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We calculate the effect of electron-phonon interaction on the long-wavelength static spin suscepti-
bility X, in a normal metal for the case when the electronic density of states N (g) cannot be taken
as constant within the range of several times the maximum phonon frequency Qp,.(#i=1) around
the Fermi level. Such a situation may exist in some of the 415 compounds and in other narrow-
band systems. It is found that the electron-phonon interaction can affect the temperature (7T) depen-
dence in X,(T). The effect is dominated by the electron damping at high temperatures which effec-
tively smears the peak in N (g), thereby reducing the value of X,(7) at high T below its zero-
temperature value. We conclude that the analysis of the magnetic susceptibility data on 415 ma-
terials based on a simple picture of noninteracting band electrons may overestimate the sharpness of

the peak in N (g).

I. INTRODUCTION

Many vanadium-based 415 compounds have magnetic
susceptibility X which decreases with increasing tempera-
ture T (Ref. 1). The strongest temperature dependence is
found in V3Si and in V3;Ga which have a large supercon-
ducting transition temperature 7,. When either a high-
T. V3Si (Ref. 2) or a low-7, V3Ge (Ref. 3) is disordered
by radiation damage, the transition temperature, the mag-
nitude of X, and its temperature dependence are reduced
[Figs. 1(a) and 1(b)]. A similar effect is observed in
(V,_xCr;)3Si (Ref. 4) where T,, X, and |dX/dT | de-
crease with increasing x [Fig. 1(c)]. The conventional in-
terpretation of T dependence in X for 415 compounds is
in terms of a sharp peak in the electronic band density of
states N (e) near the Fermi level. In the simplest picture
of noninteracting band electrons the spin susceptibility is
given by

+
X T) =23 f_,, deN (g)

of (g)
S ] (1)

and is temperature dependent on the scale given by the
width of the peak in N(g) (up is the Bohr magneton and
f(g) is the Fermi function). In this model, which we will
call the conventional model, disorder smears N (¢), there-
by reducing X, and | dX,,/dT |. More recently Yu and
Anderson® have proposed a different mechanism for the
unusual physical properties of 415 compounds, including
the temperature dependence in X. In their model it is the
large electron-phonon coupling at high temperatures
which causes the electrons to provide an effective double-
well potential for the individual transition-metal atoms.
The strength of the electron-phonon coupling and the
depth of the double well decrease with decreasing tem-
perature. The depth of the well is proportional to the con-
centration of the electrons near the minima in the poten-
tial. This in turn implies that at high T (large depth of
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the well and large electron concentration) the electron
spins are more correlated than at low 7 (small depth of
the well and small electron concentration). Therefore it is
easier for an external magnetic field to polarize the spins
at low T, i.e., dX/dT <O.

In this paper we consider the effect of the usual
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FIG. 1. Experimental magnetic susceptibilities for three

vanadium-based 415 compounds. (a) V;Si after Guha et al.
(Ref. 2). (b) V3;Ge after Solleder et al. (Ref. 3). The lower of
the two curves labeled “‘irradiated” corresponds to one order of
magnitude larger irradiation doses. (c) (V;_,Cr,); Si after
Handstein ez al. (Ref. 4).
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electron-phonon interaction® on the spin susceptibility of
A15 compounds within the conventional model. The
basic physical idea is quite simple. At temperatures
kpT=Q.,,,, where Q. is the maximum phonon fre-
quency (30—50 meV for A15 compounds) and kj is the
Boltzmann’s constant, the electron lifetime 7e.pn due to
electron-phonon scattering is of the order of QL (Ref. 6)
even for the electrons at the Fermi surface. Thus if the
zero-temperature band density of states N (¢) has a struc-
ture on the scale ,,, near the Fermi level, at tempera-
tures kg7 =Q,,, this structure is washed out. This in
turn has an effect on susceptibility which is analogous to
the effect of electron-impurity scattering on X, (Fig. 1).
However, we will also show that there are subtle effects of
electron-phonon interaction on X, at low T.

