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Charge-density-wave transport in quasi-one-dimensional conductors.
II. ac-dc interference phenomena
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We present a detailed experimental study of ac-dc interference phenomena in charge-density-wave
(CDW) transport. Harmonic and subharmonic "steps" of constant CDW current are observed when
ac and dc voltages are applied together, and the widths of these steps exhibit Bessel-like oscillations
as a function of both ac amplitude and frequency. We now observe similar oscillations in the dc
threshold field, and thereby complete the analogy between these phenomena and similar effects in
Josephson junctions. By minimizing crystal defects and contact effects, we have obtained complete
harmonic and subharmonic phase locking in very long NbSe3 crystals under a broad range of condi-
tions, including cases where the total time-dependent voltage remains above the dc threshold VT.
We analyze our experimental results with a single-coordinate model used previously to account for
subharrnonic steps. It is based on the tunneling theory and assumes CDW motion in a highly non-
sinusoidal pinning potential. This model provides an excellent and semiquantitative account of all
our results; it also provides a detailed interpretation of interference features observed in the ac con-
ductance, electric-field-induced anomalies observed in the CDW elastic response, and the inductive
loops observed in phase-space plots of the CDW*s response to ac fields. The quality of the agree-
ment provides strong evidence both for an effective pinning potential of the proposed form and for a
single-degree-of-freedom description of CDW transport.

I. INTRODUCTION

Current oscillation and ac-dc interference phenomena
provide the most striking manifestations of the interaction
between sliding charge-density waves (CDW's) and impur-
ities. To minimize its impurity interaction energy, the
CDW deforms, ' thereby losing its translational symmetry
and becoming pinned to the lattice. Since displacements
of the CDW by integral numbers of wavelengths do not
change this interaction, the impurity pinning potential is
expected to be periodic in the displacement. As discussed
in the preceding paper (hereafter referred to as I), when a
dc electric field is applied, the CDW s velocity is periodi-
cally modulated by the pinning force, resulting in current
oscillations. The Fourier spectrum of these current oscil-
lations consists of a fundamental peak, whose frequency
co„ is proportional to the dc CDW current, and a rich ar-
ray of higher harmonics.

When dc and ac fields are applied together,
V(t)= Vd, + V„cos(cot), striking interference phenomena
are observed. The dc I-V characteristic exhibits steps
where the dc CDW current remains constant while the dc
voltage varies. The width of these steps depends on the
frequency and amplitude of the ac field. Analogous
features are observed in the response of resistively-shunted
Josephson junctions; the steps in the CDW I- V charac-
teristic are thus sometimes referred to as Shapiro steps.
For applied fields such that steps are observed in the dc
I- V characteristic, the real part of the ac conductance ex-
hibits sharp positive jumps and the imaginary part exhib-

its negative ("inductive" ) dips. Anomalies associated
with applied ac and dc fields are also observed in the elas-
tic response. All of these phenomena are due to interfer-
ence or phase locking of the internal CDW frequency co„
with the externally applied frequency co. Both harmonic
features, for which co„/co=p, and subharmonic features,
for which co„lco=p/q(&r), where p, q, and r are in-
tegers, are observed.

In order to account for subharmonic steps in the dc I- V
characteristic, a simple model was proposed in which the
only variables are the space-average CDW phase and a
phase-dependent pinning potential. Good agreement was
obtained between theory and measurements performed at
the University of California at Los Angeles (UCLA) of
subharmonic steps in NbSe3. However, the comparison
was made only for a single ac frequency and amplitude,
and experimental parameters important to the theoretical
analysis were not available.

Paper I presented results of our detailed measurements
of the current oscillations. These measurements indicated
that the effective pinning potential is highly non-
sinusoidal, and that its magnitude and form remain ap-
proximately independent of electric field even at very high
fields. A single-coordinate model, motivated by the tun-
neling theory of CDW depinning, was seen to account
qualitatively for these findings. In this paper, we present
an extensive study of ac-dc interference phenomena in
CDW systems. We show that all qualitative features of
these phenomena —steps in the dc I- V characteristic,
jumps and dips in the ac conductance, oscillations in the
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dc threshold, and anomalies in the elastic response —can
also be understood using the same single-coordinate model
that accounts for the current oscillations. This constitutes
strong evidence that the CDW s interaction with impuri-
ties may be described, to good approximation, in terms of
a periodic pinning potential of the general form pro-
posed' within the context of the tunneling theory and a
single effective degree of freedom.

