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We consider the collective excitations of a finite GaAs-Ga,;_,Al,As superlattice with arbitrary
subband structure and electronic density. The density-density correlation function is calculated with
use of the random-phase approximation, augmented by the local-density-functional theory. Ex-
change and correlation effects, self-consistent subband wave functions and energies, and intersub-
band scattering for arbitrary electron densities are taken into account. The resonant inelastic-light-
scattering spectra by collective excitations are calculated. It is found that coupling between intersub-
band and intrasubband modes is very important when several subbands are occupied, in contrast to
the results obtained with only a single subband occupied. The effects of exchange and correlation

are found to be small.

I. INTRODUCTION

The development of advanced growth techniques such
as molecular-beam epitaxy (MBE), has made it possible to
produce a variety of semiconductor superlattices.! Most
of the experimental and theoretical work has been focused
on either GaAs-Ga;_,Al,As superlattices (type-1 super-
lattices), or on GaSb-InAs superlattices (type II). A type-1
superlattice consists of an array of quasi-two-dimensional
electron gases, while a type-II superlattice consists of al-
ternating electron and hole layers. The rich spectrum of
single-particle and collective excitations (plasmons) in su-
perlattices have primarily been studied using inelastic
light scattering (Raman scattering).?~% The single-
particle and plasmon spectra are distinguished by the po-
larization of the scattered light with respect to the in-
cident light.” As a result of these experiments, numerous
theoretical works have been published on plasmons in su-
perlattices®!! and on the theory of inelastic light scatter-
ing by collective excitations. Jain and Allen'? have calcu-
lated Raman intensities from semi-infinite and finite ar-
rays of two-dimensional electron gas layers. Katayama
and Ando'? and King-Smith and Inkson'* included mini-
bands in a self-consistent calculation for an infinite super-
lattice, thereby neglecting surface effects. An intermedi-
ate approach was used by Hawrylak, Wu, and Quinn!®
who included subband structure in the so-called diagonal
approximation, for a semi-infinite superlattice. The diag-
onal approximation means that coupling between intra-
subband and intersubband excitations is neglected.®!> It
is known to work well for a system where only the first
subband is occupied by electrons in equilibrium. Howev-
er, most systems that have been produced and studied ex-
perimentally, have the two lowest subbands occupied, and
for such systems, coupling between the different plasmons
is expected to be more important, especially when the in-
tersubband separation is of the same order as the three-
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dimensional plasma frequency. The light scattering ex-
periments have been interpreted qualitatively using a sim-
ple layered electron gas model. This model obviously
neglects all of the effects discussed above, and it is there-
fore desirable to test the applicability of this model to real
superlattices. This can only be done by more elaborate
calculations.

In passing, we note that in the case of a type-II super-
lattice, calculations on finite systems of two-dimensional
layers of electrons and holes have been done by Tzoar and
Zhang,'® and by us.!” We also included the effect of sub-
bands in the diagonal approximation.

In this paper we present a theory of collective excita-
tions in a finite type-I superlattice, including intersubband
scattering, self-consitent electronic wave functions, and
exchange-correlation effects in the calculation. (A shorter
version of this paper was presented at the 18th Interna-
tional Conference on the Physics of Semiconductors,
Stockholm 1986.) We have also calculated the Raman in-
tensity for such a system. The results are compared with
simple, approximate calculations. The theory is illustrat-
ed by a system where the intersubband separation is small
compared to the intrasubband plasmon frequency, and the
effect of intersubband scattering is important.

II. THE MODEL

The system consists of N quantum wells embedded in a
medium with dielectric constant €, occupying the space
z > —8. The other half-space is filled by an insulator
with a constant €,. The wells are centered at z =Ia,
1=0,1,...,N —1, and have width L. The single-particle
states are assumed to be of the form

|g,l,m)=e'9¢, (z —la),

where m is the subband index and q is the momentum in
the plane perpendicular to the z axis. We assume that the
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electrons are localized in the wells (flat minibands), and
we perform all calculations at zero temperature. The
Ga;_,Al,As layers are modeled as a potential barrier
with height ¥;=100x meV and width d,=a —L, where
x is the partial fraction of Al. The ionized donors inside
the barriers are replaced by a uniform positive back-
ground. The doped regions are separated from the GaAs
wells by undoped layers of thickness d,. The wave func-
tions are calculated using a self-consistent Hartree ap-
proximation with an exchange-correlation potential. This
method is well described by Ando and Mori,!® but for
completeness we give a brief outline in Appendix A.

