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Four-wave-mixing techniques were used to establish and probe population gratings of Cr'+ ions
in both mirror and inversion sites in BeA1204.Cr + crystals as a function of temperature between
about 6 and 300 K. The four-wave-mixing signal intensity and decay rate were monitored as a func-
tion of the crossing angle of the laser "write" beams. The variation of the signal intensity with
crossing angle is explained theoretically with use of a model based on the interaction between the
laser and a two-level atomic system. Theoretical fits to the results provide information concerning
the relative importance of the absorption and dispersion contributions to the signal, and the dephas-
ing time of the atomic system. The latter is found to be 2.2 psec for the mirror site ions and 80 psec
for the inversion site ions. The signal decay rate of the inversion site ions was found to be indepen-
dent of crossing angle at all temperatures, while the signal decay rate for ions in the mirror site in-
creased with increasing crossing angle at temperatures below about 150 K. This indicates the pres-
ence of long-range energy migration, and the diffusion coefficient describing this process was found
to increase to about 4.2&&10 cm sec ' at 6 K.

I. INTRODUCTION

The optical properties of alexandrite (BeA1204..cr +)
are of interest because of its importance as a tunable
solid-state laser material. ' We have recently reported
some of the optical-spectroscopic properties of alexan-
drite, including the results of four-wave-mixing (FWM)
measurements at room temperature. In this paper we2 —4

describe the results of extending our FWM measurements
to low temperatures.

The mechanism of transient FWM in doped crystals is
scattering from a 1aser-induced population grating. In
alexandrite the Cr + ions can occupy two nonequivalent
crystal-field sites, one having mirror symmetry and the
other inversion symmetry. We have shown previously
that population gratings can be established for Cr + ions
in either type of site. The grating can be associated with
differences in either the absorption or dispersion proper-
ties of the Cr + ions when they are in the excited state in-
stead of the ground state. We describe here a method for
determining the contributions to the FWM signal from
these two types of refractive-index modulation. The ratio
of these two contributions is used to determine the de-
phasing time T2 of the Cr + ions interacting with the
laser excitation. For the experimental conditions used
here, the dominant process in the dephasing is the pump-
band —to—metastable-state radiationless relaxation pro-
cess, which is of interest in understanding laser-pumping
dynamics.

The transient dynamics of the FWM signal can be used
to characterize the properties of energy migration among
ions in crystals if the migration distance is of the order of
the peak-to-valley separation of the laser-induced grat-
ing. Our previous FWM results showed that no long-
range energy transfer was taking place among the Cr +
ions in alexandrite at room temperature. This remains

true for inversion-site ions at low temperatures. However,
for ions in the mirror sites, the influence of long-range en-
ergy transfer on the FWM signal decay becomes evident
below 150 K. The diffusion coefficient determined from
these measurements increases to a value of 4.2&10
cm sec ' at 6 K. This surprising result may be associat-
ed with nonuniform Cr +-ion distributions which are
known to be present in alexandrite.

II. EXPERIMENTAL APPARATUS AND SAMPLES

The crystal used for this work was an oriented cube of
BeA1204.Cr + with each edge measuring approximately 7
mm. The concentration of Cr + ions is 0.0325 at. %%uo.

The Cr + ions enter the lattice substitutionally for the
Al + ions, which occur in the chrysoberyl structure with
octahedral coordination of oxygen ions. They can occupy
two inequivalent types of crystal-field sites, one with mir-
ror symmetry belonging to the C, point group and one
with inversion symmetry belonging to the C; point group.
It has been found previously that 78% of the Cr + ions
occupy mirror sites and 22%%uo inversion sites. The
mirror-site ions dominate the optical spectroscopy and
lasing properties of the material.

The experimental setup used for the nondegenerate
FWM measurements is shown schematically in Fig. 1.
For temperature control, the sample was mounted in ei-
ther a cryogenic refrigerator or a liquid-helium Dewar.
The laser excitation was provided by either the 488.0-nm
output from an argon laser or the output of a ring dye
laser with Rhodamine-6(G) dye tuned to 589.0 nm. The
former selectively excites the ions in the inversion sites
while the latter selectively excites ions in the mirror sites.
The laser output was split with a beam splitter into two
beams of equal power (write beams) which travel equal
path lengths before crossing at an angle t9 inside the sam-
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The first term describes the destruction of the grating due
to the fluorescence decay of the ions in the excited state
with a decay time of ~. The second term describes the de-
struction of the grating due to the migration of the excita-
tion energy from ions in the peak to ions in the valley re-
gion of the grating. The latter term depends on the dif-
fusion coefficient of the energy migration, D, and on the
grating spacing A=A, /[2sin(8/2)], where A. and 8 are the
wavelength and crossing angle of the laser write beams in
the crystal, respectively. Thus by measuring the FWM
signal decay rate as a function of the write-beam crossing
angle, it is possible to determine the energy-diffusion coef-
ficient.