II. EXPERIMENTAL METHODS AND RESULTS

The material of choice for study ac-dc interference phe-
nomena is again NbSe3, because it exhibits the most
coherent response of any CDW material. Interference
phenomena in the dc I- V characteristic and in the ac con-
ductance were measured as a function of the amplitude
and frequency of an applied sinusoidal voltage. NbSe3
crystals of modest purity (with a residual resistivity ratio
of 130) were mounted in a two-probe configuration on a
50-0 microstrip with silver paste and placed in an open-
cycle refrigeration system with a helium exchange gas. ac
and dc voltages were applied using a Marconi 2022 signal
generator and a Systron-Donner M107 precision dc volt-
age source, respectively. Rather than measure the dc I- V
characteristic directly, the differential resistance dV/dI
was measured versus dc voltage using a PAR 5301 lock-in
amplifier. The steps in the I-V characteristic appear as
peaks in dV/dI. The ac conductance was measured using
a Rhode and Schwarz ZPV vector analyzer. All measure-
ments were automated through the use of an IBM PC/AT
computer.

NbSe3 undergoes two CDW transitions, the first at 145
K and the second at 59 K. The CDW which forms below
the second transition is in general more coherent, resulting
in sharper and more clearly defined interference features.
In spite of this, we chose to perform our measurements at
120 K, on the CDW which forms below the first transi-
tion. This choice was made for two reasons. First, instru-
mental and background noise perturb the CDW, leading
to intermittent loss of phase lock and rounding of the in-
terference features. Since the width of the interference
features in voltage is much larger for the first CDW, these
effects are less important. Second, below the lower transi-
tion both CDW's are present; both contribute to the ac
conductance and, at sufficiently high dc fields, to the dc
conductance. This greatly cornplicates the interpretation
of the measurements, and makes it impossible to deter-
mine the parameters required for a detailed comparison
with theory.

A.s discussed in paper I, most theories of CDW trans-
port describe only the CDW's interaction with randomly
distributed impurities and presume CDW motion with a
unique time-average velocity. Real materials exhibit a
variety of defects which, together with contact effects, re-
sult in nonuniform current and velocity distributions.
These defects and velocity distributions can play a deter-
mining role in the decay of transient 'ringing" in the volt-
age response to current pulses and in broadband noise gen-
eration, as shown in paper I. They also affect the form of
the interference peaks observed here in the differential
resistance. In highly coherent samples, the harmonic and
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FICx . 1 Differential resistance of a 2.8-mm-long NbSe3 sam-
ple at 121 K, measUred in the presence of a S-MHz, 50-mV peak
ac voltage. Complete locking is observed for the 1/1, 1/2, and
1/3 peaks.

some low-order subharmonic peaks have flat tops where
dV/dI is equal to the normal electron resistance which
shunts the CDW, " as in Fig. 1. The dc CDW current is
thus constant for some range of applied dc voltage, so
that phase locking to the external ac field is complete. In
less coherent samples, the peaks in dV/dI are rounded
and do not reach the normal electron resistance; the CDW
current varies somewhat on the step, and the locking is in-
complete. A recent experimental study' has concluded
that the ac-induced CDW velocity coherence length, de-
fined as the maximum sample length for which complete
phase locking can be observed, is less than 1 mm for the
CDW which forms below 59 K in NbSe3. Figure 1 shows
the differential resistance measured in the presence of an
applied ac voltage in a 2.8-mm-long NbSe3 sample on the
upper CDW transition. Complete phase locking is ob-
served for the 1/1 harmonic step as well as for the 1/2
and 1/3 subharmonic steps. Our results for all samples
clearly indicate that complete phase locking occurs only if
the distribution of time-average CDW velocities within
the crystal is sufficiently narrow, and that this distribu-
tion results primarily from crystal defects and contact ef-
fects. As discussed in paper I, the "intrinsic" CDW
response appears to be characterized by essentially perfect
velocity coherence. With improvements in experimental
technique, it should be possible to obtain complete phase
locking in samples of arbitrary length; the ac-induced
velocity coherence length thus would seem to have no fun-
damental physical significance. Unless otherwise stated,
all measurements reported in this paper were performed
on the sample of Fig. 1. To facilitate comparisons with
theory, Table I gives the important experimental parame-
ters of this sample.