Il(q,0,z,2z")=

Ll mnm',n'
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III. DENSITY-DENSITY
CORRELATION FUNCTION

The density-density correlation function Il(q,w,z,z") for
a semi-infinite type-I superlattice has been calculated by
Jain and Allen'? and by us.!> It has also been recently
calculated for a type-II superlattice by Tzoar and Zhang'¢
and by us.!’

In this paper we will assume that more than one sub-
band is occupied, the case where intersubband scattering
turns out to be crucial.

Following Ref. 14 we expand the density-density corre-
lation function in the single-particle states

>3 S WanmnlLIEp(z —la)é,(z —1a)E (2" —1'a)E, (2" —1'a) . (3.1

In the random-phase approximation (RPA), I1(q,w,z,z’) satisfies the equation

Hmn,m'n’(lfl’)=H9'1n8mn’8nm’811’+n(r)nn 2 2 an,m”n”(lylu)Hm”n“,m'n'(lu,ll) . (3.2)
i m”,n"
I19,, is the polarizability of the noninteracting system,!° and is given by
Sfenkiq)—f(Emy)
I, =2 . . 3.3
m f 277)2 Enktq—Emix— 0 —i8 (3.3)
Vinn,mn'(1,1') is the electron-electron interaction:
VemmnLIN=V, [ dz [ dz’ &,(z —la)g,(z —la)e =712~ | yae—1+2)
X Em2' 1@z —Ta) 4 8y [ d2 £, (2E (DU (DEm(2)En2) (3.4)

where V, =2me?/eq and a=e ~M(e—¢y) /(e +€p).
tial with respect to the local density n (z) of electrons
8V cln]

Uselz)= én(z)

U,.(z) is the functional derivative of the exchange-correlation poten-

(3.5)

This approximation is equivalent to the static vertex correction.!® In order to reduce the size of the matrix I1,,,, pn/(5,1')

we can symmetrize II in the indices by defining X as

. ’ !
Mmmm»> fm=n, m'=n

Hmm,m’n"‘i“nmm‘nrmr, if m=n, m's£4n',
an,m'n’: . , , 36
Hmn,m'm’+nnm,m'm’, if ms£n, m'=n
Hmn,m'n'+nnm,m’n’+Hmn,n’m"f‘nnm‘,,fm', if m=£n, m's£n’ .
© - ., ifm=n, o
mn = . |
H?nn+ngm, if ms£n .
X obeys then the equation
an,m’n (ll ) Xm"amm 8"" 6” +Xm" 2 2 an,m"n”(l»l“)Xm”n”,m'n'(l”:ll) m<n and m'gn' . (38)
I" m"<n"
[
From the definition of X, it is clear the X is symmetric X(L1") =X 8y +X°- 2 varxan,ry . (3.9)

under m<«>n and m’'<>n’. We can write X, ,'n(l,]’) as a
matrix X, =X where the composite index p only includes
those (m,n) for which m <n. In a quantum well with
four subbands, Il,, - is a 16X 16 matrix, and X a
10X 10 matrix. In matrix form, Eq. (3.8) is then -

As in previous papers, we now Fourier transform all

quantities,12 15,17 eg.,

N—1
( :% 2 —kuaX L1)ei*l'a , (3.10)
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=% >, e™ex(k kel 3.11)
Kk’
where k =2wmwn/aN, n=12,...,N. The Fourier
transform of Eq. (3.9) is then
(3.12)

K(k’kr)___xoﬁk’kl_{_xo.zL/(k,ku).x(ku’kr) .
K

We now decompose ¥ and X into a part diagonal in k,k’,
called the bulk part, and the rest, called the surface part:

V=Vp(k)ox x+Vs(k,k'), (3.13)
X=Xp(k)8y 1+ Xs(k,k") . (3.14)
Equation (3.12) can now be solved to give
Xp(k)=[1—X’Vp(k)]~'X°, (3.15)
X5k, k") = '_e_an X5(k)
$ 4NP (k)P (k') =P

X(A_Eleika_gze~ik'a+gei(k—k')a)
XXp(k'), (3.16)

where P(k)=cosh(qa)—cos(ka). A, B,, B,, and C are

the solutions to

A

M-|g

B,
C

b,

, M- c | (3.17)

a
= by

and g, b, b,, ¢, and M are given in Appendix B.