The paper is organized as follows. In Sec. II we present
the theory of X, for the case when N(g) varies on the
scale of Q. We will follow the work of Pickett’ except
for presenting the theory on the real frequency axis which
enables us to follow the temperature dependence in the
quasiparticle density of states

Ngpla)=3 ~%ImG(ek,w+iO+) : @
k

where G is the electron Green’s function. In Sec. III we
present the numerical results for X,(T) with a discussion.
Although our numerical calculations are not intended to
reproduce experimental results for X(7T) of any particular
Al5 compound, but rather to illustrate the effects of
electron-phonon interaction on X (T), we perform the
calculations taking for N (e¢) and for the Eliashberg func-
tion a?(Q)F(Q) the values appropriate for V;Si. Section
IV contains the conclusions.
II. THEORY

The Pauli contribution to the magnetization M at tem-
perature T and at magnetic field H is

M=uply (HT) —_(HT)], (3)
where /" (_, is the number of spin-down (-up) electrons
(we take the Landé factor to be —2):

./Vtzfjwdwe"’wf(a))z
® k

+

= dwe”" f(0)Ni(0) . 4)

— oo

—LImGJ_,(k,w-l—iO“L)
T

+
X T)=—2} [~ do

In the next step we want to separate the contributions of
various interactions (electron-phonon, Coulomb, and
electron-impurity) to X,. Let g be the electronic energy
of noninteracting electrons measured relative to the chem-
ical potential u, at T =0 for the case when only the
Coulomb interaction among the electrons is considered.
The corresponding density of states is

e f(w) [ 7 dEN(E)Im l—
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Here f(w)=[exp(Bw)+1]~! is the Fermi function,
B=(kgT)~!, and N4(w) are the fully dressed densities of
states for spin-down (-up) electrons

Ni@)=3 ——%ImGi(k,aH-iOJr)

k

=3 [——Im {@+i0" —[EyFugH —u(H,T)]
k

—zi(k,w+io+)}—‘} . (5)

In Eq. (5) H is the magnetic field, u(H,T) is the chemical
potential, E} is the electronic band energy measured rela-
tive to the bottom of the band, and 27 is the self-energy
for spin-down (-up) electrons.

The spin susceptibility at temperature T is given by

oM
oH |, M55

=2} f_w doe®®”

xS [—ilm[cz(k,w+io+)
k s

Xop(T)=

flw)

T(k,w+i0)] |,

(6
where by definition )
3G 1 (k,w+i0%)

T(k, 0t)= =
(k,w+i0™) 3 tppH) e
_ 32F(k,w+i0%) )
o(*+upH) Heo

Here we have assumed that

Xt (k,w+i0t)
o(+ugH)

902 (k,w+i0t)
a( —/LBH)

(8)

H=0 H=0

which in turn implies® (3u/dH) |y _o=0. The latter
equality was used in obtaining the second line of Eq. (7).

We adopt the isotropic approximation,®’ i.e., we as-
sume that the k dependence of various quantities enters
only via Ej. In that case Eq. (6) reduces to

iG%E,w+i0+)1“(}2,m+i0+) . : 9)
m

N0(€)=25(E—Eko) . (10)

k

If u is the true chemical potential at 7 =0 for the case
when all interactions are included, we define

Sy =p—pp - (an
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We will assume that Q.. <<y, and that 7; lgﬂmax,
where 7; is the electron-impurity scattering time. Thus
there is an energy € such that

(12)
9

7-1'_11'0"max <<E<<#b

(we take #i=1). There are two types of (gx,®) regions:
(i) the “near” region, where g, and w <&, and
(ii) the “far” region, where €4 or @ > E.
In the near region, the k dependence of the electron-
phonon self-energy =, and of the electron-impurity
self-energy 2;, can be ignored. Also, in the near region
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32¢(0)
aEko

32-(0)
€0+
dw

Sclerpo+i0T)=3c(0)+ (13)

 ,

where the argument zero in various quantities on the left-
hand side means that they are evaluated at £;,=0 and
®=0. Thus in the near region the full Green’s function

G(k,w+i0+):[a)+i0+—£k0+8,u,,-—Ze_ph’o(k,w—kiO*’)
—3iolk,04+i0%)—Zclk,0+i07)] 7!

the Coulomb self-energy = can be treated in the quasi- (14)
particle approximation, i.e., we can take 2. as real and
expand it around &, =0,0=0 can be written as
J
-1
3 02(0) 2c(0)
Gko+i0T)=Zc {o+i0t— | =2 |14 —=< S =3, p(@+i0T) =S (0+i0F) (15)
ZC aﬁko ZC
where
02(0)
Ze=1— , (16a)
dw
ou=éuy/Z: , (16b)
3o ph(@+i01)=Z2, jp olw+i0%)/Zc , (16¢)
Slw+i0%)=3;0+i0")/Z¢ . (16d)

