Qy
—A Ply —0

A lp, ——Apl, ——0
1Qy Q ly

Blo, =Bol.=o

ct(2y) c2y ) A lpx Aplx
A 1Py

— A Q ly

A lox= Apl'

B 1px Bp 1x
B1py Bp ly

Blo. =Bol.

B1px Bplx
Blpy Boly
Blo =Bol
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IV. REFINEMENTS

~wl
cA

lg

~ W

Refinements of the first-order harmonic parameters of
the modulation functions were performed on the 243 in-
dependent satellite reflections measured by Marmeggi
et al. The computer program REMOS, written by
Yamamoto, was used. ' The average structure parame-
ters could not be refined, because only satellite reflections
were available. They were fixed at the values found in
earlier investigations of the average structure alone (x =0,
y =0.1018; z =

~ ). As pointed out in Sec. II, an analysis
of the main reflections for the monoclinic and triclinic
symmetries is only possible if measurements are per-
formed on single crystals with different populations of the
various domains. Zero-temperature factors were used,
which should be a good approximation at the temperature
of measurements (10 K).

First, refinements in the centrosymmetric superspace
groups were performed. Starting with a small offset of
one of the parameters for the x component of the modula-
tion function, and the remaining parameters zero, the R
(reliability) factor converged to a minimum in 5 to 10 cy-
cles. The reliability factor based on the square of the
structure factors (R ~) was used for minimization. Re-
finements in the acentric superspace groups were per-
formed, with the results of the refinement in the corre-
sponding centrosymmetric group as initial values. Now,
one of the parameters of u„was kept zero to fix the phase
of the modulation wave. (In the centrosymmetric groups
the phase is fixed by the inversion center. ) The conver-
gence was slower, and 15 to 30 cycles were necessary to
reach the final fit. All reliability factors for the final pa-
rameter sets are given in Table V. The values of the cor-
responding parameters are listed in Table IV.

From Table V it follows that a much better fit is ob-
tained for the acentric superspace groups than for the cen-
trosymmetric groups. Such an improvement could have

TABLE V. Reliability factors of the best fit of each of
symm«ries RF= X I IF.

I

—IFo
I I /X IFo

I

=I:(g I
F. Fo

I

')/QFo]'". —

lg

0
V

O ~
OO

I

Superspace group

(1) Pmcm ( 2Py)
(2) P222|( —,Py)
(3) Pmc2|( —,Py)
(4) P2cm ( 2Py)
(5) Pm2m ( 2 Py)
(6) P/2m 1 1( —,Py)
(7) P211(Tippy)

(8) Pm 1 1( , f3y)—
(9) C12/c 1(aPy )

(10) C121(af)y )

(11) Cl cl(aPy)
(12) C112,/m (agy)
(13) C112i(aPy)
(14) Cl 1 m (aPy)
(15) C 1(agy )

(16) Cl(any)

RF (%)

9.5
6.5
6.6
6.6
6.6
9.6
6.5
7.7
9.5
6.6
6.6
9.5
6.6
7.6

10.1
7.0

RF2 (%)

10.6

7.1

7.2
7.2
7.2

10.6

7.1

8.2
10.6
7.2
7.2

10.6
7.2
8.2

11.3
8.1
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its origin in an insufficient correction for extinction,
where the extra structural parameters introduced by the
loss of the centering then account for the extinction
correction. However, it is supposed that the satellites are
not much affected by extinction, because they are very
weak. ' We therefore have to conclude that the difference
in R factor between centric and acentric groups is signifi-
cant, although we do not want to entirely rule out the pos-
sibility of a centrosymmetric group.

The most striking result is that identical R factors are
obtained for completely different structure models. For
example, within the set of centrosymmetric groups, No. 9
CI2/cl(a/3y) has only one independent atom, whereas
No. 1 Pmcm( —,/3y) has two independent atoms, of which
one has no displacement along x and of which the other
has a displacement only along x (Table IV). The R fac-
tors of both parameter sets are identical (Table V). Analo-
gous large differences in structure which give fits of the
same quality are observed within the set of acentric
groups.