AVERAGER RECORDER

FIG. 1. Schematic representation of experimental apparatus
for four-wave mixing. CH, chopper; PMT, photomultiplier
tube; M, mirror; BS, beam splitter.

pie. Their interference forms a sinusoidal pattern which
creates a spatial distribution of Cr + ions in the excited
state with the same pattern. Due to the difference in the
complex dielectric constant when the Cr + ions are in the
ground and excited states, this population distribution
acts as an index-of-refraction grating. Although the heat
generated under these experimental conditions can also
produce a change in the refractive index, therma1 gratings
have different magnitudes and angular dependences of the
decay rates than population gratings. Thus it is easily
possible to distinguish between contributions to the FWM
signal from the two types of gratings. The properties of
the FWM signal described in the following section show
that the results reported here are associated with scatter-
ing from a population grating. No effects attributable to
a thermal grating were observed. For nondegenerate
FWM a He-Ne laser was used for a "read beam. " This
was aligned so it is almost counterpropagating to one of
the write beams. It scatters from the index-of-refraction
grating and produces a FWM signal leaving the sample
almost counterpropagating to the other write beam. The
signal beam was detected by an Amperex 22548 pho-
tomultiplier tube. To measure the intensity of the scat-
tered light, the read beam was modulated with a mechani-
cal chopper and an EGA.G/PAR lock-in amplifier was
used to enhance the signal-to-noise ratio. The decay rate
of the signal was measured by chopping the write beams
and storing the transient signal in an EG8cG/PAR 4202
signal averager.

III. FWM STUDIES OF ENERGY TRANSFER

The decay of a FWM signal associated with a transient
population grating is predicted to be a single exponential
with a decay rate given by

K=2~ '+[32(n. /A, ) sin (8/2)]D .
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FIG. 2. Grating decay rate vs write-beam crossing angle for
FWM in Cr + ions in inversion sites in alexandrite at 30 K.
The solid point is twice the fluorescence decay rate.

A. Experimental results

For gratings selectively established with Cr + ions in
inversion sites, no angular variation was observed for the
FWM signal decay rate at any temperature. Typical re-
sults are shown in Fig. 2. The signals were exponential
and decayed with half the fluorescence lifetime of
inversion-site ions, as measured independently. This
indicates that for Cr + ions in the inversion sites energy
transfer does not take place over distances of the order of
the grating spacing.

For gratings selectively established with Cr + ions in
mirror sites, the FWM transient signals were nonexponen-
tial. A typical example is shown in Fig. 3. The decay
rate of the long-time portion of the curve is equal to twice
the fluorescence decay rate of the inversion-site ions. This
long-time decay rate is independent of the write-beam
crossing angle and power. Thus the long-time part of the
nonexponential decay is associated with a population grat-
ing established with inversion-site ions due to energy
transfer from mirror-site ions. In order to obtain an accu-
rate decay rate for the mirror-site grating, the long-time
decay curve is extrapolated to short times and subtracted
from the measured curve as shown in Fig. 3. Although
this procedure for separating the contributions to the sig-
nal due to the two types of gratings is not strictly correct
for the case of energy transfer, the contribution due to the
inversion-site grating is always less than 5% of the total
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FIG. 5. Grating decay rate vs write-beam laser power at 40
K for Cr + ions in mirror sites in alexandrite at 0=4.3 .
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FIG. 3. FWM signal intensity vs time for Cr + ions in mirror
sites in alexandrite at 30 K.
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signal and thus the error incurred by the use of this crude
separation technique does not greatly affect the accuracy
of the diffusion coefficient determined from these mea-
surements as discussed below.

The values of the decay rates obtained in this way are
shown plotted versus sin (0/2) in Fig. 4 for several tem-
peratures. Above 150 K, no angular variation of K is ob-
served as reported previously. The data shown in Fig. 4
were obtained with the laser beams aligned so that the

grating wave vector was parallel to the crystallographic b
axis. When similar measurements were made at low tem-
peratures with the beams aligned so that the grating wave
vector was parallel to the c axis, the observed variation of
E with 0 was much weaker.

One interesting aspect of the data shown in Fig. 4 is
that the curves each extrapolate to values at 0=0 which
are greater than the measured values of twice the fluores-
cence decay rates, 2/~. Although these measurements
were made at low laser powers in order to minimize ef-
fects of local heating, the discrepancy in the 0=0 value
of K may be associated with the power dependence of the
grating decay rate. Figure 5 shows the variation of E
with laser power at 40 K for a crossing angle of 4.3 . No
change was observed in the fluorescence lifetime as a
function of laser excitation power. The increase in E with
laser power indicates the presence of power-dependent ef-
fects that are not included in Eq. (1). Figure 6 shows the
variation of FWM scattering efficiency with the square of
the laser power in the write beams at 40 K for three cross-
ing angles. The observed linear dependences are con-
sistent with the room-temperature results reported earlier
and are consistent with theoretical predictions of laser in-
teraction with a two-level atomic system.