The poles of X(/,I’) define the collective excitations of
the system. X is also very useful for calculating intensities
of ineleastic Tight scattering (Raman scattering), electron-
energy-loss (EEL) spectra,?’ impurity screening,?' and the
lifetime of excited states.?? The expression for the Raman
intensity has been derived before, so we will only give the
result.”!>1%17 If the incoming and scattered light have
frequencies and wave vectors (o;,q;,k;) and (w;,q,, —k;),
then the Raman intensity is proportional to

F(w,Q)= fdz fdz’ —ik'z 'k’zI [—-(g,w,2,2")] ,
(3.18)
where
W=0; =05 ,
Q=(q,k;)=(q; —qs,k; +k;) .

Using the approximation

i i
k,f=k;=k +Ex ,
where
a).
=—'—Re\/2 ,
20;
%——'—I Ve,

we can write function F(w,Q) as

F(0,Q=—3 A()-Im[X(,I)]-A*(I) (3.19)
Lr
where
A,(0= [ dze 2=/ (z —la)g,(z —la) . (3.20)

2k is thus the momentum transfer to the plasmon from a
photon along the superlattice axis, and A is the photon de-
cay length inside the material. A is responsible for
broadening of the peak. We also introduce a finite life-
time of the excitations by letting w—w+iy, in the ex-
pression for X°.

IV. RESULTS

First we apply the theory to a GaAs-Ga,_,Al, As sam-
ple studied experimentally by Olego ef al.? and theoreti-
cally by several groups. 12,13 The parameters for this sam-
ple are L=260A, a=890A, d,=150A, n,=7.3
x 10! em~2, V=200 MeV, 8=0.2a, N =20. For GaAs
we use m =0.068m,, and

2 2 .
O — Lo+ 1Y ph@

€lw)=€,—5 -
0" —wTo+1Yph@
with € ,=11.1, fiw; 0=36.7 meV, #iworo=33.6 meV. The
self-consistent calculation gives Ey=18.9 meV and
Ey;=12.2 meV, so the two lowest subbands are occupied.
Figure 1 shows the Raman intensity for the intrasubband
plasmon for ga =0.43, 2ka =0.5, y,=v,;,=0.3 meV.
(The experiment of Olego er al. had 2ka =4.94. With
our choice of k, the discrete nature of the plasmon is
more visible.) Jain and Allen found that this system can
be fit very well by a model neglecting subband structure
all together, i.e., a layered electron-gas model (LEG). To
understand this result we compare our results with LEG
calculations: the solid line is a calculation using self-
consistent wave functions and the dashed line the layered
electron gas calculation. The agreement is quite good. It
is due to intersubband scattering, which becomes impor-

INTENSITY (arbitrary units)

)
hw (mev)

FIG. 1. Intrasubband peak for a system with the parameters
ny=7.3x10"" cm~2, a =890 A, L =250 A, ga =0.43, N =20,
2ka =0.5. Solid line is self-consistent calculation, dashed line
layered two-dimensional (2D) electron gas, dotted line diagonal
approximation.
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tant when more then one subband is occupied. This is il-
lustrated by the dotted line in Fig. 1 where intersubband
scattering is neglected, i.e., only the diagonal elements of
X are kept. A simple two-band model reveals the mecha-
nism: In the diagonal approximation the upper part of
the diagonal matrix e(k)=1—V5(k)-X° is, using long
wavelength expressions for X°, and neglecting exchange
and correlation: -

2
@
R 0 0
(9]
D
[0) _EOI
2
(4]
0 0 1——
o2
where
2me’n; q’a;
i = , i=0,1, 4.2)
@i € 1—cos(ka)
|
1— 0’(2)0 _1.217'e2 2n,Eqy sz
CL)2 € CL)Z—E(Z)I ot
2e? nog’ ©p
ﬁ(k): i—————zszm 1—*‘{‘——2 —
€ mo w°—Eg
_ w(z)o l.27re2 2n,Eq, sz
LL)2 € (DZ—E(Z)l o1
where
E2
El=—20 (4.9)
2Er—E,
2= [ dzé(2)26\(2), (4.10)
sin(ka)
=—, (4.11)
1 —cos(ka)
The dispersion relation is now
a)ﬁ—w“(w%]+a),2,)+w2(w(2)1w%:—2w§>8)+a)g(p=0 ,  (4.12)
where
2me’n 2
2= s _9¢ (4.13
@r € l—cos(ka)’ )
d=—7 (0, + 0l , (4.14)
2(1)1)
2
w§0,1= 2me 9 (2nsE81n0’1/m)1/2|s201 | N (415)
1
¢>=—6(w%1w?0+w30a)‘;,) . (4.16)