We shall first discuss the interference features in the dc
I Vcharacter-istics observed when a voltage V (t)
= Vd, +V„cosset is applied. In particular, we are in-
terested in the variation of the width of the steps (peaks in
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d VjdI/ ) with the frequency co and amplitude V„of the
applied ac voltage. Since most peaks in d V/dI do not ex-
hibit corn lete lop e e ocking, the step width was calculated as
5V= (dV/dI)dI. Figure 2 shows the m d
wi s o t e 1/1 through 1/5 steps versus ac amplitude
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TABLEABLE I. Experimental parameters of NbSe3 sample No. 1
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FIG. 7. Real and imaginary components of the bias-
dependent ac conductance measured at 2, 5, and 10 MHz using
a 10-mV peak ac voltage. The largest interference feature at
each frequency corresponds to p/q = 1/1.
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dependent ac conductance measured at 5 MHz using ac ampli-
tudes of 10, 50, 100, and 150 mV. The largest interference
feature at each ac amplitude corresponds to p/q =1/1. Large
negative dips in ImGcD~ which are observed for small ac am-
plitudes vanish for large ac amplitudes. At 100 mV, the polari-
ty of the 1/1 interference feature in ImGcD~ (indicated by the
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conductance are observed to vanish at relatively modest ac
voltages —on the order of that corresponding to the first
minimum in step width versus ac amplitude.

III. ANALYSIS AND DISCUSSION

dOldt =co„(V/VT —sinO), (2)

where co„ is called the classical crossover frequency and
Vz- is the dc threshold voltage in the absence of applied ac
fields. This equation accounts qualitatively for the pres-
ence of current oscillations and harmonic interference
features. Subharmonic features are not predicted, how-
ever, in clear disagreement with experiment. Further-
more, as discussed in paper I, model parameters deduced
from different experiments do not satisfy the predicted re-
lations. As a result, when measured parameters are used
in Eq. (2) to calculate the widths of the harmonic steps in
the I- V characteristic, the predicted step sizes oscillate al-
most an order of magnitude more rapidly with ac ampli-
tude than is observed experimentally. Zettl and pruner
reported agreement between the predictions of Eq. (2) and
measured oscillations of the Shapiro steps by adjusting the
values of the threshold voltage to compensate this order
of magnitude discrepancy.

In order to analyze the ac-induced steps in the dc I- V
characteristic, we adopt a simple and very general ap-
proach similar to the one used by Shapiro. We believe
that it describes the essential physics of phase locking.
The CDW current can in general be written in the form
IcDw f (V,ff), where f is a f——unctional of the effective
force V,rf= V(t) —VMS '(0). Here VM is the maximum
magnitude of the periodic pinning force and
max

~

W'(0)
~

=1. Internal degrees of freedom result in a
CDW phase which varies with both space and time; we
shall use a single coordinate description, so that 0(t) refers
to the space-average phase. The widths of the steps of
constant current may then be estimated without detailed

Oscillations in response to a dc bias and interference
phenomena in response to combined ac and dc excitations
are also observed in resistively shunted Josephson junc-
tions. The analogy with Josephson junctions has thus
been used extensively in the analysis of CDW interfer-
ence phenomena. In the resistively shunted junction (RSJ)
model, ' the phase difference 0 between the macroscopic
wave functions on opposite sides of the junction is
described by a differential equation of the form

a( d Oldt )+P(d Oldt)+ ~ '(0) =F (t),
where 1~'(0)=I,sinO represents an internal force term
periodic in the phase 0, and F(t)=I(t) is the driving
force due to the applied current. In converting Eq. (1) to
CDW systems, the roles of current and voltage are inter-
changed, and F(t) becomes the applied voltage V(t). The
internal force term, which is now equal to the derivative
of the pinning potential, is often assumed to be
W'(0)= VTsinO. Inertial effects are negligible at frequen-
cies of up to several hundred megahertz, ' so that the first
term in Eq. (1) can be neglected. The resulting equation
of motion, which describes the rigid overdamped oscilla-
tor (ODO) model, ' ' may then be written as
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Table II gives the values of coi/co calculated directly from
experiment at several frequencies, for the applied dc bias
and ac amplitude which yielded the maximum width of
the 1/1 step at each frequency. The measured co|/co
values are all very close to 1.1, in excellent quantitative
agreement with the prediction in Fig. 9.

The predicted step sizes for the 1/1, 2/1, and 3/I har-
monic steps are shown in Fig. 10. The overall agreement
with the experimental data shown in Fig. 3 is excellent.
The initial increase in step size with ac amplitude becomes
more gradual and the maximum step size decreases with
increasing p. At large ac amplitudes, the envelope of the
oscillations for different p is nearly identical, and the
phase of the oscillations for even and odd p differ by 180',
as observed. The measured envelope decreases more rap-
idly with increasing ac amplitude than predicted, howev-
er.

