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A three-body-interaction potential (TBP) model has been formulated by incorporating the effects
of long-range Coulomb and three-body interactions and short-range van der Waals and overlap

repulsion, effective up to second neighbors. The three-body interactions arise from the electron-shell

deformation when the nearest-neighbor ions overlap. This TBP has been employed for detailed

studies of pressure-induced phase-transition and high-pressure behavior of divalent metal oxides.
The model has yielded somewhat more realistic predictions of the phase-transition and high-

pressure behavior as compared to those derived from the usual two-body potentials based on

phenomenological and ab initio approaches.

I. INTRODUCTION

In a recent paper, ' we reported results for the phase-
transition and high-pressure behavior of divalent-metal
oxides obtained from two model potentials, one formula-
tion by Sangster and Stoneham (model I) and one by
Mackrodt and Stewart (model II). In these studies, we
found that the results of the simple phenomenological
model I were surprisingly more or less identical to those
derived from the relatively more sophisticated model II
and the modified electron-gas (MEG) model of Cohen and
Gordon for the case of MgO and CaO crystals. Recent-
ly, Chang and Cohen used the pseudopotential method
within the local-density theory (LDT) and predicted the
phase transition (B&~B2) pressure to be 1050 GPa in
MgO. This value is much higher than the values ranging
from 117 to 372 Gpa predicted by other theoretical work-
ers. ' ' Very recently some more efforts have been made
to predict the phase transition in MgO. Mehl et al. used
a general potential linear augmented-plane-wave (LAPW)
method and find a phase transition at 500 Gpa. Bukowin-
ski' has also studied the B& and B2 phases of MgO using
a total energy muffin-tin AP%' program to find a phase
transition at 200 GPa. A quasiharmonic calculation of
the B~ phase of MgO, based on electron gas potential, was
carried out by Hemley et al. " However, the experimental
measurements of phase transition pressure based on
shock-wave' and diamond-ceil' methods reveal that the
phase transition (B~~B2) in MgO is expected to occur
beyond 120 and 95 GPa, respectively. In fact, such differ-
ences between theory and experiment for structural phase
transitions are found not only in the case of MgO (Ref.
14) alone, but in other oxides also. For example, the
predicted value of the transition pressure for SrO is nearly
100 Gpa, which is higher than its observed value, 36
Gpa. ' A similar but quantitatively smaller discrepancy
is also found in the case of CaO by Jeanloz et al. ' Thus,
there is an obvious need for further refinements in the

TABLE I. Input data (elastic constants are in CxPa and ro is
in 10 ' nm).

Crystals

MgO
Cao
Sro
BaO
MnO
FeO
CoO
NiO

289'
226c
173
126'
223g
359"
256'
270'

C12

88'
62'
45"
36

120g
156"
144'
125'

155'
81'
56"
34'
79g
56"
80'

105'

2.106'
2.405
2.580b

2.761b
2.222b

2.155
2 133
2.084'

'Reference 28.
Reference 29.

'Reference 30.
Reference 31 ~

'Reference 32.

Reference 33.
gReference 34.
"Reference 35.
'Reference 36.

available theories to eliminate these deviations.
Besides the above deficiencies in the available theories,

it is found that model I, in our earlier work, ' was origi-
nally formulated for the specific purpose of calculating
the defect energies which required oversimplifications
such as the common oxygen polarizability and interac-
tions for all divalent metal oxides, negligible cation-cation
interactions, and the absence of van der %'aals terms in
the anion-cation potential. This potential, as such is
inadequate for high-pressure studies. In contrast, model
II in Ref. 1 takes proper account of the van der Waals
forces and makes use of the spirit of microscopic ap-
proach for the parameter determination. The MEG cal-
culations are also subject to some deficiencies, which as
pointed out by Cohen and Gordon ' themselves, are due
to neglect of many-body interactions in these studies.
Since the interaction system of all these models consists of
only two body pairwise additive potentials therefore, they
fail to account for the Cauchy violations (C,2&C44),
which are significant in almost all the divalent metal ox-
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TABLE II. Model parameters of divalent metal oxides.