@p

2
i21rez niq

Er (4.3)
o=t 2Ep—Eq )
Er—E
n, :ns__""_._.L , (4.4)
2Ep—Ey
2me’n E
2 s 01
= L 4-5
@p € 2E,_Eg, ovor> 4.5)
a,=a —}-Lii’ii[l—COS(ka)] ) (4.6)
Lypmn=— [ dz [ dz'&,(2)&,(2) |z —2'
X Em (2" ), (2") . 4.7)

no and n; are the densities of electrons in the first and
second subband, respectively. w;; is the frequency of the
bulk intrasubband plasmon of a system with n; electrons
per well, and wp is the depolarization shift of the inter-
subband plasmon.® The dispersion relation dete(k)=0
gives the intersubband mode w=wq; = (w3 +E3;)'/?, and
two intrasubband modes; w =wgy and w=w,; for ¢—0.
However, when two subbands are occupied, some off-
diagonal elements are of O (1) as g—0. To O(g%e(k) is
for a symmetric quantum well (approximating a;~a)

2 SZ01 , (48)
[0)
w%l

2

m
0]

Assuming that §,p<<1 and wy >>wp we can put
w=wp(14+7), ¥ << 1, which gives us
wp
y=—5—7526—¢),
Wp—Woi

i.e., one intrasubband mode near wp, the value a layered
electron gas model would give. The other mode is now
unphysical (w?<0). This means that electrons in both
subbands contribute to the intrasubband plasmon. The di-
agonal approximation is no longer valid while the more
intuitive picture of the layered electron gas with the total
electron density works well for intrasubband modes.

A situation where intersubband scattering becomes very
important occurs when the energies of the intrasubband
and intersubband plasmons are of the same order. Figure
2 shows @ versus g for such a system. The parameters are
L =320A, a=980 A, d,=150 A, n,=8.2x10" cm~2,
N =6. The calculated Fermi energy and subband separa-
tion are Er=17.6 meV and E,; =6.3 meV, respectively.
One observes the crossing of intersubband and intrasub-
band modes. The shaded area represents single-particle
intersubband excitations. One expects the intrasubband
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Hw

(meVv)

qa

FIG. 2. Dispersion relation o vs g for a superlattice with six
quantum wells. The parameters are n,=8.2X10"" cm~2
a=980 A, L =310 A, d,=150 A, §=0.6a. The intersubband
separation is 6.3 meV. The dashed area is the allowed region
for intersubband single-particle excitations. Due to the relative-
ly weak coupling between intersubband and intrasubband
plasmons in this region, the intrasubband modes do not experi-

ence any significant Landau damping.

plasmons to be damped in this region. However, the cou-
pling between intrasubband and intersubband plasmons is
too weak to give any significant decay of intrasubband
modes into single-particle intersubband excitations.

A more pronounced crossing is shown in Fig. 3. The
system here has the same parameters as in Fig. 2, except
that L =350 A. This gives Er=16.7 meV and Ey; =4.5
meV. More modes are crossing, since the intrasubband
modes are lower in energy. A detail of the crossing is
shown in Fig. 4, for the ka =0.5 bulkmode (infinite sys-
tem) of the system in Fig. 3.

The exchange-correlation potential reduces the energies
of the modes. For the system in Fig. 1 we find a shift of
~0.5 meV for intrasubband modes, while the system in
Fig. 3 experiences a shift of ~0.2 meV. In the case of in-
tersubband modes the shift, which is also called excitonic
shift, is about 0.8 meV for the system in Fig. 1, and 0.3
meV for the system in Fig. 3. This is in agreement with
the results found by Katayama and Ando.!* They found
the excitonic shift to be about 1 meV.

