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We consider the critical properties of the two-point resistance and its fluctuations due to micro-
scopic noise in a randomly diluted resistor network near the percolation threshold p.. We introduce
a n X m replicated Hamiltonian in order to treat separately the configuration average over the ran-
domly occupied bonds denoted [ ],, and the average over probability distribution function of the

fluctuating microscopic bond conductance, denoted { },.

We evaluate a family of exponents {1}

(1=2,3,...) whose values are 14+ O(€) with e=6—d where d is the spatial dimensionality. Each ¢,
governs the critical behavior of the /th cumulant of the resistance between the sites x,x’ conditional-

. . . — , v/
ly averaged subject to the sites being in the same cluster such that Cg (x,x')~ | x—x"| ' 7 for P
near p., where v, is the correlation-length exponent for percolation. Furthermore, ¢,=1+¢€/105

. . . . . . . [ 2%47
determines the dependence of the variance of the resistance in a finite network on size L as L 2p,

I. INTRODUCTION

The randomly diluted resistor network is one of the
simplest models of random media. Recent analysis has
shown that its critical properties near the percolation
threshold! are far more complicated than a simple analo-
gy with traditional second order thermodynamic phase
transitions would suggest. Harris et al.*® calculated
corrections to first order in e=6 —d where d is the spatial
dimension for an infinite set of crossover exponents {d, }
that reduce to unity at the upper critical dimension d,. =6.
The first member is the previously identified*> exponent
¢, determining the conductivity exponent®’

t=(d =2, +¢;, (1.1)

where v, is the percolation correlation length exponent.
Higher ¢,’s describe correction to scaling in the distribu-
tion function for the resistance between two points. Ram-
mal et al.® proposed the existence of another infinite set
of exponents {x,v,} describing resistance fluctuations
arising from the microscopic noise in the resistors
comprising the random network. They raised the ques-
tion of a possible connection between the sets {x,} and
{dn}. A set of exponents {{,,} equivalent to {—x,v,}
was also proposed by de Arcangelis et al.® In addition, de
Arcangelis et al.'° have proposed the following relation
between ¢(r), the crossover exponent for the nonlinear
(V ~I") network, and the {x,]} :

¢1(r)= —X(14+n2Vp - (1.2)

A different relation of this type is obtained in the follow-
ing paper.!! Thus the status of the x,, has many ramifica-
tions.

In this paper, we will develop a field theory for a ran-
dom noisy network in which each resistor has voltage
fluctuation proportional to I? for constant current I. We
will introduce an infinite set of crossover exponent {1, }
describing the effects of noise on fluctuations in the resis-
tance between two points. We then calculate the correc-
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tion to first order in € for {¢,}. The set {1,} is identical
to the set { —x,v,} introduced by Rammal et al.,® but
for n>1 is distinct from the set {¢,] introduced by
Harris et al.»® A trivial homogeneity requirement shows
that ¥, and @, are identical. The present formulation also
shows the existence of a further extended family of ex-
ponents whose values are not calculated here. Thus the
noisy diluted resistor has several families of crossover ex-
ponents reducing to unity at d. =6.

This paper is organized as follows. In Sec. II we define
various quantities which characterize the resistance noise
and higher-order resistance fluctuations on the randomly
diluted resistor network near the percolation threshold p,.
We introduce exponents {1, } to describe the large separa-
tion behavior of cumulants of the resistance at the thresh-
old and, using finite-size scaling, establish their identity
with { —x,v,}. In Sec. III we develop a field theory for
the noisy network using the formulation introduced by
Stephen!? and show how it can be used to calculate the
cumulants of resistance introduced in Sec. II. In Sec. IV,
we calculate the order-€ correction to {¢,} and in Sec. V,
we discuss our results and compare with existing theories.

II. SUMMARY OF THE RESULTS:
NOISE IN THE RANDOM RESISTOR NETWORK

A. Noise in a resistor network

We first consider an arbitrary network of sites x con-
nected by bonds b. Each bond b has a conductance o,
which is an independent random variable with mean o,
and variance A (A <<oy). For convenience, we will take
the distribution function for each o, to be the Gaussian:

flo)= 2aA?) 1 2exp][ —(0—00)?/24%] . (.1

In general quantities such as resistance between two sites
will depend on the set of values {o,} of all conductances
of the network. Averages over f of a variable 4 depend-
ing on conductances {0}, } will be denoted by { 4},:
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()= [ TIdos flop)A({os}) . 2.2
b