Crystals

MgO
Cao
SrO
BaO
MnO
FeO
CoO
NiO

0.276
0.319
0.337
0.362
0.303
0.297
0.280
0.275

P++
(10 ' nm)

0.145
0.189
0.207
0.207
0.211
0.211
0.211
0.211

0.368
0.402
0.410
0.426
0.375
0.368
0.370
0.370

b
(10-" J)

2.193
2.013
2.087
1.658
2.826
2.762
2.582
2.468

0.0068
0.0019
0.0011

—0.0049
0.0259
0.0252
0.0251
0.0258

f'(ro)
(10" m-')

—0.0582
—0.0245
—0.0176

0.0039
—0.0854
—0.0849
—0.0896
—0.0938

f"(ra)
(10 m )

0.3499
0.1428
0.1219
0.0660
0.2817
0.2856
0.3203
0.3413

ides (DMO). Also, the semiempirical studies' ' on lat-
tice dynamics and statics have shown that nonadditive
three-body interactions are important in DMO as there
occurs appreciable decrease in their nearest-neighbor
separations at high pressures involved in the pressure-
induced phase transition. Thus, it is evident from the
above view points that a realistic model potential for
DMO must include the effects of three-body' ' and van
der Waals interactions. Motivated from these require-
ments, we have formulated a more realistic three-body po-
tential (TBP) which consists of the long-range Coulomb

and three-body interactions (TBI) and short-range overlap
repulsion of Hafemeister and Flygare (HF) type, van der
Waals dipole-dipole and dipole-quadrupole attractions
whose coefficients have been obtained from the Slater-
Kirkwood variational (SKV) approach.

The proposed TBP model has been found to give im-
proved results and successful description of the high pres-
sure behavior of DMO. These results in most cases are
better than those obtained from microscopic models
whose parameters are derived from ab initio approach and
short-range potential considered effective up to fourth

TABLE III. Phase transition and high-pressure behavior of divalent metal oxides.

Crystals

MgO

Cao

SrO

BaO

MnO

FeO

CoO

NiO

Models

TBP
I
II

MEG (YA)
MEG {Wat)

LDT
Expt.
TBP

I
II

MEG (YA)
MECx (Wat)

Expt.
TBP

I
II

MEG
Expt.
TBP

I
II

TBP
I
II

TBP
I
II

Expt.
TBP

I
TBP

I

bU
(kJ/mole)

191
130
163
197
163
145

130
117
134
138
129

111
114
117

112
111
115
90

130
136
103
129
136

103
118
113
121

Transition
pressure P,

(GP.)

'

302
172
202
372
256

1050
) 120

115
106
108
162
121

70+ 10
80
95
88

) 136
36+4

105
86
85
96

166
122
119
158
128

-90
112
119
137
133

Relative change
in volume at P,

(%)

4.0
4.2
5.0

1.8

4.7
4.7
5.5

11.0
4.7
4.0
4.5

13.0
1.7
3.3
3.5
5.2
3.8
5.3
4.4
5 ' 3
5 ' 5
4.0
4.8
6.5
5.0
6.2

Shear
Instability

(GPa)

1310
295
765
932
555

350
173
328
537
342

225
143
353

245
113
373

1000
258
363

1280
283
340

1050
270

1360
298

Reference

present
1

1

4
4
5

12
present

1

1

4
4

24
present

1

1

15
15

present
1

1

present
1

1

present
1

1

24
present

1

present
1
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neighbors. Moreover, the inclusion of three-body effects
has improved the prediction of phase transition pressure
over those revealed from the models I and II, reported in
our earlier paper. ' A comparison of our results obtained
from TBP model is, however, difficult in the case of high
pressure region because the experimental data are avail-
able only for the low-pressure range (0—30 GPa) for hy-
drostatic compression while the pressure induced phase
transition in DMO occur much beyond this limit. For
high pressures, the interpretation of the shock-wave ex-
perimental data is quite difficult due to uncertain thermo-
dynamic conditions (as mentioned in Ref. 4) and the
smallness of the time duration over which the material is
actually under high pressure in these experiments, while
the theoretical calculations assume isothermal conditions
at 0 K. In view of the geophysical, academic and techno-
logical importance of the DMO and until the availability
of high-pressure data, the present theoretical investiga-
tions with this improved TBP model might be of great

O. I

importance and use in the understanding of the nature of
crystal interactions and high-pressure behavior of these
oxides. A brief account of the present TBP model and the
method of calculations is given in Secs. II and III, respec-
tively. The computed results have been presented and dis-
cussed in Sec. IV.