In the far region X, o and 2;, can be ignored compared to other quantities in the expression for G, Eq. (14). For the
purpose of calculating X, we will use the quasiparticle approximation for Z¢ even in the far region and thus we will use
the expression (15) for G for all k and . With this approximation the expression (6) for X, becomes

© +
X D= =213 [ dwe* fl@) [ deoNo(eo)

1 _2 . € 820(0) ZC(O)
——Im |Z, 0t — |=— |1
X T m ¢ l(’)+l Zc + aEkO ZC
-2
+8,u—Ze_ph(w+i0+)—2,»(w+i0+)}
L 9% 93 o 83¢
o tupH) |y_o O(EtupH) |y_o (FTupH) |4_o

=23 [T doe™ flw) [T deN ()

X

—lm l [0+i0" —e+8u—2, jp(@+i01) =3 (0+i0F)] 72
m

_ 93 oh0 _ 32 pn,0 _ asg
a(i,U-BH) H=0 a(i‘,LLBH) H=0 a(i,uBH) H=0
-1
33(0)
Zc |1 17
(18)
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and
3c(0) 02(0)
NO £€— Zc/ 1+ — =N(€)
ZC aEko
(19)
is the band Coulomb quasiparticle density of states. If we introduce the quantity A by
1 33,0 +i0%)
Acle, 0t ) =— |[1————mm— |, 20
cl&,0+i0™) Zo 3 tpipH) (20)
Xsp can be written as
+
X D)= —2u} [~ dwe” f(w)
><f deN (e [ Lim |6 Ae,0+i0%)
T
oy 33, pn(@+i07) 1 33 (w+i0%)
T Ac tpgH)  |y_o Ac d(xugH) |y_,
Acle,0+i07)
B — ) (21)
02(0)
aEkQ

where G is the electron Green’s function which includes
only the Coulomb renormalized electron-phonon and the
electron-impurity self-energies

Gle,0+i0)=[w+i0t —e+8u

—Zepn(@+i0") =3 (0+i0T)] 7" .

(22)

The quantity AC/1+82c( )/9€yo leads to the Coulomb
enhancement of X If Ac is large compared to
st ph/O(FupH) | g 0 and 932 ph/0(+tupH) | g _o, only
Coulomb interaction contributes to the susceptibility
enhancement. In our numerical calculations we will
evaluate expression (21) for X,, with A, and
1493.(0)/9¢g ¢ set equal to one. This will enable us to
estimate the size of electron-phonon and electron-impurity
contributions to the enhancement of X, as well as the im-
portance of the self-energy effects entering via G. This
means that our numerical values of X,(7T) would have to
be multiplied by the (possibly temperature-dependent)
Coulomb enhancement factor if they are to be compared
with the experimental results. Before proceeding with nu-
merical calculations we want to point out the difference

J

I

between the electron-phonon self-energies 2,0 and
3.on Eq. (16c). Z,.h0 is obtained with screened and
Coulomb vertex corrected electron- phonon matrix ele-
ments, while the matrix elements in X, are also
Coulomb renormalized.”!® The Eliashberg function
a?(Q)F(Q) obtained from inversion of the superconduc-
tive tunneling data contains the latter type of matrix ele-
ments.!°

III. NUMERICAL RESULTS AND DISCUSSION

As explained in Sec. II we calculate the spin susceptibil-
ity by suppressing the Coulomb enhancement factor, i.e.,
by evaluating Eq. (9) with G, Eq. (22), instead of G and
with I given by

33 nl@+i0%)

F0+) —
MNow+i0")= A tpH)

H

Il

0
33 (w+i0t)

23

H=0

The self-energies which enter G were obtained by solving
the integral equations!!

3, pn(@+i0%) = +wdw'Mf ™ dQaAQF(Q) |~ f(— o) f (@)
P - N(0) o—0'—Q+i0t 0—o'+Q+i0%
+ [ —ML(IQ’['G‘(W—QHM)+5(e,w+n+io+)], 24)
e
. 11 p+e Nz
3. Yy = Il +
(o100 = f_w de oy Gleo+i0h), (25)
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together with the equation which expresses the particle
number conservation

0 + o0
S, deNe)= [ "doe® f(@Ngw) . (26)