The lowest R factor (best fit) is obtained for more than
one structure model. It is therefore impossible to deter-
mine the correct symmetry from the structure refinements
only. It is possible to rule out some of the superspace
groups. First, it is noted that all differences observed in
R 2 (Table V) are significant by Hamilton's test on a level

much better than 99%, except for the difference between
7. 1%%uo and 7.2%%uo. Moreover, all acentric groups involve
12 parameters of which 11 were varied in the refinement.
Hence it is unlikely that the lower R factor of one model
with respect to another is caused by systematic errors
(e.g. , extinction) in the intensity data. The conclusion is
that these differences are structurally significant, and the
superspace groups 8.Pm I 1 ( —,/3y ), 14.Cl 1 m(a/3y ), and
16.Cl(cr/3y) can be ruled out as possibilities for the
correct structure model. It is interesting that Pm 1 1( —,'/3y)
was also ruled out by Walker on the basis of a Landau
theory analysis of the phase transitions. ' We are left
with eight possible superspace groups.

The recently performed TEM experiments' indicate a
Bravais class P2m1 1( —,/3y) (No. 1-3 in Ref. 15) for the in-

commensurate domains below T =37 K. ' Together with
the refinements presented here, this leads to the con-
clusion that the symmetry of this phase is P211( —,/3y), or

—, in the notation of Ref. 14. This superspace group is
one with the lowest R factor (7.1%), although this differ-
ence with structure models with R =7.2%%uo is thought of
as insignificant. However, there is one other superspace
group, No. 2 P222t( —,/3y), with an equally low R factor.
Table IV shows that P222&( —,'/3y') and P211( —,

'
/3y) also re-

sult in the same values for the parameters, although the
structure models are quite different. In P222, ( —,Py) each
parameter refers to a modulation function of the form
c s(2orx t)+4c s(2ox rr), swhereas in P211( —,/3y) there are
two different domains, one modulated according to
cos2~x4 and another according to cos2~x5. Clearly, the
refinement is not able to distinguish between those two
models.

Marmeggi et al. did a structure refinement on the
same intensity data as used in this paper. The structure

model used by those authors can be identified with the
triclinic superspace groups used in this paper. ' ' For the
centrosymmetric group Cl(a/3y), we find the same RF
factor as in Ref. 9 (10%). However, Marmeggi et al. fail
to find an improvement of the fit for the acentric group,
while we find a significant lowering of the RF factor to
7.0% (Table V). We do not have an explanation for this
discrepancy.

To compare our structure model for the Cl(a/3y) su-
perspace group with the results of Marrneggi et al. , we
rewrite our results in the form

u (x4) =v sin(2rrx4+g, )

TABLE VI. Final structural parameters for the triclinic su-
perspace group Clla/3y). The values of this work are obtained
from Table IV and u =v sin(2rrx4+t/ ). The parameters ob-
tained from Ref. 9 refer to a modulation function
u =e cos(2rrx4+P ). a is the lattice parameter for a=x, y,
or z. Uncertainties are given within parentheses.

This work
v a (A) t/ (deg)

Ref. 9
c a (A) @ (deg)

0.026
0.004
0.003

99
—25
113

0.053(1)
0.009(1)
0.006(1)

99(3)
—24(S)
118(10)

for the three components o. =x,y, z of the modulation
function. The values for v a and t/ are given in Table
VI, together with the results obtained by Marrneggi et al.
It follows that our refinement leads to the same phases as
in Ref. 9 (t/j, g ), but that we find amplitudes which are
only half as large. (The relative values of the amplitudes
are the same as in Ref. 9.) We found that it was possible
to obtain the same amplitudes with an identical R factor
as in Table V by adjusting the scale of the satellites. In
fact, the amplitudes were found exactly proportional to
the scale factor. We do not know if the scale used in this
paper [F(004)=1 per atom], which is supposed to be the
same as published in Refs. 9 and 10, or the scale apparent-
ly used by Marmeggi et al. is correct. If the latter
should be correct, all amplitudes in Table IV have to be
multiplied by two in order to obtain the correct values.

The refinement of Marmeggi et al. and the one
presented here for Cl(a/3y) seem to give the same fit
(apart from the scale factor). However, Marmeggi et al.
report that their parameters refer to a cosine function,
whereas we find the same values but now for a sine func-
tion. This discrepancy can be explained when it is as-
sumed that the results of Marmeggi et al. pertain to the
presence of a (3 + 1)-dimensional symmetry operator
(i 1

~

000 —,
'

) in the origin. Centers of inversion of the
three-dimensional (3D) modulated structure then are on
lattice points (x 00) with x =+1,+3, +5, . . . . The
choice of origin used in this paper implies that 3D inver-
sion centers occur on positions (x 00) with
x =0, +2, +4, . . . , i.e., there is a real 3D inversion center
at the origin of the coordinate system.
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V. DISCUSSION

The various structure models have one aspect in com-
mon: the major part of the modulation is always found to
be a displacement along the a axis (Table IV). An in-
teresting point, raised by Marmeggi et al. , is how the
static modulation below 43 K relates to the symmetry of
the deformation of the soft phonon observed at room tem-
perature at wave vector ( —,', 0,0) in the X4 optical phonon
branch. The latter has opposite displacernents along a of
the two atoms at +(O,y, —,

'
) across the inversion center.

