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Theory of positronium formation with surface electrons for realistic band structures
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The energy and angular distributions of positroniums (Ps) formed at surfaces are calculated nu-
merically using the integro-differential equation which appears in the dynamical theory of Ps forma-
tion based on the semiclassical trajectory approximation. The wide-band approximation, which is
well known in the theory of neutralization of surface-scattered ions, is not adequate for the Ps forma-
tion. Strong deviation from the Born approximation is pointed out in the case of narrow-band elec-
trons.

I. INTRODUCTION

Ps formation at metal surfaces is expected to be a sensi-
tive probe for surface electronic structures. This comes
from the fact that positron-electron bound states cannot
be formed in the electron gas of realistic metals, ' and
Ps is therefore formed at the surfaces. From the theoreti-
cal point of view, Ps formation on surfaces can be com-
pared with photoelectron emission. In the limit of the
Born approximation, ' the Ps formation probability per
unit time P becomes

P= g g f dEip'(Ei)
i ~kq, t i

'&«k+Eq —Eps(p»
P q

where Ez is the surface-normal electron energy, defined
from surface-normal momentum kz as

gk, ——f (dE~I2tr)p'(E~), where p'(E~) is the one-

dimensional density of states for surface electrons and
E =Ek+Eq —Ep, —p /4, where Ek, Eq, and Ep, +p /4
are the energy of an electron with momentum k, of a posi-
tron with momentum q and of Ps with momentum p, re-
spectively JYkq p is the transition matrix element defined
by Eq. (5) of this paper. The Ps energy is distributed be-
tween p /4=0 and —tbsp„where Pp, is the work function
of Ps, defined by
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determination of the surface density of states in compar-
ison with photoemission.

The Born approximation of Eq. (l) cannot be used for
quantitative discussion because of normalization prob-
lems. Therefore, more detailed theories have been
developed in recent years. Nevertheless, all of them
utilize the wide-band approximation which was first intro-
duced by Bloss and Hone' in the theory of surface
scattered-ion neutralization. Although the wide-band ap-
proximation has been confirmed as a powerful tool for ion
neutralization, " nobody has investigated the validity of it
in the case of positron neutralization or positronium for-
mation. Moreover, the wide-band approximation cannot
be applied to Ps formation in narrow bands, which is the
case for transition metals. (Atomic units are used in this
paper. )

Therefore, the purpose of this paper is to calculate Ps

4p. =4++4' Ep. — (2) $p + EF —(2Vv —V ) f (v, cos~~ )

where P+(P ) is the work function of the positron (elec-
tron). According to Eq. (1), the electron density of states
of the outermost layer of the surface can be observed
directly from the measurements of energy distributions. '

We name it "positronium formation spectroscopy
(PsFS)". The schematic picture of PsFS is shown in Fig.
1. Since the formed Ps is a simple free particle in vacu-
um, the Ps distribution does not depend on the final elec-
tron density of states, in contrast to the photoelectron
emission problem. This is one merit of PsFS for the

surf ace
density of states Ps distribution

FIG. 1. Schematic picture of PsFS. The left graph is the
one-dimensional density of states for surface electrons. The right
graph is the corresponding Ps energy distribution. The lower
limit and the upper limit of the Ps distribution is discussed in
Sec. II. The distribution has a similar profile as that of the sur-
face density of states. Here, U' is the kinetic energy of Ps in
atomic units.

35 6521 1987 The American Physical Society



6522 AKIRA ISHII AND SHIGERU SHINDO 35

formation without the wide-band approximation, based on
the semiclassical trajectory approximation. A numerical
calculation is performed for the free-electron band and
several narrow bands, using a calculation scheme similar
to that of Sebastian and co-workers' ' and Shindo and
Kawai. "

II. THEORY

Ps formation is described using the semiclassical trajec-
tory approximation by the following coupled equa-
tions.