The diffusion coefficient obtained from fitting Eq. (l)
to the slope of curves such as those shown in Fig. 4 is
plotted versus temperature in Fig. 7. The values obtained
for D are zero above 150 K and increase as T ' to
about 4.2&10 cm sec ' at 6 K. From these values,
the diffusion length can be determined using the relation-
ship Ld ——(2Dr)' . The values obtained for Ld and D are
listed in Table I.

0.0150.005 0.010
sin (e/2)

~ 2

FIG. 4. Grating decay rate vs write-beam crossing angle for
FWM in Cr + ions in mirror sites in alexandrite at several tem-
peratures for 50 mW total write-beam laser power. Circles, 6 K;
squares, 15 K; hexagon, 30 K; triangles, 60 K. The solid point
represents twice the fluorescence decay rate. (See text for ex-
planation of theoretical curves. )

B. Interpretation of results

To interpret the data presented above, we need to obtain
a theoretical estimate for the magnitude of D including its
directional dependence, a model for explaining the relative
change of D with temperature, and a model for explaining
the variation of D with laser power.
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FIG. 6. FWM signal intensity of Cr + ions in mirror sites in

alexandrite as a function of the square of the laser power of the
write beams at 40 K.

D= —,
' (r,u') = ,' (r, )(u')—, (2)

where (r, ) is the mean scattering time and (u ) is the
mean-square group velocity of the excitons. The scatter-
ing time can be separated into a contribution due to
acoustic phonons and a contribution due to exciton
scattering from all other sources such as surfaces, crystal
defects, and optic phonons.

—1 —
&

—1
+s +ph ++0 (3)

The exciton —acoustic-phonon scattering time varies with

TABLE I. Energy-transfer parameters at 6 K for Cr + ions
in mirror sites in alexandrite.

X (cm )
7.; (msec)

(msec)
D (cm sec ')
D theory (cm sec )

Ld (cm)

8.9X10"
63.2
2.4
4.20X10-
1.80/ 10
4.5 X 10-'

The diffusion coefficient for exciton migration can vary
with temperature due to various types of exciton-phonon
interaction processes. For the temperature range of in-
terest here, phonon absorption to higher-energy levels
with stronger oscillator strengths is negligible ' and the
population of optical phonons at temperatures much less
than the Debye temperature is very small. Exciton
scattering by acoustic phonons predicts a temperature
dependence of the type shown in Fig. 7. For this
long —mean-free-path model the diffusion coefficient can
be expressed as

1/(T (K ~~)

FIG. 7. Temperature dependence of the exciton-diffusion
coefficient for Cr + ions in the mirror sites in alexandrite. (See
text for explanation of theoretical line. )

2 /
+s +ph +ph j +0 ~

and Eq. (2) has the form

D=AT ' —8

(4)

where A is a constant involving the exciton velocity and
the matrix element for exciton —acoustic-phonon scatter-
ing. B contains a ratio of the rates of exciton scattering
by acoustic phonons and by all other centers. The tem-
perature dependence of B is unknown, but the solid line in
Fig. 7 is consistent with Eq. (5), assuming 8 to be in-
dependent of temperature. This gives an excellent fit be-
tween theoretical predictions and experimental results.

The magnitude of the diffusion coefficient found from
these experiments at low temperature is much greater
than expected for exciton migration among randomly dis-
tributed Cr + ions with the level of concentration present
in our sample. It is difficult to derive a theoretical esti-
mate for D in the long —mean-free-path model since the
details of the shape of the exciton band are not known.
However, a rough theoretical estimate can be obtained for
D by considering the rate of energy transfer between two
Cr + ions. The mechanism of energy migration among
Cr + ions in ruby crystals has been identified as exchange
interaction. ' In the simplest model for direct exchange,
the energy-transfer rate between two ions separated by a
distance R is given by"

P(R) =(2mQZ /A') exp( —2R/L)
=Po exp( —2R /L ),

temperature as ~~ T ' in the temperature range of in-
terest, whereas the other scattering processes have a
variety of different temperature dependences. If the
acoustic-phonon scattering time is much shorter than the
scattering time for other processes, Eq. (3) can be expand-
ed to give
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where Z depends on the spatial overlap of the electron
wave functions, L is the average Bohr radius of the wave
function, and the spectral overlap integral 0 includes the
product of the normalized emission spectrum of the sensi-
tizer ion c, and the normalized absorption spectrum of the
activator ion o, For ruby, the value of Po has been es-
timated to be' 4.3&10' sec '. For multistep energy mi-
gration, the diffusion coefficient can be expressed in terms
of the ion-ion interaction rate as'

D = —, f R P(R )p(R )dR,
0

(7)

0
The lower limit of the integral is taken to be a =2.7 A,
which is the smallest distance between Cr + ions in mir-
ror sites. L is always close to 1 A and has been estimated
for ruby to be 0.97 A. This value for L, along with