For a given realization of conductances {0}, the resis-
tance between sites x and x' is denoted by R(x,x';{op}).
Then the statistical properties of the resistance are charac-
terized in part by the average resistance, { R(x,x')}, and
its variance

{8R(x,x")R (x,x")} s

={[R(x,x)—[R(x,x)} P}, = Cr"?*, (2.3

where Cg'? is the second cumulant of the resistance. We

can also consider higher cumulants Cg‘™(x,x’) of the
resistance. The first cumulant of resistance Cg'"(x,x’) is
just the average resistance {R(x,x')},. Following Ram-
mal er al.® we introduce the noise correlation function
Sr(x,x') as

Cr?(x,x")

= R 27 (2.4)
(R(x,x)}%

SR(X,X’)

B. Random resistor network

We now consider a randomly diluted network on a d-
dimensional lattice such that each nearest-neighbor bond
is occupied with probability p and unoccupied with proba-
bility 1—p. The f-averaged resistance and its cumulants
introduced above will depend on the configuration ¢ of
the randomly occupied bonds. We therefore introduce an
additional average over these configurations. This aver-
age will be denoted [ ],,- In performing this average, it
is important to recognize that the resistance between
disconnected sites is infinite. Accordingly we consider
only sites in the same cluster using the pair connectedness
indicator function v(x,x’;c) which, for the configuration
¢, is unity if sites x,x’ are in the same cluster and is zero
otherwise. Then, for the random resistor network, the mo-
ments of the resistance and the noise correlation function
between sites Xx,x’ conditionally averaged subject to the
sites being in the same cluster are given respectively by

[V(X,X';C){R(X,XI;C)}7]av
X, (x,x')
[v(x,x;¢)SRr(X,X";¢) )0y

Xp(x,x")

R™x,x")= , (2.5)

S(x,x') = s (2.6)
where X,(x,x')= [v(x,X’;c)],, is the susceptibility func-
tion for percolation. We may also consider conditional
averages of higher-order cumulants of the resistance

[v(x,x'50)CR™(x,x"5¢) oy

2.7
X, (x,x") @7

Cr'™(x,x")=

Note that the cumulants have been defined with respect to
an average over f whereas the moments are defined with
respect to average over the configurations c.

In the following section, we will develop a field theory,
by which we can calculate the resistance and its fluctua-
tions near the percolation threshold p.. It will be shown
in Sec. III that the moments and cumulants of the resis-
tance have the following scaling form near p, :

R™x,x') ~ 05 ™ | x—x'| ”"”'/VI’X,,l X=X , (2.8)
&p
Cr™M(x,x') ~ o5™ | x—x'| ¥y, | L2=2L | | 29

&p

where £, ~ |p—p. | » is the percolation correlation
length and ¢, is a member of a new family of exponent
whose values are 1 +O(e). Here X,, and Y,, are undeter-
mined scaling functions.

We may also consider the average resistance R(p,L)
and normalized noise Sg(p,L) for a finite network of
linear size L at bond concentration p by averaging over
the choice of the sites x and x':

S R(x,x")X,(x,x’)

R(p,L) = — , .
(p,L) S X, (2.10)
Z[E(X,x’))(p(x,x’)]
Sp(p,L) = =% .
r(p,L) EXP(X,X') (2.11)

Note that R(p,L) is the average of the two-point resis-
tance R(x,x’) over the choice of the probe sites x and x’
rather than the configuration average of the resistance of
a sample which is placed between two (equipotential) bus
bars. Since near p., X,(x,x’;c) obeys the scaling relation,

X,(x,x'5¢)= | x—x'| —lamzmy)
wx, | 22X L | (2.12)
§p gp
we obtain in the limit A /oy << 1
R(p,L) = o5 ' L*"g, L , (2.13)
P
Cr™(p,L) ~ o5"L""?g, L, (2.14)
P

where the g,’s are undetermined scaling functions. A
somewhat more elaborate analysis to be presented in Sec.
III predicts

L

£p

— — v 2
SelpL) = LY A, , (2.15)
90

where 4 is a scaling function.

