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We report a comprehensive set of experiments on wide and narrow thin-film strips of aluminum
which test the predictions of recent localization theory. The experiments on wide films in the two-
dimensional regime confirm the theoretical predictions and also yield insight into inelastic mecha-
nisms and spin-orbit scattering rates. Our extension of the existing theory for one-dimensional sys-
tems to include spin-orbit scattering and Maki-Thompson superconducting fluctuations is verified

by the experiments. We find clear evidence for one-dimensional localization, with inferred inelastic
rates identical to those in two-dimensional films. The prediction of the localization theory for a di-

mensional crossover from two-dimensional to one-dimensional behavior is also confirmed. We have
reanalyzed the results of some previous experiments on thin films and narrow wires in light of these
results.

I. INTRODUCTION

Since the theoretical prediction of electron localization
effects by Thouless' and the scaling theory proposed by
Abrahams et aI. , many experiments have been carried
out to verify these predictions in metal films and metal-
oxide-semiconductor field-effect transistors (MOSFET's).
Early experiments attempted to test the predictions of lo-
calization theory by studying the behavior of the resis-
tance as a function of temperature. However, other quan-
tum effects, due to electron-electron interactions, made
the interpretation of the experimental R (T) data nontrivi-
al. Microscopic calculations have since shown that the
magnetoresistance at small magnetic fields can be used to
separate the localization contribution from the interaction
contribution, and subsequent experiments have concen-
trated on magnetoresistance studies.

In recent years studies of normal-metal films and
MOSFET's have confirmed many of the predictions of
the localization theory; important parameters of relevance
to electron transport have been inferred. A review of the
conclusions on nonsuperconducting metal films can be
found in Ref. 3. In most cases the inferred inelastic
scattering rates were found to be too large to be explained
by known inelastic mechanisms, such as electron-electron
scattering or electron-phonon scattering. Following the
calculations of magnetoresistance by Larkin for Maki-
Thompson superconducting fluctuations, experiments on
superconducting films for T »T, could also be success-
fully interpreted. Studies on aluminum films have been
particularly fruitful with respect to yielding understand-
able inelastic rates. In this article, we synthesize and re-
view our recent work on thin films and narrow wires of
aluminum. Some of this work has been published previ-
ously as four short papers. " The purpose of this article
is to present the various results of our experiments that
test many aspects of the modern localization theory in a
coherent may. We present these results in some detail be-
cause aluminum films and wires have proven to be near

ideal material systems. Stable Al films with reproducible
properties are easily prepared. Also, common magnetic
impurities do not possess magnetic moments in Al, thus
considerably simplifying the interpretation of the inferred
results. In addition, the inelastic scattering time (r; ) in Al
is long, implying longer times for observing phase coher-
ence necessary for localization. Aluminum is therefore a
good candidate for studies of quantum transport. Our
work provides an important basis for such studies. Fur-
ther details on this article can be found in Ref. 12.

This paper is organized as follows. In Sec. II we dis-
cuss the relevant theoretical predictions for quasi-two-
dimensional and quasi-one-dimensional systems. The
scattering mechanisms responsible for electron delocaliza-
tion and some aspects of spin-orbit scattering are also
briefly outlined. Section III describes the experimental
details of sample fabrication and measurement techniques.
Data analysis and comparison to theory are given in Sec.
IV. In Sec. V we compare our results to those of other ex-
periments, and in Sec. VI we summarize our conclusions.