=8.9)& 10' cm for the concentration of mirror-site
ions in our sample, can be used in Eq. (9) and the integral
evaluated numerically to give 2.23&10 ' cm . Using
this and the ruby value for Pp gives a value for the dif-
fusion coefficient of 1.8 ~ 10 cm sec ', which is a fac-
tor of about 2.35 smaller than the diffusion coefficient ob-
tained from analyzing the low-temperature FWM results.
This represents excellent agreement between the magni-
tudes of D determined experimentally and theoretically,
especially considering that Eq. (9) is strictly applicable for
hopping migration and thus underestimates D for
long —mean-free-path migration. In addition, nonuniform
distributions of the Cr + ions can enhance the energy
transfer enough to account for differences in the experi-
mental and theoretical values of D. The effective dif-
fusion coefficient in heavily doped ruby has been reported
to be 2 orders of magnitude greater than the value found
here for alexandrite. ' Scaling for the difference in con-
centration brings these two results into agreement.

The fact that the diffusion coefficient for energy migra-
tion in the c direction is about an order of magnitude
smaller than for migration in the b direction may be attri-
buted to the anisotropy of the ion-ion interaction, or it
may be associated with a nonuniform spatial distribution
of Cr + ions since chromium-ion banding in c planes is
known to be present in alexandrite crystals. '

The magnitude of the grating decay rate and its in-
crease with laser power at low temperatures are more dif-
ficult to understand. The facts that the fluorescence de-
cay rate is independent of power while the values of E at
0=0' are greater than 2/w at low temperatures where dif-
fusion is taking place but equal to 2/z at high tempera-
tures, indicate that at high laser power there is an addi-
tional process that contributes to the decay of the grating
without shortening the metastable-state lifetime. It is im-

where the probability density of finding an ion at the dis-
tance R from the ion at the origin is given by'

p(R)=4m. N R exp( 4m.N R—/3) .

The diffusion coefficient then becomes

D=(2mN Po!3)J R exp( —[(2R/L)

+(4mN R /3)]jdR .

portant to note that the fluorescence lifetimes measured
with crossed-laser-beam excitation (identical conditions to
grating decay measurements) are the same as those mea-
sured with standard single-beam excitation. Nonlinear
diffusion and relaxation processes which could lead to the
observed power dependence would also produce nonex-
ponential decays in the fluorescence, which were not ob-
served. One way to explain these observations is to postu-
late the presence of exciton trapping at centers which have
fluorescence properties similar to the mirror-site ions but
which have no difference in their complex refractive index
when they are in the excited state instead of the ground
state. These would act as quenching centers for the grat-
ing but not the fluorescence, while enhanced trapping
through exciton-exciton or exciton-phonon processes
could provide the observed power dependence of the grat-
ing decay rate. Finally, it should be pointed out that the
simple expression given for K in Eq. (1) is strictly valid
only for a limited region of the relative strength of the ex-
citon scattering rate compared to the ion-ion interaction
rate. ' For values of these parameters outside of the al-
lowed region, the exact expression for the dependence of
E on 0 deviates from a simple straight line at small values
of 0 and can actually be made to fit the low-temperature
data shown in Fig. 4 with the measured value for 2/~ at
0=0'. The usefulness of such a fit is limited at the
present time by the lack of knowledge of the microscopic
interaction parameters. This will be the subject for future
investigations.

A similar discrepancy between the grating decay rate at
zero crossing angle and twice the fluorescence decay rate
was observed in FWM experiments on ruby crystals with
high Cr + concentrations and was attributed to the pres-
ence of exchange-coupled pairs of Cr + ions. No energy
migration was observed by FWM measurements in heavi-
ly doped ruby. In alexandrite, the pairs are present even
at low Cr + concentrations due to the nonuniform distri-
bution effects. It is not clear at the present time what
role these pairs play in the grating dynamics, but their ef-
fects on the FWM results in concentrated ruby indicate
that they may be responsible for the enhanced FWM sig-
nal decay and its power dependence observed in alexan-
drite at low temperatures.

IV. FWM MEASUREMENT OF DEPHASING TIME

The standard theoretical formalism used to interpret
FWM signals is based on the interaction of three laser
beams with a two-level atomic system.