Now we infer the behavior of these scaling functions
g,(x) and h(x) in the limits of x <<1 and x >>1. For
small x, i.e., if we are sufficiently close to p. such that
&p >>L holds, then

R(p,L) ~ L* o5, (2.16)
(W,—26,)/v, A

§R(p,L) ~ L > -
Jo

(2.17)

The scaling forms Eqgs. (2.13) and (2.14) are the same as
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suggested by Rammal et al.® based on the self-similar
structure of the percolating random resistor network near
Pc- Their exponents {x,} which are defined by the
characteristic size dependence of the 2nth moment of the
current in a microscopic bond are equivalent to our {1, }

with  x,=—1v,/v,. In this paper, we obtain
U,=1+€/105+0(€>).
Using ¢;=1+€/42 and v, = % + %e, we have
P (2.18)
Vp 21
2¢, —
p=lbiz¥e_, 17 (2.19)
Vp 105
for the exponents introduced by Rammal et al.,® B=x,

and b, which describe the scaling behavior of the resis-
tance and noise, respectively. Note that our results for i,
satisfy both the inequality®'>'* ¢, <@, and also the
bound®!*!* ¢, > 1. Furthermore, our results for 1, obey
the colrswexity relation 8%y, /3n2>0 given by Blumenfeld
et al.

Now we consider the scaling behavior of g,(x) and
h(x) for large x. We note that in the homogeneous net-

work (p =1, L >>£,), R and S scale as®'?
Rp=1,L)~L~4-% (2.20)
Srip=1,L)~L—°%. (2.21)

By comparing these equations with Eqgs. (2.13) and (2.14),
we get the asymptotic behavior of the scaling function g;
and A for x >>1:

GT(,(x,x’)-——

’

ImI [flexp[— LTk2gR(x,x';¢)] ]
1

B=1 |a=

f

av

I

where K is a tensor with components k,g. Equation (3.1b)
follows from the fact R(x,x’;c) is infinite if x and x’ are
in different clusters. The conditionally averaged cumu-
lants of the resistance introduced in Sec. II can be ob-
tained using the identity

G.ﬁ.(x,x )=

x,x';c) exp EK, Cr(x,x")

>

v (

(3.2)
where K| is defined by

= (3.3)

’(1'

324

Since each K; is algebraically independent, we can obtain

(x,x;50)]1 ‘Hexp[— +kZpR(x,x';¢)] '
B a
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—(d—=2)—¢/v,
gl(x)~x 1 ’

d—(¢,—28,)/
h(x)~ g

Then the scaling behaviors of R and Sz for L >>¢&, are
respectively

(2.22)
(2.23)

I?(p,L)~—di_—2— lp—pc |77, (2.24)
Sr(p,L)~ ,, |p—pc| 7", (2.25)
where
—(d =2+ =3— =€ (2.26)
21
and
19
K=dv, — (20— 9)=2— S =€ .27

Hence if the network is sufficiently large (L >>§,), the
average noise Sy retains the characteristic scaling
behavior of the homogeneous network with the critical
dependence of |p—p. | 7%

III. FIELD THEORY FOR THE RANDOMLY
DILUTED RESISTOR NETWORK

A. Replica formalism

In this subsection, we will develop a field theory for a
model when we randomly dilute the noisy network. The
probability distribution for the resistance between sites x
and x’ is determined by the generating function

(3.1a)

) (3.1b)

av

the conditionally averaged resistance and its cumulants
defined in Egs. (2.5) and (2.7) simply by :

R(X, X)X, (%,X') = [v, (%, X ) [R(x,X;¢)} s Loy

=lim il (3.42)
n—0 0K, " ’ )
Cr(x,x X, (x,X') =[v,(x,x')Cr P(x,x') ],
=1lim —a—GE(—x’x—,) (3.4b)
n—0 dK;

k=0

Likewise the conditionally averaged noise correlation
function defined in Eq. (2.6) is obtained by
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0 G (x,x)
— , , K
S(x,x X, (x,x') = f_de1K1-aE2—— s (3.5
27037 =
We note that G‘E'( x,x’) can be obtained from the replicated Gaussian field theory for the resistor network using

exp[ — %kiﬁR(x,x';c)]z % f dV gexpl —H og(0p ) Jexp{ik 4p[ Vop(x) —Vop(x)1} (3.6)
where H ,z is defined by

Hoplop)=75 3 0p[Vap(x)—Vap(x)]? (3.7

x,x’)

and

Z= [ dV.gexpl —H,p(05)] - (3.8)
Thus GY( x,Xx') may be written as

GT(.(x,x’)= { f DVIT i1z "1 exp{ikag[Vaﬁ(x)—VaB(x’)]}exp(—HaB)} , (3.9

B @ f Jav
where DV =]]dV,p. This equation and the relations lim, ,,Z"=1 and lim,,, _,o[ {Z"}}],,=1 imply
aB