We now turn to Raman intensities. Figures 5(a) and
5(b) show the calculated intensity I versus w, the energy
loss of the scattered light for ga =0.2, 0.5, 0.7, and 1.0, at
2ka =5.8, for a system with the same parameters as in
Fig. 3, except that N =15. As g increases, one observes
how the intrasubband peaks are passing the intersubband
peak. Recently Pinczuk et al.® studied a superlattice,

15

Eo 4.5

ho
(mev) L

0 05 qa 1.0

FIG. 3. Dispersion relation o vs g for a system with the

same parameters as in Fig. 2, except that L =350 A. The inter-
subband separation now becomes 4.5 meV.

where they found the intrasubband peak at a higher ener-
gy than the intersubband peak. We have done calcula-
tions for a system with the same density and intersubband
separation as the one studied by Pinczuk et al., and we
find that it is more likely that the intersubband peak is at
a higher energy than the intrasubband peak. When a

FIG. 4. Dispersion relation  vs g for the ka =0.5 bulk in-
trasubband plasmon (infinite system). The parameters are the
same as in Fig. 3.
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magnetic field is applied parallel to the superlattice axis,
the intrasubband plasmon increases in energy, while the
energies of the intersubband modes are rather unaffected.
This will then result in a crossing between intrasubband
and intersubband modes at a finite magnetic field.

! (a) q0:=0.2

INTENSITY (arbitrary units)

qa=|.0

INTENSITY (arbitrary units)

fw (meV)

FIG. 5. (a) Raman intensities vs w, the energy loss of the in-
coming photon at ga =0.2 and ga =0.5. The parameters are
n;=8.2x10" cm=% a=980 A, L=350A, d,=150A4,
8=0.6a, N =15, y,=y,,=0.1 meV. The intersubband separa-
tion is 4.5 meV. (b) Raman intensities vs the energy loss w of
the incoming photon, at ga =0.7 and ga =1.0. The parameters
as in (a).
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V. CONCLUSIONS AND DISCUSSION

In this paper we have calculated the density-density
correlation function for a finite type-I superlattice, includ-
ing finite width of the quantum wells, intersubband
scattering, many-body effects such as exchange and corre-
lation, and finite-size effects. We find that the finite size
of the superlattice results in a discrete structure of the Ra-
man intensity. The effects of exchange and correlations
are found to be very small for intrasubband modes, and
only minor for the intersubband modes in the form of a
weak excitonic shift. We have demonstrated that inter-
subband scattering becomes very important when two or
more subbands are occupied. Coupling between intersub-
band and intra-subband plasmons is also very important
when the subband separation is of the same order as the
intrasubband plasma frequency. This effect can be
demonstrated experimentally: The variation of the in-
plane momentum transfer g or the momentum transfer k
along the superlattice axis will show the interchange of
the intersubband and intrasubband modes. Some small
broadening of the intrasubband resonances due to the in-
tersubband single-particle excitations is also expected.
Also, both the justification and the range of the validity
of the layered electron gas model and the diagonal ap-
proximation has been given. We have assumed that the
overlap of the electronic wave functions is negligible, thus
assuming thick Ga,_,Al,As layers. For a system where
the barriers are thin enough that this is no longer true, the
theory above can be extended. Effects of a magnetic field
applied parallel to the superlattice axis can also be taken
into account, replacing X° with a corresponding expres-
sion for an electron gas in magnetic field.
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APPENDIX A:
CALCULATION OF WAVE FUNCTIONS

The procedure used here is essentially the same as
described in Ando and Mori.'® It assumes that the elec-
tron has approximately the same effective mass in the
GaAs layers as in the Ga,_,Al,As layers. An approach
that takes care of the actual differences in the effective
mass in the two media is given by Ando.?

The one-electron wave function in a periodic potential
satisfies the Schrodinger equation

# d?
- ——'Egn,kz(Z)'F V(Z)gn,kz(z)zEn(kz )gn,kz(z) s

m (A1)

where k, is the Bloch wave vector, and n is the subband
index,

V=V, 3 O(1LP—[z—(—L)u])

l=—o

+v(z)+ V*(2) (A2)

is the potential well, and v(z) is the Hartree potential
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d? 4re’ aNp ®

- _ - o((+ d,)
dzzv(z) c n(z) d,—2d, 1=2-w ((7d;+d>)
The second term comes from the doping in the
Ga,;_,Al,As layers. A spacer layer of undoped