II. MODEL POTENTIAL

The crystal energy of DMO corresponding to the lattice
separation r;J, in the framework of TBP is expressed as

U(r)= g'Z;Zze rz '+ g'Z;Zje rJ 'f(rk)+ gcz rj

+ g dz rz +.Q. bf3&exp[(r; +rj. r;& )/p—,j.]., (1)

where the first term is the long-range Coulomb energy,
the second term represents the three-body interaction ener-

gy,
' third and fourth terms represent the van der Waals

interaction energies and the last term is the HF form of
short-range repulsive energy. The symbols involved in
Eq. (1) have their usual meaning, as explained by Singh
and Sanyal. ' Here, the TBI potential has only three basic
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FIG. 1. Phase diagram of MgO and CaO. , TBP;
, model I; ———,model II;,MEG (YA);

——- —-, MEG (Wat). Experimental points 0 and ~ are taken
from Refs. 41 and 13, respectively.

FICx. 2. Phase diagram of SrO and BaO. Other notations are
same as in Fig. 1. Experimental points (0) for SrO are taken
from Ref. 15.
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parameters, e.g., b, p,j, and f (r). We have considered p;~.

to be different for different ion pairs and used their equili-
brium values reported by Mackrodt and Stewart for all
DMO except CoO and NiO. The values of p+ for CoO
and NiO have been calculated assuming p++ and p to
be the same for all transition metal oxides. The values of
b and f(r) and its derivatives f'(r) and f"(r) needed for
all the oxides are evaluated using the experimental elastic
constants and lattice parameter at zero pressure. Also, we
have assumed f ( r), f'(r), and f"(r) to be the structure-
independent parameters. The function f( r) is not ex-
panded in a Taylor series and the sum of the second term
in Eq. (1) is cut off beyond first neighbor. ' ' Moreover,
we have not used any input data from its pressure proper-
ties which are intended for the prediction in the present
study. The input data and model parameters are given in
Tables I and II, respectively. The details of the potentials
of Models I and II used here for comparison, have been
given in Ref. 1 and are not repeated in this paper.

III. METHOD OF CALCULATIONS

The general procedure adopted in the present analysis
of relative stability and phase transition of DMO is the
same as that in our earlier paper. ' The values of the ener-

gy difference b, U [= U(B2) —U(B, )] have been obtained
by calculating the cohesive energies U(Bi ) and U(B2) for
NaC1 (Bi ) and CsC1 (B2) phases using the Eq. (1) in its
relevant forms at 0 K. The Gibbs free energies G(Bi)
and G(B2) for the two phases at different pressure and
corresponding variations of b,G [=G(B2)—G(Bi)], cal-
culated from the present TBP model has enabled us to
determine the phase transition pressure (P, ) at which KG
becomes zero. The trend of variation of AG with pressure
is the same as that in the case of models I and II, as re-
ported in our earlier paper, ' and hence the graphical pre-
sentation of variation of hG with pressure is avoided in
the present paper. The values of hU and transition pres-
sures (P, ) thus obtained have been reported in Table III,
and compared with the available experimental' ' ' " and
other theoretical' ' results. In order to make a critical
assessment of the success of various theoretical predic-
tions, we have presented the available results of MEG
(YA) model, and LDT (based on pseudopotential) model
of Chang and Cohen in the same table.

The calculated values of relative volume change
bV/Voi (a—s defined in our earlier paper') have been

presented in Table III. The corresponding compression
curves (relative volume changes versus pressure) for all
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FIG. 3. Phase diagram of MnO and FeO. Other notations
are same as in Fig. 1. Experimental points (o ) are taken from
Ref. 42.