Equation (26) determines the shift du in the chemical po-
tential. Here N (@) is the quasiparticle density of states
defined by Eq. (2), with G instead of G. We point out
that in principle the Eliashberg function a?(Q)F(Q) may
vary with temperature because of the temperature depen-
dence of the phonon frequencies. Also disorder may af-
fect the electron-phonon matrix elements, the electronic
density of states which enters the a*F and the phonon fre-
quencies.!? The neutron-scattering experiments'® on V,Si
and Nb;Sn at T =300, 77, and 4 K suggest that the tem-
perature dependence of the phonon density of states F ()
may be ignored for the purpose of evaluating =, in the
susceptibility calculation. Also it has been recently shown
by Mitrovi¢,'* that much of the disorder dependence of
a’F in Nb;Sn deduced!? from the tunneling experiments
can be accounted for within the conventional model for
A15 compounds. This in turn implies that to a good ap-
proximation one can use the Eliashberg function for a
“clean” compound in solving Eqs. (24)—(26) for different
amounts of disorder, i.e., for different values of 7;. In our
numerical calculations we have taken a*(Q)F(Q)
=CG(Q)), where G(Q) is the generalized phonon density
of states for V;Si measured!® at T =77 K. The value of
J

No+i0M)=1+ [ “do' [ “de N:‘““)

N(0)

ﬂmax
x [ " dQa(Q)F(Q)

0o—o'—Q+i0*

constant C was chosen so that
Qmax
r=2 [ ™daHQF(Q)/Q=1. (27)

This choice for a*F in V;Si gives the superconducting
thermodynamic properties which are in excellent agree-
ment with experiments. !>

As far as the effect of electron-phonon interaction on
Xsp is concerned, the detailed shape of N (e) is important
only in the region of several times Q,,, around the Fermi
level (this will not be the case for the Coulomb interaction
which “digs” more deeply into the Fermi sea). Thus we
will approximate N (g) by a Lorentzian superimposed on a
constant background

2

g & le(etus), (28)

N(e)=N, |1+ -8
e T e a2 (e b)

where O is the step function and the bottom of the band,
—up, was taken to be —0.6 eV. The area under
N (g)/N(0) between —0.6 and O eV which appears in the
condition (26) was conserved to 0.1%. Thus the estimated
accuracy of the shift 8u in the chemical potential [see Eq.
(22)] was 0.5 meV which is equal to the smallest »'-mesh
size in Eq. (25) for 2,

The vertex function I', Eq. (23), was obtained by solv-
ing the integral equation

— U m[G Xe 00 +i0F )T (0 +i07)]
o

1 1

(_ ’ — ’
fl—w")+ o—a tOLi0r f (")

) [G Xe,0— Q+i0F) (0 —Q+i0%)

+G e, w0+ Q+i0T)Nw+Q+i0)]

f+°°dEN(s) Unax , ~ a?(Q)F(Q

— o N(0) Yo L

1 1 + o N(E) ~ 2 -+ .+
_— — o 0").
pyapl S dEN(O)G (e,0+i0")N(w+i0t)

This integral equation was derived from Eq. (23) by dif-
ferentiating Eqs. (24) and (25) in the presence of the mag-
netic field, and assuming that a?F is field independent.
We point out that if N (¢) is taken as constant the integral
Eq. (29) has solution I'=1. Thus the electron-phonon and
the electron-impurity interaction may contribute to the
enhancement of the normal-state static spin susceptibility
only if N (g) is varying on the scale of Q,,, around £ =0.
The first set of calculations was done for

a=15meV, b=0meV, and g/(ma)=1

[see Eq. (28)] which were deduced by Handstein et al.*
for V3Si from the analysis of X(T) based on Eq. (1). Also
we have set 1/7;=0. In Fig. 2 we show the temperature
dependence of the quasiparticle density of states N, (o),
Eq. (2), together with the bare density of states N (w).
Note that at low T N,(w) is narrowed compared to N (w)
due to renormalization by the electron-phonon interaction.

(29)

a=15meV, b=OmeV, g/7a=!

Ngp () /N(O)

-40 -20 e} 20 40
w (meVv)

FIG. 2. Quasiparticle densities of states Ng,(w), Eq. (2), at
three different temperatures. The bare N(w), Eq. (28), is given
by the solid line. The Lorentzian parameters are @ =15 meV,
b=0meV, and g/(ma)=1.