Ga,_,Al,As with thickness separates the GaAs layer
from the doped region. The doping ions are replaced by a
uniform positive background with charge density Np.
n(z) is the electron density distribution. In order to solve
Eq. (A1), we write £, x (z) as

ia;z
E c(n)k)e 1 ,

I=—w

Enk,(2)= \/1— (A4)
where a;=2ml/a. If the overlap between different wells
is negligible, then the energies E,(k,) are independent of
k. (flat minibands), we can write &, (z) in terms of the
following Wannier functions:

Eni (= 3 &bz —la) (AS5)
l=—o
where £,(z) is the wave function for a single cell. It is
given by
1 i 1 i
&)= Beie ™= = Bk, =0T (A6)
In Fourier space Eq. (A1) is
ﬁZ
m (k +(11) +EV1_1C1 (kz)
=E,(k,)c;"(k,) (AT

where

Vp(k)=V,[g_(q)e*—

where
gapp@= [ dz [ dz’ £ (2)E,(2)
Xe~1FEE (2)E,(2") (B2)
g (@)= [dz [ dz'£,(2)6,(2)
xe 91221, (2)EM2") (B3)
and
Vs(kok) =V, =

Ve 4NP (k)P (k")

ng_Qleika_bze—ik’a+£ei(k—k )a) ,

e ) +g_(—q)e®—e—9)]/2P(k)+

2_[z—(+73)a]») (A3)
_ Yo, |TL
=T a
47e? aNp
e VXC
€ " d1—2d2 77'1 Sln +d2 l !
(A8)

The exchange-correlation potential used here is the same
as used by Ando and Mori. It is used for calculating the
ground state as well as the excited states. The expression
has been parametrized by Gunnarson and Lungquist:**
2 1 1.14
+

Vre=_-" | = 10.545In
mTa ¥ s

Ry*, (A9)

where a=(4/9m)'/3 and

—1
47, .

niz)= 3 —(apr,)’

and aj and Ry* are the effective Bohr radius and effec-
tive Rydberg. The matrix equation (A7) is truncated at
! =1, and solved iteratively for k, =0. It converges fast
(approximately ten iterations). Note that if the wave
functions &,(z) are localized in quantum wells, they can
be used as a very good approximation of the wave func-
tion in a finite system.

APPENDIX B:
CALCULATION OF MATRIX ELEMENTS

The bulk and surface parts of ¥(k,k’) are respectively,

V,8%q)+ U, , (B1)

=g (@)+g_(—q)+ag, (gle®, (B5)
bi=g_(qle ™ ¥+g_(—qgle?tag,(qle®, (B6)
by=g_(qle?+g_(—qle ™ “+ag, (qle?, (B7)
=g_(g)+g_(—q)+ag,.(q), (B8)
d=(1—e N)q . (B9)

The matrix M in Eq. (3.17) is given by

1-a-G—by-H a-H,—b)G
M= Q’H—Ql'g l—c-G+b,-H, |’ (B10)
where
1—e 99N 1
G= Xp(k), (B11)

= 4N ~ P(k)?
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—e—9aN tika we find
Ho=1=2 3 ¢ yk). (B12)
4N % P(k) — (» i
~ . a < n n
The wave functions &,,(z) are given by the following  &p(g)=2sinh _‘12_ 23 (—D'Re kqa Ry qa
Fourier expansions: =1
& B18
En)=—= 3 cfme’ (B13) (BI8)
Va = 0 :
=— 8pp'(q) finally is
where a;=2l/a. The phases of ¢,™ are such that &,,(z) nPn?"
are real functions. We notice that the parity of &,,(z) is gpp =2qa z eay 1 anilt
(—1)™ if the overlap between the wells is negligible and o (qa)’ +4m’l
the potential well is symmetric under spatial inversion. ) ,
Defining —2(1—e~™)[(q@)’h P'h P’ —ax’h'h¥]
~ s
Q= [ dz&, (26, (e, (B14) B19)
we can express g (¢) and g_(q) in terms of g where
—5 (g)g. "+m’
8 (@) =8, (q)g(g)(=1)" T | (B15) np Re(n!?)
(9 =8, (@)Z(q) - B16 h T +2 ——, (B20)
g4 pp (D=8 (@ (q) (B16) = (qa) 121 (qay 1+ anl
Defining
Im(n;?’)
nP = zc(”’) , (B17) R =2 2 (—1) _2’_ ) (B21)
= (ga)®+4721?
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