' ' Although
there have been some attempts to extend the theory to ac-
count for the presence of additional levels of the atomic
system, the results become extremely complicated and no
model has been developed that is generally useful in the
interpretation of experimental data. For the FWM experi-
ments on alexandrite described here, the laser write beams
interact directly with the Azg Tzg transition of the Cr +

ions. Fast radiationless relaxation occurs to the E~ meta-
stable state. The laser-induced population grating will be
made up of ions in both the unrelaxed Tzg level and the
Eg metastable state. In general, it is difficult to separate

the contributions to the FWM signal due to the two types
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of population gratings. Most of the FWM characteristics
will be associated with the rnetastable state due to its
greater population. However, the dephasing of an atomic
system driven by coherent laser beams in generally associ-
ated with the unrelaxed excited state of the atomic transi-
tion in resonance with the laser frequency. Thus, in the
alexandrite experiments described here, the dephasing
time T2 of the FWM signal should be attributed to pho-
non scattering and relaxation processes occurring in the

T2g level. We describe below an analysis of the FWM
scattering-efficiency data obtained on alexandrite, which
results in the determination of the dephasing time of the

T2g level. The normal two-level system model for FWM
is used in this analysis since no appropriate multilevel
model is available. Thus the results should be taken as a
qualitative demonstration of the analysis technique, and
the quantitative values should be considered as only ap-
proximations to the physical quantities. The comparison
of the results of our analysis with values of the same pa-
rameters obtained by other experimental methods dis-
cussed below shows that the two-level model provides a

good approximation for this case. It should also be point-
ed out that recent accumulated photon-echo experiments
on Nd + ions in glass have also used this type of two-level
model to determine the radiationless relaxation time of a
multilevel atomic system.

The exact dependence of the FWM signal efficiency
with the crossing angle of the write beams varies with the
relative contributions to the laser-induced grating from
the modulation of the absorption and dispersion com-
ponents of the complex refractive index, b,u and b,n,
respectively. The dephasing time of the atomic system
depends on the ratio of these modulation depths. Thus,
analyzing the angular dependence of the FWM signal effi-
ciency provides a method for determining T2.

A. Computer modeling of q(0)

Using the master-equation approach, the polarization
of a two-level system in resonance with a laser driving
field can be derived to be'

P = (p ANp T2E/A') I [sin(pit ) + (pili co) T2 cos—(pit )][1 + (pi —pi&, ) T2 +40 T2r] '
] +gE cos(pit ) (10)

The first term represents the contribution due to the
atomic transition near resonance with the laser frequency,
while the second term (g) represents the combined effects
of all other transitions in the sample. ' Here, p is the di-
pole moment of the transition, b,Np is the average equili-
brium density of the population difference between the
ground and excited states, ~ is the fluorescence decay time
of the excited state, E is the electric field of the laser
beams in the crystal, co is the angular frequency of the
laser, co2i is the resonant frequency of the atomic transi-
tion, and Q=pE/(2R) is the precession frequency of the
dipole moment. The polarization can be used to obtain
the complex susceptibility

X= (p ANp T2 /A') I [T2 ( pi2 i
—Cp ) —l ]

X [I+(co—copi) T2+4A T2r]

BE 8 P
V E=(pic ) +(4p7r/c )

Bt at2
(12)

The electric fields of the laser beams can be described as
plane waves,

The information concerning the physical characteristics
of the system pertaining to absorption, dispersion, FWM,
and saturation are contained in g.

In cgs units, the wave equation describing the propaga-
tion of the laser beams in the atomic system is

E;(r, t) =(A;/2) exp[ i(co; t —k;—r)]+c.c. ,

i=1—4. (13)

For degenerate FWM, all to; are equal, all
~
k;

~

=k, and,
to satisfy the Bragg scattering condition, g,. k; =0. If Ei
and E2 represent the write beams, the read beam E3 is
counterpropagating to E~ and the signal beam E4 is coun-
terpropagating to E2. To simplify the mathematical ex-
pressions, degenerate FWM is assumed. This will thus be
only an approximation of our experimental condition in
which the read beam had a different frequency than the
write beams. Rough calculations using the exact read-
beam frequency indicate that negligible error is introduced
by this simplification as long as the read beam is weak
enough that it does not affect the population grating. In
addition, we make several assumptions relevant to our ex-
perimental conditions. The write beams are assumed to be
more intense than the read and signal beams, the signal
beam is assumed to be weaker than the read beam, and it
is assumed that the weak beams have no beam depletion.
Substituting the polarization and field expressions into the
wave equation, using the "slowly varying envelope ap-
proximation, " and equating like k-vector exponentials, a
set of coupled, complex, differential equations are ob-
tained. The scattering efficiency is defined as
71 =

~
Aq

~

/
~
Ai ~, where the A; represent the amplitudes

of the beams. It is common practice to work with the
normalized scattering efficiency, which depends only on
A4. In this case we need to consider only the coupled
equations for A2 and A4, which can be separated into real
and imaginary parts. Their variation with the write-beam
crossing angle in the crystal 0 is given by
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dA'

dO
= [( A 2D i

—A 2D 'i —A 2D 2
—A 2D z )k i csc( 8/2 ) (D—zA 4 D—'2A 4 )( k 3 /k i ) csc(8/2 )]/2,

ddt
dO

= [(—A 2D', —A 2D'i +A 2D2 —A 2D2 )k i csc(8/2) —(DzA 4+D2A 4 )(k 3/k i ) csc(8/2)]/2,

ddt
dO

= [(—A 4D i +A 4D '& +A 4D 2 +A 4D z )k 3 csc( 8/2 ) + (D 2A z D'2A —
2 )(k i Ik 3 ) csc( 8/2 )]/2,

dA4

dO
= [(A~ i +A 4D'i —A AD&+ A &D'z )k3 csc(8/2)+ (D2A 2+D'zA z )(k, Ik3 ) csc(8/2)]/2,