II. THEORY

The theory of quantum corrections to the electrical
resistance at low temperatures, as relevant to supercon-
ducting films above T„has been summarized by Berg-
mann. ' There are six contributions which add to the
classical Drude resistance at low temperatures. These
contributions arise from: (i) localization effects; (ii)
Maki- Thompson superconducting fluctuations; (iii)
Aslamazov-Larkin superconducting fluctuations; (iv)
electron-electron Coulomb interaction; (v) classical
electron-phonon scattering; and (vi) classical magne-
toresistance. The clean nature of our films (due to rela-
tively long elastic mean free paths) makes the localization
and Maki-Thompson (MT) contributions dominate over
the other two quantum contributions, (iii) and (iv) above.
We can safely ignore the Aslamazov-Larkin term in our
work, since our experiments are done in the regime
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( T/T, ) & 1.3. Electron-electron interaction effects can be
ignored as long as r; » fi/ksT. We refer the reader to
Bergmann' for an account of the contributions from
Aslamazov-Larkin fluctuations and electron-electron in-
teractions (both particle-particle and particle-hole types).
In our experiments the elastic scattering time ~&&~;, and
hence classical electron-phonon scattering contributes
directly only to the temperature dependence of the resis-
tance, but not to the magnetoresistance (MR}. We discuss
in this section, only the two dominant quantum correc-
tions, viz. localization and MT fluctuations, in detail.
The classical magnetoresistance and the electron-phonon
contribution to the temperature resistance are outlined in
Sec. II C.

The localization effect is due to the coherence between
time-reversally related impurity scattered waves of a sin-
gle electron. The two interfering electron waves have
nearly equal and opposite momenta, resulting in a station-
ary state. ' Inelastic electron scattering mechanisms (such
as electron-phonon scattering or electron-electron scatter-
ing) limit the time over which this phase coherence can
last. In principle, this phase coherence time can be dif-
ferent from the inelastic scattering time for single elec-
trons (quasiparticles). In our discussion below we use "in-
elastic" to imply "a process destroying the phase coher-
ence of the localized electron state. " As we shall see from
our experimental results, the phase coherence time ap-
pears to differ from the quasiparticle inelastic scattering
time only by a multiplicative factor of order unity.

In the original theoretical work by Thouless' the length
determining sample dimensionality for localization effects
was taken to be the inelastic diffusion length l; =(Dr; )'~;
D is the diffusion constant. Spin-orbit scattering was not
included in that theory. The spin-orbit Hamiltonian does
not violate the time-reversal symmetry of impurity
scattering events. ' It is now known ' that when spin-
orbit scattering is present, the coherence required for the
interference is not destroyed, but the amplitude of the in-
terference is modified due to spin matrix elements. In
such a situation, there is a second length scale for decid-
ing the localization dimension given by

lp ——(D~2) '

where ~2 ——~; + —,~, , ~, , is the characteristic time
that corresponds to spin-orbit scattering.

The physical origin' of the MT fluctuation term is due
to the correlated pair of quasiparticles of near-zero total
momentum that result from the decay of a superconduct-
ing fluctuation at T & T, . Time-reversal symmetry is also
required for maintaining the correlation between these
two quasiparticles of near-zero total momentum that give
rise to the excess MT conductivity. The MT term is not
affected by spin-orbit scattering since the spin-orbit Ham-
iltonian does not violate time-reversal symmetry and the
superconducting pairing involves time reversally related
states. It appears that the same phase-relaxation time is
appropriate for both the MT and localization terms. The
length scale for deciding the dimensionality for MT fluc-
tuations is the inelastic scattering length l;.

We note also that magnetic impurities destroy both the
localization and the MT fluctuation contributions. In this

A. Two-dimensional systems:
Quantum corrections to the resistance

We consider the films two-dimensional when the film
thickness d « l; and l2. We are interested in studying the
electrical resistance in a static magnetic field. We give
theoretical results for two-dimensional systems for two
field orientations: (i) perpendicular to the plane of the
film, and (ii) parallel to the plane of the film. Most exper-
iments are done in the perpendicular field orientation.

1. Perpendicular fields

a. Localization. The fractional change in resistance
due to localization at a given temperature T and magnetic
field H is'"
b, R' Rp

(T,H) =
2~~%/e2

3 1 H2
2~ 2+H
1 1 H; Hp

+2~ 2+ H
+'"

H

(3a)

f2(H, H2) — f2(H, H—;)—3 12' ' ' 2' (3b)

with

f2(H, H; ) = —(e R~/2' iri)[p( —, +H; /H) —ln(Ho/H)] .