One advantage of using the simple model discussed here
is that it allows the basic processes involved in phase-
locking to be easily understood. When the CDW is not
phase-locked, the motion is quasiperiodic (i.e., the drift
frequency cod is an irrational multiple of the applied ac
frequency co) and the time-average pinning force is very
small. When phase locking occurs, the motion becomes
periodic with period T =2~p/co„=2~q/co. This periodic

TABLE II. Values of co&/co at the maximum of the step
width versus ac amplitude calculated directly from experiment,
for ac frequencies of 2, 5, 10, and 20 MHz. The predicted value
is 1.1. ( T =121 K.)

co/2~ (MHz)

2
5

10
20

1.02+0. 15
1.13+0.15
1.13+0.15
1.21+0.15

steps is somewhat larger than is measured, especially for
large q. Experimentally, the relative sizes of the smaller
steps are reduced by rounding, which may result from the
finite CDW velocity distribution within the crystal, from
the finite lock-in probe amplitude, from noise, or from
competition for locking on adjacent steps. More coherent
samples exhibit somewhat larger subharmonic steps, and
the oscillations of the step widths with ac amplitude are
more pronounced. Even so, the decrease in the subhar-
monic step amplitudes for large q seems too great to be
accounted for solely by these mechanisms. Since the cal-
culation of the width of the p/q step involves only
Fourier components of the pinning potential of order q
and higher, this suggests that the actual potential is some-
what more rounded than that given in Eq. (10). The same
conclusion was reached in paper I, based on an analysis of
the current oscillation spectra.

The value of the parameter co& may be deduced directly
from the measured ac conductance, applied ac voltage,
and ratio of the dc CDW current to the fundamental
narrow-band noise frequency as

coi ——(co„/2IcDw )GcDw(coi V„Vd, )V„.
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O. Z

o. o
'
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FIG. 10. Predicted widths of the 1/1, 2/1, and 3/1 harmonic
steps versus co&/co, calculated using Eqs. (8), (9), and (10).

modulation of the CDW's velocity by the ac field can then
interfere constructively with that due to motion in the
pinning potential. Thus, the CDW will dwell longer in
certain parts of the potential than in others, resulting in a
net time-average pinning force which depends upon the
relative phases of the oscillations. On a step, the phases
adjust to allow the pinning force to track changes in the
applied electric field, thereby keeping the dc CDW
current constant. The step size oscillates with ac ampli-
tude because the amplitude determines how much and
where the motion is retarded. For example, the first max-
imum in the width of the 1/1 step versus ac amplitude
occurs when the CDW dwells in one part of the nth well
of the potential, and then moves rapidly to the same part
of the (n + 1)th well. The second maximum occurs for an
ac amplitude which carries the CDW back one well; the
CDW "hops" from the nth well back to the ( n —1)th well
and then to the (n +1)th well and so on. As the ac am-
plitude is increased, the CDW hops between wells which
are further and further apart. The amount of time spent
moving slowly in a particular part of the potential thus
decreases, so that the maximum pinning force and step
width decrease. For a given step (p/q value), the ac fre-
quency and the dc CDW drift velocity increase together.
Thus, the ac amplitude required to reduce this velocity to
near zero and achieve a given degree of locking must also
increase with frequency.

This simple model is remarkably successful in account-
ing for all of our experiments, providing strong evidence
that the pinning potential has the general form of Eq.
(10). Nevertheless, some important quantitative
discrepancies exist. First, a comparison of Figs. 2 and 3
with Figs. 9 and 10, respectively, shows that while the rel-
ative step sizes for different p/q values are adequately
described, the absolute magnitudes of the observed step
widths are considerably smaller than is predicted. For ex-
ample, the maximum width of the 1/1 step measured at
20 MHz is approximately one-third of the predicted value.
A similar discrepancy is also observed in the ac amplitude
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dependence of the dc threshold voltage (which corre-
sponds to p =0 and q =1). As shown in Fig. 11, the
predicted magnitude of the threshold-voltage oscillations
is approximately four times larger than is measured at 20
MHz in Fig. 5. Furthermore, as discussed in paper I, the
initial amplitude of the CDW voltage oscillations ob-
served in response to a current pulse is smaller, by a simi-
lar factor, than expected. These discrepancies are much
too large to be accounted for by experimental error or lack
of sample coherence.