(14)

(15)

where the superscripts r and I, refer to real and imaginary,
respectively, and the coupling coefficients are

D, =D i+iD', =2mpR(~ . g), —

D2 ——D2+iD2 ——vrpR A~ . (19)

Here, R is the distance from the center of the overlap re-

gion of the beams, p is the permeability of the material, x.

is a complex parameter related to the complex index of re-
fraction, and A~ is the laser-induced modulation in this
parameter. The latter parameters are given by'

~=ao(i+5)(1+5 )(1+5 +
~

E/E,
~

) (20)

ha=(4mcolnc) Im(X) = 2aDq/D'i, —
b n =(2m ln ) Re(X) =(ac/co)D2/D'i,

(22)

(23)

where a is the average absorption coefficient of the ma-

b~'=2
~

E/E,
~

[a (i+5)](1+5 +
~
E/E,

~

), (21)

where the detuning parameter is 5=(ci) ct)i2)T2 ap is the
peak absorption coefficient, and E, is the saturation field.
The detuning parameter which accounts for the width of
the resonant electronic transition contains the frequency
dependence of the results. For laser fields much smaller
than the saturation field, ~=X+/ and ha*=AX.

It is not possible to obtain a general analytic solution
for g which has a simple enough form to be useful in fit-
ting experimental data. In order to understand the varia-
tion of scattering efficiency with write-beam crossing an-
gle, it is necessary to either make several simplifying as-
sumptions or to resort to numerical solutions. We com-
pare here the results of both approaches.

Equations (14)—(16) can be solved numerically using a
fourth-order Runge-Kutta method. Treating the real and
imaginary parts of both coupling parameters as adjustable
parameters, curves with various shapes can be obtained.
Three examples are shown in Fig. 8. Although each of
these show the FWM scattering efficiency rising sharply
to a peak value and then decreasing at larger angles, the
exact position of the peak and the rate of decrease with
crossing angle vary greatly with choice of coupling pa-
rameters. The peak shifts to higher angles and the curve
shape becomes broader as D2 or D2 are increased,
whereas increases in D& or D2 have the effect of raising
the scattering efficiency at larger angles. The values of
the components of the coupling parameters are related to
the laser-induced modulations of the absorption and
dispersion parts of the refractive index by

terial at the write-beam wavelength, co. Thus as An or ha
increases, the peak of the curve shifts to higher angles,
and an increase in a increases g at 1arger angles.

To obtain an approximate expression for q(8), Eqs.
(12)—(14) can be linearized by making the substitution
t =2 in[tan(8/4) ]. Then the secular equation can be
solved to obtain solutions for different special cases. For
example, if

(D2) +(Dp) —(D'i+D2) )0
and

0
2 l& [(Di)2+(D. )& (D~+D~ )2]&~2

the solution is

(b)

18
e(deg)

FIG. 8. Computer-generated plots of the FWM scattering ef-
ficiency vs the write-beam crossing angle for different values of
the coupling parameters. (a) D

&
——0.005 D 1

=0. 100,
D2 ——0. 125, and D2 ——0.00002. (b) D

&
=0.006, D

&
=0.025,

D2 ——0.090, and D2 ——0.00002. (c) D
&
=0.005, D l =0.075,

D2 ——0. 188, and Dp ——0.000096.
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r)(8)=2[(D2) +(Di) ][(Di) +(D2) —(D'i+D2) ] 'sin [k[(Dz) +(Dz) —(D'i+D'2) ]'~ in[tan(8/4)]] . (24)

For the appropriate choices of the coupling parameters,
Eq. (24) gives curves similar to those shown in Fig. 8.
Other special cases will have significantly different forms
for the solution of the coupled differential equations, but
they predict the same general dependence of i) on 8.

The advantage of the analytic solution is that it pro-
vides some insight into the origin of the angular depen-
dence of the FWM scattering efficiency. The factor con-
taining 8 in the expression shown in Eq. (24) is related to
the interaction length of the read beam with the grating,
and the additional parameters in the argument of sine
function describe the density of the grating fringes and
the grating modulation depth. Evidently, it is the varia-
tion of these parameters that determines the shape of the
curves of rI(8). The disadvantages of the analytic solution
are that it is difficult to justify the assumptions necessary
to define a specific case, and it is not possible to indepen-
dently determine values for An and Aa. Both of these
disadvantages are overcome by using the numerical
method of solution.