G.k_(x,x')z'lli_r,r})(\ll.ﬁ.(x)\ll_r(x’)) , (3.10)
where

W.(x)=exp %?ikaBVag(x)] (3.11)
and where ( ) signifies an average with respect to the H ¢ defined by

exp(—He)= |1 ‘exp — EHaB] ] , (3.12)

B a
f lav
provided that
=1. (3.13)

n
limZ" =i dv,
lim, nlg})falzll 2BEXP

n
2 Haﬂ
a=1

B. Field theoretic formulation

In order to discuss the scaling form of G‘E’( x,X') near the percolation threshold p., we turn to the calculation of H .

According to Eq. (3.12), we have

H = — 2 In
(x,x")

a=1

m
1—p+p]1l lexp
B=1

— 305 3, [Vap(x)—Vap(x )]

,

m n
= z)ln 1—p+p]1 ff(ab)exp — 10y > [V‘,,,g(x)—Va,f,(x')]2 doy
(x,x’ B=1 a=1
- - m A2 n 2
=— In{1—p+pexp{ —30o[V(x)=V(x)]*} [Iexp | 7= | = [Vap(x)—Vap(x)]? . (3.14)
(x,x") B=1 8 a=1
—
Notice that since we choose a Gaussian distribution, Eq. . L x z
(2.1), only the second cumulant of bond conductance A’ ,PE},Z "=,l,113) 2 (AV)"exp| 3, Hap
appears. Vig Vg Vap a=1
We follow here the discrete version? of Stephen’s treat- ) (3.13"

ment of the resistor network!? in which V(x) takes on a
discrete set of values separated by interval AV in order to
ensure

We will regain the continuous model by taking AV —0 at
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the appropriate point of calculation. In terms of the order
parameter \qu), H ¢ can be written as

Hyg=— 3 SBVV_Ux), (3.15)
(xx) ¥
where
|
= 2 2 vt 2 (AV)"exp — zikaﬂUaﬁ
UIBUZB U”B a

exp

® (— )1+1 m
B._,= E UII_IF[({kB}) s (316)
k I=1 B=1
where v=p/l—p and where kg is the vector
(klﬂyklﬂ, e 7knﬁ) and
gp 2 2
—I-Z—ZU,Z,ﬁ exp |1 |— S Ul (3.17)
a a

Since H .y is quadratic in WT((X)’ we introduce the Hubbard-Stratanovich transformation to obtain a continuum field

theory of the form

Z = Tre M= fDCDe‘L ,

(3.18)

where QT(.(X) is a variable conjugate to \P‘E‘(X)’ and D® denotes integration over all QDT(.(X). The action L expanded to the

third order in <I>.]2.is

1 ,
L=7 [d% 3 [noyn® 0+ Ve (]ak+ou [d% 3 P ()P (0P _p. - (x) AK Ak,

®£0

where 2 indicates a summation with the terms ¥1=O,
§2=0, and E—}—E:O omitted, and ri.:(zB.E.)_l— 1,
where z is the number of nearest neighbors. Terms in Eq.
(3.11) of order ®* or higher are irrelevant near d =6 and
are therefore omitted.

When o5 '=0 and A=0, then II5-.Fi kﬁ} )=1, so
that all re- are equal to 7o~ (p. —p), but for o5 '>0 and
A >0, [IgFi({kg}) depends on {K,} defined in Eq. (3.3).
Hence near p,, ry-can be expressed as

re=ro+ > wm(fgz)’"—k E v, K ,
m=1 =

— 4s —1
~0yp m’ U2x~AZS/O' ,and 025_1~A2s/0'05 .

(3.20)

where w,,

Gt.(x,x’)z | x—x'

where { ¢,} is the same family of exponents as Harris
et al. identified®® and {1} is a new family of crossover
exponents associated with {v;}.