FIG. 4. Phase diagram of CoO and NiO. Other notations
are same as in Fig. 1. Experimental points (o ) are taken from
Ref. 42.
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the DMO are plotted in Figs. 1—4. For a meaningful
visual comparison of the merits of different models to
predict the experimental data in the 1ow-pressure region
(0—30 CxPa) we have plotted them separately in the
above-mentioned figures.

The pressure variations of second-order elastic (SOE)
constants of DMO in NaC1 phase, obtained from TBP
model have been presented in Figs. 5—12. The required
expressions for the SOE constants appropriate for the
present three body potential are given below for NaC1
phase:

2

C)( ——
~ [—5. 112Z~+A )2+ —,(A )(+A22+8))+B~p)

4ro

3000,
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4ro
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FICx. 6. Variation of elastic constants with pressure for CaO.
(a) C», (b) C», (c) C44. Other notations are defined in Fig. 1.
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FICx. 5. Variation of elastic constants with pressure for MgO.
(a) C~~, (b) C~2, (c) C~. Other notations are defined in Fig. 1.

FIG. 7. Variation of elastic constants with pressure for SrO.
Upper panel: Ci 1 and Ct2, lower panel: C44. Other notations
are defined in Fig. 1.
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6000.
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FIG. 12. Same as in Fig. 7 for NiO.

more appropriate for present calculations. The pressure
derivatives of SOE constants are expressed as

(dC44/dP) =Q '[ —l l.389Z —A, +3B,
——,( C2 +2A 2

—10Bq )

44.652Zrpf'—(rp)],

(dB/dP) =Q '[ —4.658Z~ +A )+Aq ——,
' (C) +C2)

(5)

where

and

Q = —2. 330Z +A
& +A z +27.961Zrpf '( r p )

B = —,(Ci, +2C12); C = —,(Cii —C)p) .

3;, B;, and C; are the short-range force constants, defined
in Ref. 18. The calculated values of pressure derivatives
of SOE constants have been presented in Table IV and
compared with the available experimental and other
theoretical results.

IV. RESULTS AND DISCUSSIONS

It is obvious from Table III that the present TBP model
has correctly predicted the relative stability of competitive

+.55.921Zrpf'(rp) —13.980Zrpf"(rp)],

(6)

(dC/dP) =Q '[ —11.838Z ——,C) ——,(Cp+6A2 —6Bp)

+25. 537Zr pf'( r p ) —6.990Zr pf "(r p )],
(7)

structures as the values of hU are positive in all cases. It
is also interesting to note that the magnitudes of b U ob-
tained from our TBP model are nearly the same as those
obtained from other theoretical models' ' in all DMO,
except for MnO. A look at Table III also shows that the
values of the phase transition pressure ( P, ) obtained from
our TBP model are generally closer to available experi-
mental data. ' ' ' In case of MgO, the higher value of
P, obtained from TBP is mainly due to the three-body in-
teractions and this is in keeping with the trends shown by
the results obtained from MEG (YA) model and recent
calculations made by Chang and Cohen from local-
density theory and Mehl et aI. from LAPW method,
which also explicitly contains many-body interactions. It
is seen from Fig. 1 that the static compression curves for
MgO obtained from models I and II and present TBP are
identical at low pressures and they show deviation from
the experimental data at room temperature. ' ' ' On the
other hand, the compression curves calculated by Hemley
et al. " (not shown in Fig. 1) incorporating the tempera-
ture effects in the electron gas model give better agree-
ment with experimental data' ' ' at room temperature. It
is obvious from Table III that our TBP results have yield-
ed better predictions of B

&
-Bz transition pressure for

MgO, CaO, and SrO than those achieved from MEG
(YA) (Ref. 4) and LDT (Ref. 5) models. However, our
TBP results on them are still larger in magnitude by about
50 GPa in CaO and SrO and over 150 GPa in MgO than
their corresponding experimental values. ' ' ' This
might be due to the pronounced effects of three-body in-
teractions (TBI) in these solids. It is, however, interesting
to note that the TBP results on P, for SrO and FeO have
shown better agreement than those obtained by us'
without making use of TBI effects.