B. Interpretation of results

The numerical method for solving Eqs. (14)—(17) was
applied to experimental data obtained on alexandrite and
ruby crystals. Figure 9 shows the measured values of

ALEXANDRITE
I NV EBS I ON

SITES

I

FWM scattering efficiency versus write-beam crossing an-
gle for Cr + ions in both types of crystal-field sites in
alexandrite and in ruby. The solid lines represent the best
fits to the data using the numerical-solution technique and
a nonlinear-regression least-squares-fitting routine, with
the real and imaginary components of the coupling coeffi-
cients treated as adjustable parameters. The results were
found to be independent of temperature between 30 and
300 K. The fitting parameters were substituted into Eqs.
(22) and (23) to obtain values for the laser-induced modu-
lation depths due to changes in absorption and dispersion.
The values obtained from this procedure are listed in
Table II.

Once these parameters are known, Eq. (21) can be
solved for the dephasing time of the atomic system,

T2 ——(2'/c )( b,n /b a )(co —co iq) (25)

The values of Tz obtained for ruby and alexandrite are
given in Table II.

For the two materials investigated here, the theoretical
fitting of the angular dependence of the FWM scattering
efficiency is very sensitive to changes in D2 but very in-
sensitive to changes in Dz, since the magnitude of the
latter parameter is very small. This results in an accurate
determination of An but not Aa. Previous approaches to
calculating these components of the modulation depths
provide an accurate method for determining ha but not
An. ' ' The calculation of Aa based on a two-level sys-
tem gives '

ba=NoIoa i(az —o., )(2Iooi+hvlr) (26)

ALEXANDRITE
MIRROR

SITES

where Xo is the concentration of active ions, Io is the en-
ergy density of the write beams with photon energy hv,
and o& and cr2 are the ground- and excited-state absorp-
tion cross sections, respectively. Since excited-state ab-
sorption measurements have been made for both ruby
and alexandrite, it is possible to obtain an accurate value
of b,a using Eq. (26). The error bars listed in Table II are
associated with estimates of the parameters used in Eq.
(26) as well as with the curve-fitting procedure used to
determine the coupling parameters.

RUBY

TABLE II. FWM measurements of dephasing times in alex-
andrite and ruby at room temperature.

Parameter
Alexandrite

Inversion sites Mirror sites Ruby

9 15e (deg)
FIG. 9. FWM signal efficiency vs the write-beam crossing

angle at 300 K for Cr + ions in the mirror sites and inversion
sites in alexandrite and in ruby. (See text for explanation of
theoretical lines. )

a (cm-')
Io (W/cm )

rl
5a (cm ')
An

T2 (psec)
AE (cm ')

0.36
60
10-4
1.10x 10
2. 52 X 10-'
80+ 5
6400

1.05
50
10-4
1.90x10 '
1.83x10—'
2.2+4
800

1.37
60
10-4
1.06 x 10-'
8. 16X 10
4.5+3
2300
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The transverse relaxation time Tz is related to the life-
time of the excited level T& and the pure dephasing rate
due to scattering events y by

T2
' ——(2Ti) '+y .

If the fast radiationless relaxation from the T2g "pump
band" to the Eg metastable state is the dominant process
for dephasing the atomic system, the values determined
for Tz represent twice the relaxation times associated
with this process. The value of 2.25 psec obtained in this
way for T& in ruby is consistent with the upper limit of 7
psec found from pulse-probe measurements to be the
"Tzg- Eg relaxation rate. The longer dephasing time
found for alexandrite inversion-site ions which have a

Tzz Eg energ-y difference almost 3 times greater than in
ruby, and the smaller dephasing time obtained for
mirror-site ions in alexandrite which have a sma11er
energy-level difference between the pump band and meta-
stable state, establish the existence of a relationship be-
tween the values of Tz and the energy-level splitting of
the excited states. This is shown explicitly in Fig. 10.
The observed dependence of Tz on hE is expected if the
radiationless transitions between the Tzg and E~ levels
are responsible for the dephasing of the system. Measure-
ments made on alexandrite at 30 K gave the same value
for Tz as found at 300 K, indicating that strongly tem-
perature dependent phonon scattering processes are not
important.

From the preceding discussion, it appears that the
Tzg- Eg relaxation process does dominate the dephasing

for the FWM experiments on ruby and alexandrite. This
decay process causes "lifetime broadening" of the Tzg
level. The zero-phonon lines of the lowest-lying crystal-
field state of this level for ruby and the mirror-site ions in
alexandrite have been observed ' at low temperatures to
have linewidths of the order of 25 cm ', which is signifi-
cantly greater than the predicted contributions to the
linewidth of a few wave numbers obtained from the mea-
sured values of Tz. This is due to the fact that these lines
exhibit significant inhomogeneous broadening due to the

1OG.

50.

sensitivity of the Tzg level to the local crystal field. Since
these lines appear on the side of the broad vibronic band,
it is difficult to accurately deconvolute the homogeneous
and inhomogeneous contributions to the line shape.