3420
e a=15meV, b=0OmeV, g/TTa=1
10 DRESSED
e
ook 7 "QUASVLEARTICLE"
|3 os
=z
AT
R [{3 o7
N
o6 DRESSED AND VERTEX
CORRECTED
OS5
1 Il 1 1 l 1 | | |

30 60 90 120 150 180 210 240 270

T (K)

FIG. 3. Spin susceptibility X,,(7) calculated for a =15 meV,
b =0 meV, and g/(ma)=1. The meaning of different curves is
described in the text.

This effect is explained in great detail in Ref. 11. As the
temperature is increased, Ny ,(w) becomes more and more
smeared due to decrease of the electron lifetime (see Sec.
I). In Fig. 3 we show the calculated X,(T) (the bottom
solid curve). We call this susceptibility “dressed and ver-
tex corrected” because it contains the self-energy effects
which enter the expression (9) for X, via G, plus the ver-
tex function . In the same figure we show the “bare”
Xsp(T) which is obtained by using Eq. (1). The difference
in magnitudes of these two susceptibilities should be not-
ed. Also note a relatively small difference in dX,(T)/dT
between the two curves. Later on we will demonstrate
that this latter feature is due to a particular choice of the
band density of states N(g). To find the relative impor-
tance of the self-energy effects we have also evaluated Eq.
(9) with T set equal to 1. The corresponding X, is called
“dressed” in Fig. 3. It is seen that the vertex function I'
due to electron-phonon interaction has a small effect on
Xsp- Finally we include in Fig. 3 the susceptibility which
one would obtain from Eq. (1) by naively replacing N (g)
with N qp(E,T). That susceptibility will be called *“quasi-
particle” Xy,

In Fig. 4 we show the real and imaginary part of the
vertex function T'(w+i0%) at two different temperatures.
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FIG. 4. Real and imaginary parts of the vertex function T
due to electron-phonon interaction at two different tempera-
tures, calculated for a =15 meV, b =0 meV, and g /(ma)=1.
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Note that with N(g) symmetric about &=0,
Rel'(w+i0%) [ImI'(w—+i0%)] is an even (odd) function
of w. The small effect of T due to electron-phonon in-
teraction on X,(T) is due to a small deviation of Rel" and
ImT from 1 and O, respectively, for our choice of N (g)
and a*(Q)F(Q). We believe that this will be the case for
any of the 415 compounds. Note that the magnitude of
I’ — 1 decreases with increasing temperature. In the recent
literature on the heavy-fermion compounds'® there is a
claim that there is no effect of electron-phonon interac-
tion on the long-wavelength static spin susceptibility due
to quite general reasons. It is claimed that the Ward iden-
tity (a consequence of the conservation laws of the system)
requires the electron-phonon vertex corrections in X,(7)
to be equal to [1—-0Z, 4(w)/dw] which is precisely can-
celed by 2,.,;, in the denominator of the Green’s function,
when 2, ,(k,0) is expanded about k =kr, =0 and
when its weak momentum dependence is utilized. This
argument is wrong for the following reason. To get the
long-wavelength static susceptibility from the general
momentum and frequency-dependent retarded susceptibil-
ity X(q,w+i07"), one has to take the limit @—O0 first, and
only then take the limit q—O (Ref. 17). However, the
above-mentioned Ward identity is obtained from the “gen-
eralized” Ward identity'®

ol'(q,0;p,v)—q-T(q,0;p,v)
=G Y p+qv+w)—G~p,v) (30)

by taking the limit q—0 first, then dividing both sides of
Eq. (30) by @ and finally taking the w—0 limit (here w
and q are the frequency and the wave vector of the exter-
nal field, while v and p are the corresponding quantities
for one of the electron lines which leaves the vertex). In
other words, the Ward identity '=1—0Z /0w does not
give the vertex function which is needed in calculation of
Xp(T). This of course is not to say that the vertex func-
tion may violate the Ward identity. Our vertex function,
Eq. (29), includes the ladder-type diagrams as explained in
Ref. 7. Engelsberg and Schrieffer'® have shown that this
ladder approximation for the generalized vertex I' =(T,T")
in the electron-phonon problem satisfies the Ward identity
(30). Thus our susceptibility calculation does not violate
the basic conservation laws. Later on we will show that
the zero effect of electron-phonon interaction on X,(7)
for the case when N (&) can be taken as constant follows
from our theory.