All of the above predictions of step sizes and oscillation
amplitudes were made in terms of Vz, the dc threshold
voltage measured in the absence of applied ac fields, since
it was assumed that Vr reflects the maximum magnitude
of the periodic pinning force. The most obvious explana-
tion of our experimental results is that this is not quanti-
tatively correct: the maximum magnitude of the periodic
pinning force felt by a moving CDW is smaller, by rough-
ly a factor of 3, than the measured dc threshold voltage.
Several mechanisms may account for this. In the tunnel-
ing model, the dc threshold may not be determined by,
and may be larger than, the maximum pinning force. '

Alternatively, a distribution of pinning strengths may re-
sult in polarization processes which "bottleneck" the es-
tablishment of the current carrying state. These processes
may become unimportant above threshold, or may not
contribute to the periodically varying force. The observa-
tion of abrupt switching from zero to finite CDW current
in impure NbSe3 samples at low temperatures' ' and also
the identification of switching centers clearly indicates
that localized defects can play an important role in deter-
mining the measured threshold voltage. Our observation
that samples from a given growth tube with the most
coherent response tend to have the lowest threshold fields
also supports this idea. Furthermore, the dc threshold
voltage is found to be independent of sample length in
short samples, indicating that contacts may play an im-
portant role as well.

0. 4

0.2

FIG. 11. Predicted variation of the dc threshold field with
co&/co. The amplitude of the oscillations is larger, by roughly a
factor of 4, than is observed in Fig. 5.

A second quantitative discrepancy between our model
and experiment is that the measured maximum step width
as a function of ac amplitude is not independent of fre-
quency. As seen in Fig. 4, the maximum step width in-
creases rapidly with increasing frequency at low frequen-
cies, but appears to saturate at high frequencies. The ori-
gin of this discrepancy is easily understood. As the ac
frequency decreases, the steps in the I Vcha-racteristic
move closer and closer together. The maximum step
width becomes limited by the spacing between the steps,
and must tend to zero as the frequency is decreased. Re-
lated to this is the fact that the current-biased approxima-
tion used in our calculation breaks down at low frequen-
cies. Previous simulations for Josephson junctions indi-
cate that a voltage-biased CDW should exhibit smaller
steps than a current-biased CDW. The details of how the
steps narrow as the frequency decreases depends upon the
equation of motion for the system, and are not included
within our model. These ideas may also account for the
fact that measured step size generally decreases somewhat
more rapidly with increasing ac amplitude than is predict-
ed. A large ac voltage suppresses the dc nonlinearity, so
that the steps move to smaller biases and become closer
together with increasing ac amplitude.

As a second step in trying to understand our experi-
mental results, we have performed extensive computer
simulations of phase-locking phenomena. We chose to
simulate the simple equation of motion motivated by the
tunneling theory which was discussed in paper I. Assum-
ing that acceleration due to Zener tunneling of CDW elec-
trons is determined by the difference between the applied
electric force and the effective pinning force, the CDW
current may be written as

ICDW(t) =Gb V ffexp( —Vo ~V.rf » (12)

where V ff(t) = V(t) —VM P"'(8), V(t) = V~, + V„cos(cot),
and IcDw(t) ~d6ldt. We assume the same form for the
pinning potential in Eq. (10), and, for reasons discussed
above, take V~ ———, . This simple first-order differential
equation for 9(t) yields an excellent fit to the dc I V-
characteristic and also accounts for the current oscillation
spectra measured in NbSe3. Aside from the maximum
pinning force, all parameters used in the simulations were
obtained from a fit to the dc I- V characteristic and from
measurements of the current oscillations, and are given in
Table I. We note that the qualitative features of the simu-
lations do not depend crucially on the choice of this par-
ticular equation of motion. The rigid overdamped oscilla-
tor equation with a potential of the form given in Eq. (10)
yields similar results, although the predicted shape of the
dc I- V characteristic and thus the position of the steps on
the voltage scale agree poorly with experiment.

Figure 12 illustrates the predicted behavior of the dc
CDW current, pinning force, and pinning energy in the
vicinity of the 1/1 step. As assumed in our previous cal-
culation, the time-average pinning force is seen to vary
linearly on a step to cancel changes in the dc bias. The
time-average pinning energy is lowered when phase-
locking occurs, and varies approximately quadratically on
a step. In the unlocked regions adjacent to the step, the
motion is erratic: the CDW drift velocity averaged over
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one cycle of the applied ac voltage slowly asymptotes to
the locked value and then suddenly diverges away from it.
This behavior is responsible for an increased slope of
(ICDw ), producing the negative "wings" in dV/dI at the
edge of a step which are seen, for example, on the 1/1 and
1/2 steps in Fig. 1. This behavior also increases the
time-average pinning energy. Phase locking thus becomes
energetically favorable for a wider range of dc biases, so
that the predicted step widths are now slightly larger than
would be expected from our previous calculation.