The soft phonon at ( —, ,0,0) is commensurate, so that a
corresponding static displacement will give a structure
with the three-dimensional periodicity again. In particu-
lar, the inversion centers at the nodes of the original lat-
tice are preserved. Therefore the two atoms across each
lattice point at L+(O,y, —, ) will always have opposite dis-
placements. The static deformation found in the modu-
lated phase below 43 K is incommensurate. In real space,
only the periodicity along a is preserved. Then, the actual
displacernents of two atoms across a lattice point are not
simply related. Due t,o the incommensurability, a unit cell
can always be found in which the displacements of those
atoms are opposite arid one can be found in which the dis-
placements are equal, A simple picture as given in Fig. 1

of Ref. 9 is therefore not sufficient to show the optic
character of the displacement along x.

In fact, it is very difficult to determine the character of
a phonon from the «iisplacements of the atoms. If we
identify, as in Ref. 9, the optic phonon with a modulation
function given by a sine, it follows that the displacernents
along x found in thr; centrosymmetric orthorhombic and
a-axis unique monoclinic groups (Nos. 1 and 6) resemble
the optic phonon di~placernents indeed, but the displace-
ments in the other centrosymmetric superspace groups
(Nos. 9, 12, and 15) are just 90' out of phase (Table IV).
The superspace group No. 7 P211( —,Py), which gives the
symmetry of the inc,ommensurate domains below 37 K,
also has the major p irt of the displacement along x given
by a sine function. This does not change when another
parameter is kept z(,ro in the refinement. For example,
making the now largest parameter (Table IV) zero will
cause the other atom to have the largest amplitude which
again belongs to the, ,ine part of the modulation function.

For other superspace groups, however, such a simple in-
terpretation is not possible. For example, in No. 3
Pmc2~( —,

'
Py), the choice of a different phase causes the

large amplitude to rriove from the cosine part of the sine
part of the modulaticin function (Table IV).

The TEM experiments' clearly show that the Bravais
class for the incomn&ensurate domains is P2/ml 1( —,Py).
This is at variance with the neutron scattering work of
Lander and Mueller. In those experiments, which in-
volved the main reflux;ctions only, the extinction conditions
of the group Cmcm were observed also below 37 K. For
P2/ml 1( —,Py) one should expect to find intensity both at
the points forbidden by the C centering and at the points
(h Ol0) with 1 =od~9, forbidden by the original c glide.
Reflections belongin~ to the latter set have not been ob-
served until now, but reflections at positions forbidden by
the C centering were found by Marmeggi et al. ' In fact,

those authors as well as Barrett et al. observed those re-
flections already at room temperature, indicating that the
room-temperature structure is also noncentered with the
space group Pmcm. '

The 37- and 23-K transitions have not been observed in
either x-ray or neutron scattering experiments. Measure-
ments of the neutron diffraction as a function of tempera-
ture showed no abrupt changes in intensity or in positions
of the reflections at those temperatures. ' All detailed
low-temperature scattering experiments have been per-
formed well below 37 K. Data collection of the main re-
flection intensities in Ref. 3 have been done at 11 K, the
satellites were measured in Ref. 9 at 10 K, and in Ref. 19
the temperature of measurement was 23 K. We can there-
fore safely assume that the analysis in this paper pertains
to the state of the incommensurate domains below 37 K.
It should be noted that the only reasonable explanation for
the intensity ratio between the incommensurate and com-
mensurate satellites is that the latter arise from domains
that occupy much less volume than the incommensurate
domains, although the TEM experiments suggest dif-
ferently.