The puzzling feature of the dressed X, in Fig. 3 is the
reduction in its magnitude at low T compared to the bare
Xp- One may be tempted to argue that near T =0 only
the values of N(w) [or Nglw)]l, Z(w+i0*)
=ReZ, jp(w+i0%), and Zy(w+i0F)=ImZ, (0 +i0F)
at @ =0 should enter X ,(T). Then since 2,(0)=2,(0)=0
at T =0, there should be no difference between the
dressed X, and the bare X, near T'=0. In fact, one may
guess at first that there should be no difference between
the dressed X, and the quasiparticle X, at all tempera-
tures. To find the relative importance of =, and =, in
determining the X,, we have calculated the dressed X, by
suppressing =, and/or X,. The results are shown in Fig.
5. We point out that X,(T) calculated with both =, and
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a=15meV, b=OmeV, g/T7a=I
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FIG. 5. The dressed susceptibility X,(T) calculated with or
without £, =ReZ, ; and/or 2, =ImX, ;.

32, set equal to zero is identical to the bare susceptibility
calculated with Eq. (1). Note that the curve calculated
with ;=0 and 2,50 meets the dressed susceptibility at
about 200 K, as one would expect, since the effects of
electron-phonon renormalization are gone at kT which is
a sizable fraction of Q,, (our a*F had Q,,=50 meV).
For the same reason the curve calculated with 2,540 and
3,=0 meets the bare susceptibility at high 7. Thus the
most dominant effect of the electron-phonon interaction
on X, at high T is via 2, which smears the peak in
Ng(w) [Fig. 2]. This conclusion is supported by Fig. 3,
where one can see that the quasiparticle X, is a good ap-
proximation to the dressed X, at T >150 K. Figure 5
suggests that =, has the biggest effect on the value of the
dressed X, at low T. The question is why the renormali-
zation due to electron- phonon interaction decreases the
value of X(T) below 2,u 2N (0) at low T. To answer that
question we perform in the Appendix an approximate
analytical calculation of X,(0) for the case of N(e) sym-
metric about T =0 using the model

3 (0)=—Aor(w)+32,0), (31)

where 7(w) is some function of w which is 1 for w close to
0 and is zero for || > Q. the parameter A represents
—0ReZ, 1(0)/3w [it is not equal to A given by Eq. (27)
in the case of a nonconstant N (&) near e=0 (Ref. 11)].
The factor (@) in Eq. (31) simulates the fact that 2 ()
becomes ineffective at large |w|. This feature of =, is
crucial for obtaining correct value of X,(0). The result of
the calculation in the Appendix is

Ngp(0) +AN ap
1+X
where qu is the average of N ,(w) over the interval

[—Qmax’o]

Xp(0)=2u3 (32)

da)N o). (33)

max

Note that if N(g) was constant in the range of several
times ), around the chemical potential, we would have

Ngp=Ng,(0)=N(0) and Eq. (32) would give the usual re-

sult
Xp(0)=2u3N(0) .

Thus in the limit of constant N (g) the electron-phonon
interaction does not affect X,,(0). However, if we have a
symmetric peak in N (g), then

~ Nap(—Qpax) +Ngp(0)

qp 2
and, since at T =0 N,(0)=N(0), we get
A Ngp(0)—N  (—Qpa)
0) =242 . ap qp
Xp(0)=2up |N(0) Y 2
<2u3N(0) .

In the numerical calculation A= —3 ReZ, ;1(0)/80=0.7
and [Ngp(0)—Ngp(—Qnay)]/2=N(0)/4 (see Fig. 2),
which gives

Xp(0)/[2u3N (0)]=0.9

in agreement with our detailed numerical calculation of
the dressed X, (see Figs. 3 and 5).

We should point out that in our calculation of X,(T)
with a symmetric Lorentzian model for N (g) there was
no shift in the chemical potential within the numerical ac-
curacy (0.5 meV). Thus none of the results for X,(T)
with a symmetric N (g) is affected by &u.

Finally we address the temperature dependence in our
calculated X,. As noted before, there is little difference in
the shapes of the two solid curves in Fig. 3 (or in Fig. 5).
In particular we find a conjecture,'® that the strong cou-
pling effects (viz. the self-energy effects) increase the tem-
perature dependence in X, by (14-A) for N (e)sconst, to
be incorrect. Also the quasiparticle X, [the one obtained
by replacing N (e) in Eq. (1) by Ng,(e)] greatly overesti-
mates the temperature dependence of the spin susceptibili-
ty. In the remainder of this section we show that a simi-

a=40meV, b=-50meV, g/7Ta =20

Ngs (W)/N(O)