The calculated maximum width of the 1/1 step versus
ac frequency is compared with experiment in Fig. 13. Al-
though the calculated width is found to increase at low
frequencies and saturate at high frequencies, the satura-
tion occurs much more rapidly than is observed. Round-
ing of the steps is experimentally more important at low
frequencies (which correspond to biases near threshold)
because the CDW velocity distribution is larger and the
step widths are smaller. Fluctuations and metastable
transitions in the depinned CDW, which are evident in
current oscillation measurements at biases near threshold
and which appear to be associated with the crystal defects
responsible for the velocity distribution, may also lead to
increased rounding and smaller observed step widths at
low frequencies.

'v
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FIG. 12. Predicted CDW current, time-average pinning
force, and time-average pinning energy near the 1/1 step, calcu-
lated using Eqs. (10) and (12). The pinning energy is lowered
(i.e., the CDW becomes more strongly pinned) when phase lock-
ing occurs, and the pinning force varies linearly to cancel
changes in the applied dc bias, thereby keeping the dc CDW
current constant.
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FIG. 13. Comparison of predicted and measured maximum
widths of the 1/1 step vs ac frequency.
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We have also used Eq. (12) to calculate the bias-
dependent ac conductance of the CDW. This equation is
obviously deficient, because the vanishing of Zener tunnel-
ing at low fields here implies that the small-signal zero-
bias ac conductivity is extremely small at all frequencies.
In the complete tunneling theory, CDW acceleration by
an ac field occurs via photon-assisted tunneling (PAT),
which is not included in this simple model; at high fre-
quencies, PAT leads to a sma11-signal zero-bias ac conduc-
tance which approaches the limiting high-field dc conduc-
tance. Nevertheless, for dc biases above threshold and/or
large ac amplitudes, Eq. (12) should represent a reasonable
first approximation. Figure 14 shows the calculated bias-
dependent ac conductance at 5 MHz for four different ac
amplitudes. Because the simulations are extremely time
consuming, we have performed detailed calculations only
near the 1/1 and 1/2 steps. A comparison with Fig. 8
shows that all qualitative features of experiment are excel-
lently reproduced. At small ac amplitudes, sharp jumps
in ReG and large negative dips in ImG are predicted. As
the ac amplitude is increased, these features become more
rounded and vanish at large ac amplitudes. Even the pos-
itive "capacitive" bump observed in ImG at moderate am-
plitudes is reproduced. Differences between the predicted
and measured sharpness of the features may result from
the finite velocity distribution within the crystal, from in-
strumental noise, or from CDW fluctuations. In any case,
sharp features are indeed observed in some samples. The
apparent "inductive" and "capacitive" behavior is associ-
ated with the variations in the phase of the dc current os-
cillations relative to that of the ac voltage, which are re-
quired in order to achieve phase locking at different ac
amplitudes. The phase and the ac amplitude together
determine in what parts of the cycle the pinning force ac-
celerates and retards the motion, and thus determine
whether the ac current leads or lags the voltage. The de-
tailed behavior depends upon the form of the pinning po-
tential. Thus, the remarkable correspondence between the
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FIG. 14. Predicted bias-dependent ac conductance at 5 MHz
for peak ac voltages of 10, 50, 100, and 150 mV, calculated us-

ing Eqs. (10) and (12). Detailed calculations were performed
only near the 1/1 and 1/2 interference features. The measured
"inductive" and "capacitive" features in Im GcD~ and the
jumps in ReGCD~ seen in Fig. 8 are reproduced.

predictions of Fig. 14 and the data of Fig. 8 provides
strong evidence for CDW motion in a pinning potential of
the general form given in Eq. (10). It should be em-
phasized that the complete PAT model has previously
been shown to accurately reproduce all the experimental
features of the bias-dependent ac conductivity seen in Fig.
8, except for the interference features. A simulation in-
corporating both aspects of the CDW dynamics would
therefore be expected to yield an accurate description of
experiment under all conditions.

The simple model which we have used here also ac-
counts for other features of the CDW response. Steps in
the dc I- V characteristic of NbSe3 induced by
rectangular-wave rather than sine-wave drives have been
studied. Quantitative discrepancies were found between
the measured step size and its dependence on the on and
off times of the drive when compared with the predictions
of the rigid overdamped oscillator model of Eq. (2). The
origin of these discrepancies was illustrated in Table II of
paper I: the parametrization of experiment provided by
the rigid ODO model is highly inconsistent. However,
this obviously does not rule out the possibility of a single-
coordinate description; we believe that the simple model
discussed here can reproduce all of the observed results.