The relative volume changes of 4.4% at the transition
pressure predicted from the present model are in good
agreement with its experimental value of 4% in FeO. 24

The predictions of relative volume change for other oxides
in this respect are, however, lower from the present model
as compared to those obtained from earlier models. '

Compression curves in the low pressure range show that
MEG (Wat) model, is superior in case of MgO and CaO
but the present model predictions are comparable with
other models and hence we may conclude that TBI effects
have not shown any marked improvement in this respect.

The pressure variations of SOE constants, shown
graphically in Figs. 5 to 12 shows that the general trends
is maintained by the present TBP model. However, a sig-
nificant increase in the value of shear instability is
predicted by the TBP in case of MgO and transition metal
oxides. For MgO, this trend of predicting very high
values of shear instability (1310 GPa) is consistent with
the high values (1050 Gpa) of P„predicted by LDT.
This can be considered interesting as the value of shear in-
stability should always be more than the transition pres-
sure and the present model in this respect has shown im-
provement and provided support to the prediction
achieved from LDT pseudopotential model for Mg0.
The successful predictions achieved from the present
model in MgO and CaO can be considered remarkable in
view of the fact that it has considered overlap repulsion
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TABLE IV. Pressure derivatives of second-order elastic constants of divalent metal oxides.

Crystals

MgO

Cao

SrO

Bao

MnO

FeO

CoO

NiO

Models

TBP
I
II

MEG (YA)
MEG (Wat)

Expt.
TBP

I
II

MEG (YA)
MEG (Wat)

Expt.
TBP

I
II

Expt.
TBP

I
II

TBP
I
II

TBP
I
II

Expt.
TBP

I
TBP

I

dC44

dP

1.50
—0.12

0.78
0.43
0.41
1.12+0.06
0.41

—0.10
0.38
0.17
0.19
0.60+0. 1'
0.20

—0.06
0.24

—0.02'
—0.05
—0.02

0.30
1.60

—0.07

0.30
1.67

—0.11
+ 0.27

1.63
—0.20

1.81
—0.20

dB
dP

2.87
3.85
4.75
4.21
4.02
4.29+0.08
3.44
3.90
4.45
4.25
4.09
4.8+0 1'
3.47
3 ~ 84
4.38

-4.4
3.59
3.78
4.42
3.21
3.82

4.55
3.28
3.88
4.60
3.20+0. 3
3.34
4.06
3.24
4.06

dC
dP

1.68
2.96
2.89
2.67'
2.41'
3.67'
2.65
2.99
3.08
3.12'
2.85'
3.40+0.8'
2.90
2.94
3.20
4.00'
2.91
2.70
3.16
2.18
2.84

3.36
2.10
2.99
3.46

2.35
3.39
2.03
3.37

Reference

present
38
38
4
4

present
38
38
4
4

present
38
38

present
38
38

present
38

38
present

38
38
24

present
38

present
38

'Obtained from Ref. 4 using C =
2 (C&~ —C»).

Reference 39.
'Reference 28.

Reference 32.
'Reference 39.
Reference 40.

effective only up to second neighbors while MEG (Ref. 4)
model considered it up to fourth-neighbor ions.

The pressure derivatives of SOE constants presented in
Table IV show that the values of dC44/dP obtained from
TBP model are in better agreement with their available
experimental data ' than those achieved from MEG
models. However, the predictions of dB/dP and dC/dP
obtained from TBP model is not so good as those revealed
by MECz models. This might be due to the exclusion of
short-range higher-neighbor interaction effects, which
play an important role in such predictions.

Finally, we may conclude that the simple three body
potential model has yielded somewhat more realistic pre-
dictions of the phase transition and high-pressure
behavior of the alkaline earth and transition metal oxides
as compared to those achieved from the relatively more
sophisticated models based on microscopic approach. The

inclusion of three-body interactions has improved the pre-
diction of phase-transition pressures over that obtained
from the two-body potentials. Except for the higher
values of the shear instability predicted by the present
TBP model in some oxides, there is no marked changes in
the predictions of the high-pressure elastic behaviors. The
use of a suitable functional form for three-body force pa-
rameter f (r), instead of using it as a structure indepen-
dent model parameter, might improve the usefulness of
the present model for estimating the actual high-pressure
behavior of divalent metal oxides.
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