FIG. 6. Quasiparticle densities of states Ng,(w), Eq. (2), at
three different temperatures with a Lorentzian model for N (&)
(solid curve). The arrows indicate the position of the chemical
potential at each temperature.
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a=40meV, b=-50meV, g/ 77Ta=20

10~
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FIG. 7. Spin susceptibility X,(T) calculated with an asym-
metric model for N (w) (Fig. 6). The meaning of various curves
is explained in the text. The lowest pair of curves was calculat-
ed including the electron-impurity scattering with 1/(27;)=20
meV.

larity in shapes of the bare X, and the dressed (or dressed
and vertex corrected) X, is not a general result. It is
specific to our particular choice of the symmetric
Lorentzian shape of N (g).

We have also calculated X,(7T) for a broader peak in
N (g) with

a =40 meV, b=-—-50meV, and g/(ma)=20.

The resulting N (g) is given by the solid curve in Fig. 6
and it approximates the detailed shape of N (g) for V;Si
as calculated by Mattheis and Weber.?® In Fig. 6 we also
show the corresponding N,,(w) at three different tem-
peratures, indicating the position of the chemical poten-
tial. We point out that up to 7 =60 K &u is canceled by
ReZ, ;4(0) in the denominator of Eq. (22) (with 1/7;=0).
This in turn implies very little difference between the
value of N, at the chemical potential and N(0) at these
low temperatures (see Fig. 6). In Fig. 7 we give the results
of our numerical calculations of X,. Now the dressed (or

a=40meV, b=-50meV, g/TTa =20, |/2T =20meV

N (W)/N(O)

-80 -60 40 20 O 20 40 60 80
w (meV)
FIG. 8. Quasiparticle densities of states Ny,(w), Eq. (2), cal-

culated including electron-impurity scattering with 1/(27;)=20
meV. The solid curve gives the bare N (w).
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FIG. 9. Vertex function I" due to electron-phonon interaction
at T =1 K calculated with an asymmetric N (o) (Fig. 6).

the dressed and vertex corrected) X, is much more tem-
perature dependent for 7 > 60 K than the bare X,. As we
have discussed earlier, this is mainly due to ImZ,_,;, which
effectively smears the density of states. In the same figure
we show X, calculated including both the electron-
phonon and the electron-impurity interaction with
1/7;=40 meV. The electron-impurity scattering effec-
tively smears the density of states even at low T (see Fig.
8), thereby reducing X,(0) and the slope in X (7). Final-
ly in Fig. 9 we show the electron-phonon vertex function
which comes into the susceptibility calculation for the
asymmetric Lorentzian N (g). Note that Rel’ (ImI') is
not an even (odd) function of w due to the asymmetry in
N (e).

IV. CONCLUSIONS

We have shown that the electron-phonon interaction af-
fects the long-wavelength static spin susceptibility X,(7)
once the electronic band density of states N (&) varies on a
scale of several times the maximum phonon frequency
Q..« near the Fermi level. At temperatures kg7 ~ Q.4
the damping of the electronic states near the chemical po-
tential is so large that any structure in the density of
states is washed out. This in turn leads to a decrease in
X,p at high 7. At low T the renormalization of electronic
energies near the Fermi level affects the value of X,(0).
This effect is important only if N (e) has a structure in
the interval |e| <, Our calculation did not include
all effects of the Coulomb interaction. The electronic
band density of states N (g) was assumed to be dressed by
the Coulomb interaction, but we left out the Coulomb
enhancement of X (7). As discussed by Pickett” the
electron-phonon self-energy effects may lead to a
temperature-dependent Coulomb enhancement of X,
However an accurate calculation of X, including both the
Coulomb and the electron-phonon interaction, as well as
the details of the band structure, would be a formidable
task. The main conclusion of our analysis is that the
shape of N (¢) deduced from X,(T) by applying a simple
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Eq. (1) cannot be trusted. In particular broader peaks in
the band density of states N(g) may give the observed
temperature dependence in the magnetic susceptibility of
A15 compounds if the interactions are properly taken into
account. Effects similar to those described in this work
should be expected in other narrow-band systems if the
electronic self-energy is strongly frequency dependent near

the chemical potential.'®
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APPENDIX

In this appendix we derive an approximate formula for
the “dressed” X,(0) taking for the electron self-energy at
T =0 a model