Interference phenomena have also been observed in the
elastic response of the CDW's in NbSe3 and TaS3. For
applied dc and ac electric fields such that steps are ob-
served in the dc I- V characteristic, Young's modulus in-

creases and the internal friction decreases toward the
values observed below threshold. These observations are
easily understood. When phase locking occurs, the time-
average pinning energy increases, so that the CDW be-
comes more strongly pinned to the lattice than in the un-
locked state. The increase in pinning energy is roughly
proportional to the width of the step, and decreases rapid-
ly with increasing subharmonic order q. Thus, on a
phase-locked step Young's modulus and the internal fric-
tion should tend to the pinned values observed below
threshold, and the size of the anomalies should decrease
with increasing q, precisely as is observed.

Tessema and Ong have studied the CDW response to
large-amplitude ac voltages below the second NbSe3 tran-
sition using phase-space plots of the time-varying current
versus voltage. For ac amplitudes below threshold, the
observed Lissajous-like loops rotated clock-
wise, indicative of capacitive behavior. As the ac ampli-
tude was increased above threshold, inductive
(counterclockwise-rotating) end loops appeared, and at
large ac amplitudes the loops opened up and became fully
inductive. Increasing the ac frequency was found to
greatly enhance the hysteresis. Such behavior is charac-
teristic of inertial systems. Using an equation of motion
similar to that of the ODO model of Eq. (2) but including
a finite CDW mass, Tessema and Ong were able to obtain
reasonable qualitative agreement with experiment by as-
suming values for co/co„roughly an order of magnitude
larger than those experimentally observed. The origin of
this discrepancy is twofold. First, below the second CDW
transition in NbSe3, the peak in the imaginary part of the
ac conductivity, and therefore co„, is skewed to higher fre-
quency by the contribution of the CDW which forms
below the first transition. Second, as discussed previously,
the parametrization of experiment provided by the ODO
model is inconsistent. As a result, use of the measured
co„and VT values yields predicted CDW displacements in
the presence of an applied sinusoidal voltage which are
roughly 10 to 15 times greater than those which actually
occur, and which are therefore appropriate to a much
lower applied frequency. Figure 15 shows plots of the
time-varying current versus voltage for two ac frequencies

f =colt@„,calculated by inserting the pinning potential of
Eq. (10) in the (massless) overdamped oscillator equation
of Eq. (2). As in Ref. 27, we have subtracted out the
linear response. A comparison with Figs. 3 and 5 of Ref.
27 shows that all qualitative features of experiment are
excellently reproduced. The apparent inductive or "iner-
tial" behavior is a simple consequence of overdamped
CDW motion in a periodic pinning potential.

Several other calculations of ac-dc interference phe-
nomena in CDW systems have been made. Previous cal-
culations ' based on the classical elastic medium model
yielded steps in the dc I- V characteristic and anomalies in
the bias-dependent ac conductance. However, no subhar-
monic features were predicted, and the shapes of the
anomalies do not agree very well with experiment.
Subharmonic features were obtained using a strong-
pinning model. ' The applicability of such a model to
NbSe3 is uncertain, and the steps are predicted to vanish
in large samples, in apparent disagreement with experi-
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ment. More recently, Coppersmith and Littlewood have
reported a detailed study of interference phenomena in the
classical elastic medium model. Complete locking in
dV/dI is predicted to occur only when the ac frequency
and amplitude are small enough so that significant relaxa-
tion takes place while the field is below threshold. Com-
plete locking and the negative "wings" in dV/dI men-
tioned earlier should not be observed for large frequencies
and amplitudes, such that the time 5t =2~VT/cu V„spent
below threshold is small. Subharmonic features but not
complete subharmonic locking are predicted, with the ra-
tio of the widths of the 1/2 step to the 1/1 step scaling as
co

' for large frequency and V,, ' for large amplitudes.
Unfortunately, specific estimates for the relevant voltage
and frequency scales were not given.

Before comparing these predictions with experiment, it
is important to understand the experimental factors which
influence whether complete locking occurs. As em-
phasized in this paper and in paper I, any real crystal ex-
hibits a distribution of time-average velocities which is as-
sociated with crystal defects and contact effects, and
which is not accounted for in the classical elastic medium
model. At a given applied dc bias, this distribution corre-
sponds to a width 5V in dc voltage. The "intrinsic" width
of a step in the I-V characteristic is determined by the
maximum time-average pinning force which can be
developed. Complete locking will thus only be observed if
the intrinsic step width is larger than 5V corresponding to
the velocity distribution. Heating effects are also impor-
tant. Because a sample is nonuniformly heat-sunk along
its length (with the best heat-sinking occurring at the con-
tacts), ohmic heating for large applied fields results in
thermal gradients, and thus in broadening of the velocity
distribution within the crystal. The dc bias corresponding
to a given step (p/q value) increases roughly linearly with