Here R z is the sheet resistance of the film
H2 ——H;+ —,H. .. H; =Ac/4eD~;, H, =Ac/ 4eD7. ..
and Ho Ac /4eDr. g is t——he digamma function. D
( = vFl/3) is the three-dimensional diffusion constant.
the inelastic lifetime, ~, , the spin-orbit scattering time,
and ~ the elastic scattering time. UF is the Fermi velocity.
Each characteristic field H„corresponds to the relevant
scattering rate ~„'. In the absence of a magnetic field, the
elastic mean free path, l =UF~, is taken to be the shortest

article, we take the magnetic scattering to be negligible.
For the case of Al, this assumption of negligible magnetic
scattering is well justified. This is because in dilute con-
centrations, common magnetic impurities do not have lo-
calized magnetic moments in Al. ' However, all of our
theoretical expressions for the localization contribution can
be generalized to include the magnetic scattering rate r,
by substituting ~, +2~, for ~, ', and—1 4 —1 2 —1 —1for ~2

For all the discussions which follow, the magnetoresis-
tance at a temperature T is defined as

5R bR (T,H) —bR (T,H =0)
R R

where b,R is a given contribution (or sum of contribu-
tions) to the resistance at a fixed temperature T and at a
fixed field H. The resistance change as a function of tem-
perature, in a field H, is defined as

b,R ( T,H) b.R ( T„—r,H }

R R
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length over which the coherence required for localization
is possible. [Note that f( —, +u)~lnu as u~ co.]

b. Maki Th-ompson fluctuations The contribution to
the fractional resistance change due to Maki-Thompson
(MT) superconducting fluctuations is given for fields such
that H «(ck~T/4De)ln(T/T, ) and fi/r; &&k&Tln(T/
T, ) by,

the equations for the superconducting order parameter in
the linearized Ginzburg-Landau theory and the wave
function describing coherence in the localization theory
have the same form. ' As indicated in Ref. 9, this im-
plies that the perturbation result is valid only for small
fields, ' H & 12Hd. As expected, this condition corre-
sponds approximately to fields for which the size of the
lowest Landau level, IH ——(Rc/2eH)', is larger than the
film thickness d.

MT Rp H;
(T,H)=— /3( T/T, )g

2m A/e
(4) B. Narrow wires: Quantum corrections

to the resistance

P(T/T, ) is the parameter introduced by Larkin" to
characterize the interaction between electrons. P is in-

dependent of localization dimensionality and it diverges as
T~ T, . As seen in Eq. (4), the role of inelastic scattering
events in depressing the MT term is strikingly similar to
the effect on the singlet localization term [the term with
the prefactor z in Eq. (1)]. For H «H; and
H « (eke T/ 4De)ln(T/T, ) (and hence for zero field) one
should use ' "
gR MT

(T,H =0)
R

Rp 8k~Tin(T/T, )r;
P( T/T, )ln

2 A/e

This result is due to the fact that the cutoff energy in the
calculation of the MT term is k~Tln(T/T, ). This differs
from the cut-off A/~ in the localization calculation.

The one-dimensional localization theory is applicable
when the sample width W and thickness d are smaller
than the inelastic scattering length l;, and the effective
scattering length 12. We call this the fully one-
dimensional (fully-1D) regime. Since l, , and hence 12

can be as small as a few hundred A in many metals, most
of the early experiments on narrow wires of width) 500A were not in the fully-1D regime. The likely ex-
perimental situation for many of those wires studied in
the early experiments was that 12 & 8' &l;. We call this
the regime of mixed dimensionality, as explained in the
discussion below. We discuss our (re)interpretation of the
early experimental studies on wires in Sec. V, at the end of
this paper.

As in the case of the 2D systems, we discuss in detail
only the localization and MT terms. We will give results
for an experimental geometry which is a flat strip of
width 8. We take the magnetic field to be normal to the
film. [See Fig. 1(d) below].