2 (0)=—Rom(w)+32,(0), (A1)
2(w)=0, (A2)
where m(w) is a function with properties
Heo)= {El for |w| closeto O, (A3)
=0 for || >Qpax -

Also, we assume that 7(w) is flat for o —0 such that
03 (w)
dw 0=0

2,(0) will be canceled by 6u (Ref. 11) and Eq. (22) for the
Green’s function G becomes

X=—

1

G(e,0+i0%)= — (A4)
o[l1+Ar(w)]—e+i0t
and we can write
—Lmg =2 se—o[14+Ar@)]) (ASa)
T de
3 ~
= | ——8e—w[l1+A1(0)])
dw
1
X 3 . (A5b)
a{w[l-kkr(a))]}
With (A5a) we get after integrating by parts
+ o0 ) 1
J_. deN(e) [~ ImG¥e,0)
=N(e)d(e—w[l+Ar(a)] |
+ =~
— [T ae 2 s o1 4 Krt@))) (A6)

Now,

lim N(e)d(e—ow[l+Ar(w)]) =

E—P 0
because the relevant values of @ in Eq. (9) are restricted
from above by f(w). Also
lim N(e)8(e—w[l1+Ar(®)])=0

E— — o0

because N (g)=0 for £ below the bottom of the band.
Thus Eq. (A6) reduces to

__ ON(e)

+ 1
f deN (g) [——*-ImGz(s,a))
— m aE

e=w(14+A7) .
(A7)

Now, if N(g) is constant within a few times Q,,,, around
=0, we have

__ON(e)
de

IN (g)
de

(A8)

e=w(l14A7) e=w

because of the properties of (@) given by Eq. (A3). In
that case

—+ o0
Xspio)=— 2ul f_w doe® f(w)

+ -~
x [ deN(e) |- L1mG Ae,0+i0%)
w -

=2:ll’2é +°°da)e“)0+f(w)M
— dw
_ 9f(w)
=2
ul f doN(w) 5 | (A9)

which is just Eq. (1). Thus we get the known result [for
N (e)=const. near e=0] that the electron-phonon interac-
tion does not affect X,

On the other hand, if N (e) does vary over the range of
few times Q,,, around £=0, we get

=2u} f doe™* a))—@}% (A10)
€ e=w(l+AT)
Consider for the moment Ny, (w), . (2). With our
model for the electron self-energy we get
Ngp (@)=N(o[1+Aira)]) . (All)
Then
aqu(w) dN (g) 8
= 1
9w 9 |c—o(14Xn) 0@ B0 (LA
and
ON (g) _ 1 INg (@)
CL P & i{w[l+2~k‘r(w)]} 9w
D (A12)

Using (A12) in (A10) we get, after integrating by parts,



3424
| <+
\ 17(1+X)
—
“2max
FIG. 10. Schematic diagram illustrating the shape of

1/8{w[1+Ar(w)]} /o for @ <O.

_ df (w)
dw

+ o
X D)=2u3 [ " do

1
—a—{w[1+7»7'(w)]}
ow

XN gp(@)

+
—up [ da)e“’o+f(a))qu(w)%
—1

% | 2 ol 1470 (A13)

dw
The last equation can be simplified by noting that at low
T —3f (w)/dw is sharply peaked at =0 and therefore in
the first term in Eq. (A13) we can set

9

—[w(1+A)]=1+4A .
dw

%{w[l+7»r(w)]} =
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In the second term in Eq. (A13) we have to take into ac-
count the actual shape of 1/8{w[1+A7(w)]} /3w, which
is illustrated in Fig. 10. We get

-1

d d =
b0 |30 (Ol HAT(@]]
(14+1)"'—1 A1
=— = for < Qax »
‘Qmax 14+A Qmax l(‘)[ -~

0 for |w| Z,‘Qmax ’

and the second term in Eq. (A13) can be approximated at
T =0 by

A 1 0 1 -
2ub L doNg(w) |=2u3—=N_, ,
He 1+A- Qmax fcﬂ‘"“" a He l+}\- a
(A14)
where
— 0
quznl [, doNg).

max

Thus, at low T Eq. (A13) can be approximated by

xsp<o>=2ﬂgwq—” :
1+A

We point out that this approximate derivation should be
valid only for the case when N(g) peaks very close to
e=0. The point is that our assumption (A2) is adequate
only for w close to 0 even at T'=0. If N(e) had a peak
near €= *{..,, Eq. (Al11) would not be a reasonable ap-
proximation for Ny, (w).
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