menta k and q Vkq p is the transition matrix element of
Ps formation defined by

Vqq „=f dr+ fdr p+(r+)g" (r )(1/
l
r+ —r

X gp(r+, r ),
where f+, P, and Pp, are the wave functions for the pos-
itron, the electron, and Ps, respectively. ' Since the
momentum parallel to the surface is conserved because of
the symmetry of the system, we can separate the matrix
element into two parts as follows:

i (d/dt)C, (t) = g Vfq, pC(, ,q(t),
k

(3a)
2

V&q, p
= W(q, p~

i (d /dt)C„,(t) = g V„,,C,(t),
P

(3b)

where Cp(t) is the amplitude of Ps with momentum p,
and Ck q is that of the electron and the positron with mo-

I

Equation (3a) represents the formation of Ps and Eq. (3b)
corresponds to the dissociation of Ps into bulk electron
and positron states. The surface states are not considered
here. From Eqs. (3a), (3b), and (5) we obtain the follow-
ing integro-differential equation:

i Cp(t)= P Wj',
q pC&q(to) i P—~ W&qp ~ f u (r to)e

' '— " q 'Cp(r)dr

where u (r to) —describes the dynamical effects of Ps leav-
ing the surface. We have pointed out that Eq. (6) can also
be derived from the quantum description of Ps forma-
tion. Here, we employ the classical trajectory approxi-
mation where u(t) is an explicit function of u (t)=e
Then Eq. (6) can be solved using a numerical calculation
scheme similar to that of Sebastian and co-workers' '
and Shindo and Kawai" in their ion-neutralization
theories. However, in our Ps formation case, the calcula-
tion time is an order of magnitude longer than that of ion
neutralization because of the final integration for p.

The Ps fraction, or the total probability of Ps forma-
tion, is defined as follows:

C, (

where C~(co) will be obtained from the solution of the
integro-differential equation, (6). The energy and angular
distribution, w(v, cos8) is defined by the following equa-
tion:

fp, ——f d(v') f 1( cos8)w(v', cos8),

so that we can calculate w(v, cos8) from Cp(t), which is
obtained as a solution of Eq. (6).

In our previous theory of Ps formation, the wide-band
approximation was used to solve Eq. (6) following the

I

=2~ P'E, gk ' e' " 'dE, 2. (9)

If we employ the wide-band approximation, where p'(E()
and (

~ Wzq p ~
) are assumed to be constant for E, Eq.

(9) becomes
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(10)

In the second equality, we take the integration limits for
Ez as —oo to oo.. This is the wide-band approximation.
Substituting (10) into Eq. (5) we obtain

i Cp(t) = g Vgq pCg (qt )o—2i Aou (t —to)Cp(t)
dt

We can solve it using the low-velocity approximation as
follows:

l

lead of many authors in the calculation of charge ex-
change of a surface-scattered ion. ' "' ' The summa-
tion of k~ in the second term of Eq. (6) is performed as an
integration over E~

(;( — )

kg

fp, ——g ~ Cp ~

=260 f 6d p f (dEq/2rr)f (E,T)(rr/avzho)sech[m(E+E~ Ep, —p /4)/av~]—,

P

(12)

where Uz is the final velocity of Ps perpendicular to the
surface and f (E,T) is the Fermi distribution for elec-
trons.

As we see in Fig. 1, the integration of E~ is limited; the
upper bound is derived by the existence of the Fermi sur-

face and the lower bound comes from the exclusion of en-
ergy gain by the time-dependent interaction,

E„+E,—E„—J'y4&o . (13)

Therefore, Eq. (6) should be solved with the above boun-
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daries [see Fig. 2(a)]. However, in the wide-band approx-
irnation, the electron can go back to every state [see Fig.
2(b)]. Since Ps is very light, in contrast to the case of ion
neutralization, it is impossible for positron neutralization.
Thus the dissociation of Ps may be overestimated, which
will be confirmed in the following numerical calculations.

Moreover, using the wide-band approximation, we can-
not calculate Ps formation at the surfaces of narrow elec-
tron bands. As we see in Eq. (6), we use only the summa-
tion over k&, and k~~ is restricted by p~~. Thus, in contrast
to the ion-neutralization case, we can calculate the Ps for-
mation for any electronic band without the projection into
the density of states.