We can now calculate the conditionally averaged resis-
tance, resistance fluctuation, and noise between sites x and
x' using Eqgs. (3.4) and (3.5) and the scaling relation Eq.
(3.21):

’

X—X

Ep

Xx—Xx’
&p

¢1/vpg_

R(x,x')~ 05! | x—x'| , (3.22)

Cr'™(x,x") ~ v, | x—x’ ]'l""/v"g , (3.23)

—(d—2+7) x—x' e —¢, o —
+T’pS ‘%L’[wnkzn’p_pc| }’{USKS( )'P“Pc| ]
P

(3.19)

ky —kj—k;

I

The v, potential is incorporated mto w;. It is important
to note that vy, /w3 ~vy /WP ! (A/ao)z“. In situa-
tions of physical interest, A <o, and v; <wj. This means
that in calculating crossover exponents associated with vy,
we must always take the limit v,—0 before the limit
w;—0. A similar situation was encountered in the study
of networks with a singular distribution of resistances.!®
In Eq. (3.20), we omitted higher order terms proportional
to H,.Ksi, with at least one s, >1 and Y, p;>1. There
is an independent crossover exponent of order 1+ Of(e)
with the coefficient of each of these terms. We will not
calculate these exponents in this paper.

We find that the averaged order parameter correlation
function G‘E'( x,x’) has the following scaling form near p, :

) (3.21)

2
— | x—x'
o I

(P, —26))/v, o § —x’
P

Sr(x,x")~ (3.24)

IV. € EXPANSION

In this section we will develop the momentum shell re-
cursion relation!”"!8 for the continuum Hamiltonian L in
6—¢ dimensions. We integrate out degrees of freedom
with wave numbers in the annulus A/b ! <gq < A, where
A is a cutoff determined by the lattice constant a by
A~a~}, rescale the fields by

and
<1L.(q/b) “/2"" TP '®.(q). When all the {w,} and
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{vg}] are zero, i.e., when 0o=A =0, we will regain the usu-
al percolation result'®!® with the third-order vertex func-
tion u reaching a fixed point where g=K,(u")?/2=¢€/7
and 7, = — €/21.

When A >0 and o5 ' >0, we get the following momen-
tum shell recursion relation with b =e% :

dr..
i’

dl

Here 2“1? is the contribution from the one-loop diagram

=(2— np)r« g}.'.“ 4.1)

shown in Fig. 1. Its analytic form is

3= 3 GEK+PIG(—P (4.2a)
B, P+k=0
=—26(K)G0)+ 3 GK+PG(—P (4.2b)
3
= _2G<’1€)G(o>+ir, (4.2¢)

where G(K) is a mean-field propagator evaluated at
| q| =1, which is given by

1470+ 2 w,(K)"+ 3 pK (&), (4.3)

n=1 1=2

Gk =

Here ro~ p—p, and k 2= > aﬁkéﬂ. In the Appendix, we
show there are contributions to 2.1: linear in w; and all
vg(s > 2) which can be written in the form

4+ 3 dK, , (4.4)

§>2

29—1—2r0+c1w,

where c; is the coefficient given previously>? which
determines the crossover exponent ¢, for w; such that
¢1=1—(e/14)c, and
2
dy=———"7"—"""—. 4.5
¢ (s +1)2s +1) @3)
There are additional nonlinear terms in il;.which do not

affect the evaluation of exponents. Using Egs. (4.1),
(4.2¢), and (4.4), we find the recursion relations

dvg
dl

from which we obtain the crossover exponent

=[2—m,—g(2+d;)]v, (4.6)

D +k

-P

FIG 1. One-loop contribution to =(K) in Eq. (4.1).

Yy =v,[2— np—g(2+ds)]=1—1i4ds (4.7a)
Sl e (4.7b)
T s+ D@2s+1) '

This equation yields, for example, yy=1+¢€/7,

Y=1+€/42,and ¢¥,=1+€/105.

V. DISCUSSIONS AND CONCLUSIONS

In this subsection, we will discuss additional interpreta-
tion of the exponents {¢,}. In a given configuration c,
we may expand the resistance in a power series in the de-
viations 8r, =r, —rp of the resistance of each bond b
from its average value ry :

ROx,x"; c+28R(xx c)

R(x,x';¢c)= ar,

’R(x,x";c)

arbar 8rb8r,,'+ Tt (5.1)

+2§‘,

where R%x,x’;c) is the resistance when 8r, =0 for every
bond b. Here 6r; is a random variable with a probability
distribution s ~'f(8r, /s ), where s is a variable with units
of resistance which sets the scale of the distribution f. As
s—0, s~'f(8r,/s) approaches a 8 function. With this
form for f, the /th cumulant A'Y of &r, tends to zero as
s!. Equation (5.1) allows us to express CR D(x,x') in
terms of the sets of cumulants {A”}. In general,
Cr'"(x,x';c) depends on all the cumulants__LA‘”} In the
limit s —0, however, the leading term in Cp ' is propor-
tional to A so that

dCx " (x,x")
aA(l)