Voltage

FIG. 15. Phase-space plots of current vs applied ac voltage
for frequencies f =co/ra„of 0.5 and 1.5, calculated using Eq. (2)
with the pinning potential of Eq. (10).
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FIG. 16. Differential resistance measured in the presence of
a 5-MHz, 30-mV peak ac voltage. The 1/1 step locks complete-
ly even though the total voltage never goes below the zero-ac dc
threshold.

the ac frequency at high frequencies. Further, the ac am-
plitude required to achieve a given step width (to~/cu
value) increases linearly with frequency. Sample heating
thus increases as the square of the frequency, and pre-
cludes the observation of complete locking at high fre-
quencies. We have carefully characterized the velocity
distribution in the NbSe3 sample studied here through
measurements of the spectral width of the narrow-band
noise fundamental versus dc bias. Heating effects were
quantified by comparing high-field dc and pulse I- V mea-
surements. Thermal broadening of the velocity distribu-
tion limited our interference measurements to frequencies
below 40 MHz.

In light of the above considerations, the predictions of
Coppersmith and Littlewood (CL) do not agree with ex-
periment. First, as shown in Fig. 16, we observe complete
locking in dV/dI on the 1/1 step for ac and dc fields
such that the total applied field never goes below the
zero-ac threshold field. Damped CDW relaxation below
threshold is therefore not crucial to mode locking. The
applied ac field need only retard and accelerate the motion
in order to produce a nonzero pinning force, and therefore
complete locking. Complete locking likely has not been
observed previously under these circumstances because the
samples used have not been sufficiently coherent; for
small ac amplitudes the steps are narrow, so that a very
narrow CDW velocity distribution is needed. Second, we
observe complete subharmonic locking, as in the 1/2 and
1/3 steps in Fig. 1, for a broad range of frequencies and
ac amplitudes, in clear disagreement with this model.
(Complete subharmonic locking has also been observed by
other groups. ") Together with the fact that the step
widths oscillate with ac amplitude and frequency, it is not
clear how CL's predictions for the relative widths of the
1/1 and 1/2 steps are to be interpreted. Third, we observe
complete locking and "wings" in d V/dI for large ac volt-
ages (above 20 VT) and frequencies (30 MHz), such that
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the time 5t which the CDW spends relaxing below thresh-
old is equal to that of the experimental data of Fig. 1 of
Ref. 32, which is within the stated regime of validity of
CL's calculation. Furthermore, the maximum completely
locked width of the 1/1 step was observed at 20 MHz
(heating effects were important at higher frequencies),
which is greater than the classical crossover frequency of
this sample. Even when incomplete locking was observed,
it was always consistent with the CDW velocity distribu-
tion deduced from measurements of the current oscilla-
tions. All significant predictions of the classical elastic
medium model contained in Ref. 32 are thus found to be
in direct contradiction with our experiments.

IV. CONCLUSION

In this paper, we have presented a detailed experimental
study of ac-dc interference phenomena in charge-density-
wave transport. These qualitative effects are typical of
nonlinear systems with competing periodicities; direct
analogs are observed in the classical motion of a pendu-
lum within a gravitational field and also in the interfer-
ence between macroscopic quantum states in Josephson
junctions. We have analyzed our results using a simple
single-coordinate model, motivated by the tunneling
theory, for a CDW moving in a nonsinusoidal potential.
Use of this model leads to a very simple and transparent
interpretation of the basic physics involved in phase lock-
ing. Further, it provides an excellent semiquantitative ac-
count of all of the observed phenomena, including the
steps in the dc I- V characteristic, the jumps and inductive
dips in the bias-dependent ac conductance, the anomalies

observed in the elastic response, and the inductive loops
observed in phase-space plots of the CDW's response to ac
fields. Together with our measurements of current oscil-
lations, these results provide strong evidence that the
CDW's interaction with impurities may be described, to
good approximation, by a periodic pinning potential of
the general form given in Eq. (10).

Our results are not, on the other hand, consistent with
predictions derived from the classical elastic medium
model. Although those predictions reproduce some very
general qualitative features of the observed response, this
does not, as has been suggested, constitute significant evi-
dence for the validity of the classical model. Indeed,
given the extremely general nature of the interference phe-
nomena, it would be remarkable only if such effects did
not occur at all within that framework. The detailed pre-
dictions of Coppersmith and Littlewood for ac-dc in-
terference are unambiguously contradicted by our experi-
ments. Our experiments and analysis clearly establish
that the most important features of the current oscillation
and interference phenomena can be accurately described
in terms of a simple single-coordinate model.
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