III. RESULTS AND DISCUSSIONS

First we solve Eq. (6) numerically for a free-electron
gas. We use a matrix element of the following form:

~p'(Eq)(
~ Wgq p ~

)

AQ (Ey —2U
~~

—Ej —pp&
—( 2U

~~

—U )

0 (otherwise),

(14)

the above definition corresponding to the model of Fig.
2(a). To compare it with the wide-band model, Eq. (10),
we assume that 60 is constant. The difference between

the model of Eq. (14) and the wide-band approximation
for Ps is shown schematically in Fig. 2. In the model of
Eq. (14), the level width, mp'(ez)(

~ Wqq z ~
), is constant

in the region where the energy and the momentum con-
servation hold. On the other hand, in the wide-band
model, the level width is constant everywhere. The model
of Eq. (14) is the simplest example of finite band width.
Since the free-electron gas has a very simple structure, the
above model will be a good approximation for simple met-
als.

We take Pp, ———0.095 a.u. , which corresponds to
aluminum. Figure 3 shows the calculated energy distribu-
tion of angle-resolved Ps. 0 is the ejection angle measured
from the surface normal. On account of the dynamical
factor u (t), the distributions depend strongly on the ejec-
tion angle. Since the free-electron band has no fine struc-
tures, the curves in Fig. 3 are simple and structureless.

In Fig. 4 we show the angular distributions of the
energy-resolved Ps for three different values of ho. The
present results are quite different from the wide-band ap-
proximation (Fig. 5). For the case of v =0.03, the devia-
tion comes from the overestimation of the dissociation
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FIG. 2. (a) Schematic picture of the exact calculation. The
band structure and Ps level are shown. The shaded part corre-
sponds to the shaded part of Fig. 1. The arrow means the tran-
sition electron. (b) Schematic picture of the wide-band limit. In
the dissociation process, the electron can transit to any level.

v (ATOMIC UNITS)

FIG. 3. Energy and angular distribution of Ps. 60——0.09.
cos8=0.2 (solid line), 0.4 (dotted line), 0.6 (dashed-dotted line),
and 1.0 (dashed line) ~
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FIG. 4. Angular distribution of energy-resolved Ps flux. Three lines are ho ——0.04 (dashed-dotted line), 0.09 (dashed line), and 0.16
(solid line). (a) v =0.03, (b) v =0.05, and (c) v =0.07.

rate of Ps in the wide-band approximation. The deviation
is strong for small U. For v =0.07 the difference may
come from both the wide-band approximation and the
breakdown of the low-velocity approximation. There-
fore, we should judge that the wide-band approximation
of Eq. (12) is not adequate for Ps formation.

Next we calculate the Ps formation in the narrow-band
case. If the band width is zero, the kinetic energy of emit-

ted Ps is fixed; p /4=EO —P+ —Ep„where Eo is the
electronic energy level. Thus, if we calculate the Ps distri-
bution of the above case using the golden rule, we will ob-
tain a 5 function for the Ps distribution. Therefore, in the
case of narrow band, it is possible that the energy of the
Ps formed is distributed from p /4=E, & 0 to Eb & —Pp„
where E, and Eb are energies corresponding to the bot-
tom and the top of the band. A schematic picture of this
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FIG. 5. Angular distribution of energy-resolved Ps Aux from
the calculation in the wide-band limit (Ref. 8). The three lines
are U =0.03 (dashed line), v'=0. 05 (dashed-dotted line), and
U =0.07 (dashed-double-dotted line).

FIG. 6. Schematic picture of the band structure and the cor-
responding angle-resolved Ps energy distribution based on the or-
dinary golden rule. (a) The width of the filled part of the band is
nearly equal to —Pp, . (b) The width of the filled part of the
band is narrow in comparison with —Pp, .

is shown in Fig. 6 as a relation between the density of
states of surface electrons and the Ps distribution for a
certain emission angle of Ps. In Fig. 6, the left-handed
graph is the one-dimensional density for states of surface
electrons for the emission angle of Ps, and the right-
handed graph is the rough estimation of the correspond-
ing Ps distribution from the golden-rule formula. The
normal axis is the surface-normal energy of an electron-
positron pair for the emission angle of Ps. Here we as-
sume a simple spherical narrow band of the form

E(k)=Eo+E, cos(bk) . (15)

We perform the calculation for three cases. (a) The width
of the filled part of the band is nearly equal to —Pp, :

Ep ———P, E, = —0. 1, b =0.5 .