=X"(x,x")

dR (x,x’;c) !
arb av ’

> vix,x'sc)
b

(5.2)

Since B8R(x,x’;c)/8r, is®®° the square of current
ip(x,x’;c) that flows in the bond b if a unit current is in-
jected at x and removed in x’,

3Cr""(x,x")

=x"!x,x")
oA Lo

> vix,x’; c)t,fll .
b

(5.3)

The right-hand side of Eq. (5.3) is equivalent to the noise
function introduced by Rammal et al.® and de Arcangelis
et al.® which scales as | x—x’| " The left-hand side, on
the other hand, scales as |x—x' l""/” since it has the
same behavior as Cg'". This establishes the equivalence
of the family {1,} of exponents introduced here and those
studied in Refs. 8 and 9.

In the limit of /—0, i,fl becomes an indicator variable
that is unity if current flows in the bond b and zero other-
wise. Thus,

a(—j_'(l)
N,(x,x’ )~}1Lr(1) 3AD (5.4)
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is the average number of bonds that carry current when
unit currents are inserted and removed at sites x and x’ in
the same cluster. When |x—Xx'| — o0 and p >p,, this is,
by definition, the number of bonds in the backbone of the
infinite cluster. ( x and x’ could be on “dangling bonds,”
but the fraction of current carrying bonds on the dangling
ends will tend to zero for large separation of sites x and
x'.) Since the probability that a bond is on the backbone
is proportional to (p —p, )BZ, where 3, is the critical ex-
ponent for the backbone, N, becomes

im Na~Lép—p, 2 (p>pe) (5.5)
X—X | — o0

where L? is the total number of bonds in a d-dimensional
lattice of size L. Thus, by scaling at p,,

d—Bz/vp

Ny(x,x")~ | x—X| (5.6)

We note that the exponent d —f3,/v, is the fractal dimen-
sion of the backbone. On t/he other hand, from its defini-
tion N,(x,x')~ |x—x"|"° v", so that we can make the

identification
Yo=dv,—pB, . (5.7

5.= lim 3 (Ap)"G(H)G (K+F)
v

:'Eii%poaB fo du fo dtexp[ —uG ~'(P) Jexp[ —tG ~HF+Kk)]

=ii—>ni>poaB fo du fo dtexp[ —(u +1)(1+rg)]exp

0

Xexp|— 3 v

s=2

u
B

Sras

The exponent B, (Refs. 21 and 22) is 23, plus correction
of order € so that dv,—B,~dv, —2B,=v,=1+€/7, in
agreement with Eq.(4.7b) for 1.
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APPENDIX

In this appendix, we calculate d; of Eq. (4.5). Here we
take G'E' as the following form:
G{.l=r0+wlk2+ S vk, (A1)

s>2

since we may set w,=0 for n>2 in the calculation of
crossover exponent for v;. Then E.E,becomes

>

(A2a)
—wy |u 3 pag+t S (kap+Pap)
aB af
+13 | X (kap+pap) } . (A2b)
B a

We expand to the linear order in v; and set p,g=_E£,5—tk,5/(u +1), so that we have
~kZ_.=31§}) f DEyp fo du fo dtexp[ —(u +t)(1+rg)lexp[ —w(u +t)Ez]

ut
u -+t

S kap

X 1-—w1

2
) (—1) tk,p
2 2 2412 [g"ﬂ u+t
ukaﬂ 2
+21‘ 2 §a3+ — . (A3)
B a

The integrals in (A3) are convergent provided the potentials v, are taken to be zero before w,. As we argued in Sec. III,
this is the physically relevant order of limits. To linear order in r(, Eq. (A3) can be written as

EFI—Zr0+d1w1k2+ S do K+ 3 meKooow, "4 - (A4)

§>2 s'>s

where isotropic terms of order k*and higher which contribute to w,, have been omitted, and where

(x —y)

X +y
X

1 ® * e’ ”
dy=—lim [ "dx [ dy {Eu—n

2s
+(x +y)

2s

Xy ‘ , (A5)
X
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which gives Eq. (4.5). Note that d;=c; so that crossover
exponent ¢, and y; have the same value as expected.
Since myg is a triangular matrix and we require v to go to
zero before w;, the terms proportional to vyw; ~* ~% af-

fect the scaling functions but not the crossover exponents.
There are, of course, terms in Ei.of higher than linear or-

der in v;. These again do not affect the exponents.
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