These results imply that the T&g levels lying between
the Tz and Ezg levels do not play a significant role in
the pump-band —to—metastable-state relaxation process.
This is consistent with previous theoretical predictions.

V. DISCUSSION AND CONCLUSIONS

The observation of 1ong-range energy migration among
the mirror-site Cr + ions in alexandrite at low tempera-
tures is a surprising result. Attempts to observe energy
migration in ruby using FWM techniques have been re-
peated several times without success. ' ' The observed
energy-transfer characteristics are consistent with having
a higher concentration of Cr + ions than predicted by as-
suming a uniform distribution of mirror-site ions. An in-
crease by about a factor of 2.35 in the local density of
Cr + ions over the average concentration will account for
the observed characteristics. This is not unreasonable be-
cause of the chromium-ion banding that occurs in planes
perpendicular to the direction of crystal growth in alexan-
drite. ' Also, it should be emphasized that the simple ex-
change model used in Sec. III to analyze the F%'M results
underestimates the strength of the ion-ion interaction
causing the energy transfer. The superexchange model
used to explain transfer in ruby provides an interaction
mechanism that is stronger and more directional than
direct-exchange interaction. ' Developing a superex-
change model for ion-ion interaction in alexandrite is an
important problem for future theoretical work.

The lack of any observed long-range energy transfer
among the inversion-site Cr + ions is consistent with the
lower concentration of these ions compared to the
mirror-site ions. The evidence of enhanced energy
transfer from mirror-site to inversion-site ions at 1ow tem-
perature is consistent with the results of time-resolved,
site-selection spectroscopy measurements reported previ-
ous1y. The temperature range in which nonexponential
grating decays are observed is the same as the temperature
range in which site-selection spectroscopy results show
enhanced energy transfer to occur. The rate of diffusion-
controlled energy transfer is given by

8;=4nDR;N;, (28)

07

10:

5-

I

t000 3000
~

5000
gE(cm )

7000

FICx. 10. Variation of dephasing time obtained from analysis
of FWM measurements with the energy-level splitting of the
T2g and 'Eg levels for Cr + ions in alexandrite and ruby.

where R; and N; are the exciton-trapping radius and con-
centration of inversion-site ions. Using the nearest-
neighbor distance between an inversion- and mirror-site
ion for R; and the diffusion coefficient found from F%'M
measurements, the transfer rate at 6 K is estimated to be
of the order of 3 X 10 sec '. This value is consistent with
the energy-transfer rate at 10 K determined by the site-
selection spectroscopy measurements reported in Ref. 2 if
the average separation between a mirror-site and
inversion-site ion is about 12 A. It is difficult to deter-
mine an accurate value for the average separation between
mirror-site and inversion-site ions due to the nonuniform
distribution of Cr + ions discussed previously. However,
there appears to be both quantitative and qualitative
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agreement in the results on energy transfer between
mirror- and inversion-site ious obtained by the two dif-
ferent types of experimental techniques.

The investigation of the FWM scattering efficiency on
the crossing angle of the write beams described here is im-
portant for two reasons. First, it demonstrates a method
for determining the contributions to the laser-induced
refractive-index gratings due to absorption changes and to
dispersion changes. It is difficult to determine the relative
contributions from these two types of gratings using other
techniques. Second, it provides a measurement of the de-
phasing time of an atomic system driven by laser sources.
Other .coherent transient techniques for obtaining Tz,
such as photon-echo measurements, have generally been
used only for probing metastable states such as the Es2

level of ruby where the dephasing time is much longer.
The accumulated photon-echo technique recently applied
to rare-earth-doped glasses has provided the same type
of information on Tz of nonmetastable states as our ex-
perimental technique, and comparing the results of these
two types of experiments on the same sample will be the
subject of future research. Determination of Tz through
linewidth measurements is complicated by inhomogeneous
broadening.

An important question concerning these results is the
relationship between the values of Tz determined from
the analysis of the FWM data and the pump-
band —to—metastable-state radiationless relaxation rate
for the Cr +-doped laser crystals investigated here. This
has been a parameter of interest for many years and has
always been difficult to measure. ' ' The actual

relaxation process can be divided into several steps, in-
cluding relaxation to the bottom of the vibronic potential
well of the Tzs level, crossover to an excited vibrational
level of the Eg level, and relaxation to the bottom of the
Eg level. The measured dephasing time may be associat-

ed with one specific step in this overall process and the to-
tal relaxation time may be longer. However, the data in-
dicate a close relationship between these two times, espe-
cially in terms of the energy-gap dependence shown in
Fig. 10 and the fact that the magnitudes of the relaxation
times determined from the measured Tz's compare favor-
ably with those determined from other measurements.
The lack of any observed temperature variation of Tz in
the range investigated is consistent with the temperature
dependence expected for phonon-emission processes in-
volving large energy gaps of the size relevant to these
data. Establishing the exact relationship between Tz and
the relaxation time requires additional work with direct
picosecond pulse-probe measurements which will be the
subject of future work.
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