The 23-K transition is, according to TEM, related to
the onset of the growth of incommensurate domains at
the expense of the commensurate domains. ' Therefore,
one does not expect sudden changes within the set of in-
commensurate satellites, as is found indeed. ' However,
the transition at 37 K is related to a change within the in-
commensurate domains. TEM shows that each domain
[e.g. , ( —, ,q~, q, )] breaks up and that smaller portions of the
other domain [e.g. , ( —, , —q~, q, )] start to grow within the
first. ' Unfortunately, Chen and Lander' do not give
much details about these observations and also no photo-
graphs are published of this temperature region. A possi-
ble explanation for these observations is that they show a
yet incomplete transition to a phase with an orthorhombic
superspace group symmetry. For the T &37 K super-
space group being P211( —,Py), the most likely candidate
for the T ~37 K phase is the superspace group No. 2
P222~( —,Py). The fact that both P211( —,

'
Py) and

P222, ( —,'Py) give fits to the scattering data of the same
quality (Table V) then also explains why this phase transi-
tion is not observed in the neutron scattering intensities.
Hysteresis for phase transitions involving modulations
were recently observed in TEM for a number of other
compounds, and it appeared that the hysteresis can
easily exceed 6 K, i.e., the whole existence region of the 37
K & T & 43 K phase. For the 37-K transition in o.'-

uranium a hysteresis of 3 K was observed in magnetic
susceptibility measurements. In this respect, it would be
extremely interesting if TEM is done on lowering the tem-
perature through the 43-K transition, instead of raising
the temperature through the 37-K transition as in Ref. 16.

Another possibility for the symmetry of the 37
K& T &43 K phase was recently proposed by Walker'
on the basis of a Landau theory analysis. Based on the
presumption that the 43-K transition is of second order
and that the high-temperature symmetry is Cmcm, it was
found that the only possibilities are modulations with also
an incommensurate first component (q„~—,

' ).' Tentative
superspace group symbols are for example Cmcm (aPy)
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(three-dimensional modulation) and C2/m 1 l(aPy) (two-
dimensional modulation). The 37-K transition then is of
the lockin type to the P211( —,'/3y) symmetry. [Note that
Walker cannot determine whether P211( —,Py ) or
P2/rnl 1( —,Py) is the correct group, but that the Landau
theory rules out Pml 1( —,Py) as possibility. "] The so-
called a-axis incommensurate superspace groups all
preserve the high-temperature C-centering. Such a re-
creation of the centering going through the 37-K transi-
tion is, however, not reported by Chen and Lander in their
TEM experiments. ' On the contrary, Marmeggi et al. '

report an absence of the centering already at room tem-
perature. Then, a second-order phase transition is possi-
ble to one of the noncentered orthorhombic groups (Nos.
1—5 in Table IV). The most crucial test of whether the
T ~ 37 K symmetry is a-axis incommensurate or is given
by Pmcm ( —,'Py) or one of its acentric subgroups, is the
measurement of the first component of the modulation
wave vector. It should not be too difficult in x-ray or
neutron scattering to determine whether q is exactly
one-half or not. Again, it is important that the measure-
ments be performed on a sample obtained by cooling and
not on a sample obtained by heating.

A third possibility is that the domains found for T & 37
K remain large enough, so that the symmetry of the now
smaller domains above 37 K is again given by
P211(—,13@).

Finally, we want to emphasize that for neither of the
possibilities for the symmetry of the 37 K& T &43 K
phase considered here, is there sufficient experimental evi-
dence to support it.

(R factors). There are two superspace groups which lead
to the lowest RF2 factor, and there are six more groups
which have a slightly but not significantly higher R factor
(Table V).

Recently performed TEM experiments indicate a Laue
symmetry of 2/m 1 1 for the incommensurate domains
belo~ 37 K, as well as an absence of the C centering. ' '"
Combined with the neutron diffraction refinements, this
leads to the superspace group No. 7 P211( —,'Py) as the
symmetry for the structure. The R-factor difference be-
tween P211( —,'Py) and P2/ml1( —,'/3y) is large and cer-

tainly significant. However, the structure determination
involves only the satellites and not the main reflections, so
that we do not want to entirely rule out P2/ml 1( —,Py) as
the possible correct symmetry. A new x-ray or neutron
scattering experiment, which includes both satellites and
main reflections, as well as a proper correction for absorp-
tion and secondary extinction, would therefore be ex-
tremely useful in determining the exact values of all the
parameters. (The analysis of satellites only is not able to
determine the changes in average structure parameters. )

The phase transition at 37 K, previously not observed
in neutron scattering, is clearly seen in TEM. ' Several
models for the symmetry of this phase are discussed, nei-
ther of which is sufficiently supported nor challenged by
the experiment. It is suggested that TEM of the 37
K & T & 43 K phase, obtained by cooling through the 43-
K transition, as well as an accurate determination of the
first component of the modulation wave vector, can be
helpful in determining the symmetry of this domain.
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