Ep ———P, Ei ———0.05, b =0.5 .

(c) The width of the filled part of the band is narrow com-
pared with —Pp, .

(b) The width of the filled part of the band is narrow com-
pared with —Pp, :

Eo ———P, Ei ———0.05, b =0.2,

where —Pp, ——0.095. Case (a) is shown in Fig. 6 (a) and
cases (b) and (c) in Fig. 6 (b), respectively. In case (a), the
width of the filled part of the band is nearly equal to
—Pp, . For cases (b) and (c), the width of the filled part of
the band is nearly half of —Pp„sothat, as we see in Fig.
6(b), the simple golden rule of Eq. (1) predicts that the Ps
energy is distributed only from v =0.045 to 0.095. Thus,
we would not observe Ps of kinetic energy U, less than
0.045, if we employed the golden-rule formula, as we see
in Fig. 6(b). The difference between (b) and (c) is only the
value of b.

In Fig. 7, we show the calculated energy distribution of
angle-resolved Ps for the above three cases. In Fig. 7(a)
we find that the energy distribution is much different from
that for the free-electron band of Fig. 3. This seems
strange because the width of the filled part of the band is
larger than —pp, in both cases. This difference comes
from the band structure. Thus, we can read the band
structures from the angle- and energy-resolved Ps distri-
butions.

From Figs. 7(b) and 7(c), we find that the value is dis-
tributed from v =0 to 0.095, which contradicts the pre-
diction of the simple golden rule. This comes from the
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FIG. 7. Energy distribution of angle-resolved Ps Aux. The value of cos8 is shown in each figure. (a) Case (a); (b) case (b); (c) case
(c). The numerical calculation is only done at the point of the dots on the graphs.
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dynamical interaction. In contrast to a static-interaction
model (golden-rule formula), the correlation time of the
dynamical interaction is restricted by the lifetime of the
Ps level due to the dissociation of Ps (diff'erent from the
lifetime of 2y decay). The finite interaction time causes
the energy loss of Ps due to the Heisenberg broadening of
the energy level. The loss energy corresponds to the exci-
tation of the electron system in the solid. From the calcu-
lated results in Figs. 7(b) and 7(c), we find that the
energy-loss process due to the Heisenberg broadening of
the Ps level is important for describing the energy distri-
bution of Ps. Here, we should recall, Eq. (13), that we ex-
clude the energy gain due to the Heisenberg broadening in
contrast to the ion neutralization, because metal surfaces
cannot supply energy to Ps via Heisenberg uncertainty.
The energy distribution is mainly weighted on the high-
energy side because of the band structure. It is the
reflection of the surface density of state smeared out by
the dynamical interaction.

The distributions of Figs. 7(b) and 7(c) oscillate in ener-

gy or velocity. This may correspond to the quasiresonant
oscillation which is found in ion neutralization, ' since the
dispersion of the bands is very flat.

In Fig. 8 we show the angular distribution of energy-
integrated Ps. The distribution profiles are very different
from each other. The distribution for a free-electron band
[Fig. 8(a)] is a simple curve. The distribution for the nar-
row band of case (a) increases with decreasing cosg. The
distribution of cases (b) and (c) is very flat compared with
the case (a) and the free-electron-band case. The curva-
ture decreases with decreasing surface-electron-band
dispersion. If surface electron has no dispersion relation,
it is clear that the angular distribution is restricted only
by the matrix element. The result of numerical calcula-
tions agrees with the above considerations.
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IV. CONCLUSION

We have found that the wide-band approximation,
which has been used in ion neutralization, is not adequate
for Ps formation. From the calculated distributions for
several types of bands, it was found that the Ps distribu-
tion is very sensitive to the band structure of surface elec-
trons. Therefore, we conclude that PsFS measurement
can be used as a sensitive probe to determine surface elec-
tronic band structures. A further theoretical problem is
how one quantizes the trajectory of Ps.
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