2. Parallel fields

a. Localization. When the magnetic field is parallel to
the plane of the film only a perturbation calculation for
the localization contribution is available. The theoreti-
cal result for this contribution to the fractional resistance
change due to localization is '

Z. Fully-one-dimensional systems

(b) Substrate

a. Localization. We have recently reported our exten-
sion of the original 1D calculation of Alt'shuler and Aro-

AR '"
2 f2ii(H~H2) ~ fpii(H H )

(a) Au

LxLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLLX%~

PMMA

where

H 48HH2m. A/e p d

I

Polyimide
r

Po ly imi de
Il x rays

Au

with Hd ——Ac/4ed .
b MT fluctuations . The contributio. n to the fractional

resistance change due to MT fluctuations at a fixed T and
at a finite field H is '

Aluminum ~
XxLLLLLXXLLLLXLXLLLLXLXXXXXXXXXXXX%

Substrate W

gR MT

/3( T/T, )f2'(H, H;) (7)

The magnetoresistance is again obtained from Eq. (1).
From the calculations of Saint-James and de Gennes

on the nucleation of superconductivity in a thin film in a
parallel magnetic field, it is possible to give an upper limit
for the field beyond which the small field approximation
leading to Eqs. (6) and (7) breaks down. This is because

FIG. 1. (a)—(c) describe the steps in the fabrication of narrow
wires using x-ray lithography. (a) Gold x-ray absorber pattern
formed by evaporating Au over a reactive-ion etched step in po-
lyimide (side view). (b) PMMA is exposed by x-ray photons.
Mask and substrate are held in contact electrostatically. (c)
Aluminum is evaporated onto developed PMMA pattern and
"lifted-off, " leaving a narrow wire whose width is determined
by the gap in the x-ray mask. (d) Experimental geometry for the
magnetoresistance measurements on narrow wires.
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nov for the 1D localization magnetoresistance to include
the effects of spin-orbit scattering. With spin-orbit
scattering present, the localization contribution to the nor-
malized resistance at fixed T and H is

where

R
(T,H) = —,f i (H, Hp) —,

' f, (—H,H; ), (8a)

Ro Hwf, (H, H; )=
irtrt/e'

1/2
H

j. /2

1+
48H;Hw

(8b)

The form of Eq. (8b) also applies for f, (H, Hz). In Eq.
(8a), the first term is the "triplet" part of the Cooper-
propagator contribution and the second term is the "sin-
glet" part. The triplet part is sensitive to spin-orbit
scattering; the singlet part is not. When spin-orbit scatter-
ing is negligible (r, , ~ oo ), we obtain the result of
Alt'shuler and Aronov. The derivation of Eq. (8) involves
the use of perturbation theory as in the derivation of Eq.
(6). Therefore, for Eq. (8) the field restriction is
H & 12Hii (Hii Pic/4e8' )——, since it is the width of the
wire which is to be compared to the Landau orbit size
IH (Rc /2——eH) '

b Maki . Thomp-son fluctuations Sin. ce the scaling
length for the MT fluctuations is the inelastic scattering
length, the behavior of the MT contribution is 1D when
W & l;. For H « (ckti T/4De)ln( T/T, ) and
R/r; « kti T ln( T /T, ) we obtain '

gR MT

R
(T,H) = P(T/T, )f i(H—,H; ) . (9)

The magnetoresistance can be calculated as before. The
choice for the cutoff energy does not appear explicitly in
the 1D results [Eq. (8) and Eq. (9)] because of our as-
sumptions that r «r; and R/r; « king T ln(T/T, ), respec
tively. Very recently, this theory has been extended to
lower temperatures and higher magnetic fields.

2. Mixed-dimensional systems

When l2 «8 «l;, the wire is in the mixed-
dimensional regime for the localization contribution, as
noted above. The triplet contribution is two-dimensional
since (Dr2)' & W and l2 ——(Dr&)' is the length scale
determining sample dimensionality for the triplet term.
The singlet contribution is one-dimensional. In this
case, '

AR'
R ,f2(H, H2) —,fi (H, H; ) .——

We note that in this mixed-dimensional regime the trip-
let contribution is small compared to the singlet contribu-
tion. In this case, positive magnetoresistance, called an-
tilocalization by Bergmann, will result. When the spin-
orbit rate is very large compared to the inelastic rate, the
singlet term alone is adequate for interpretation of the
data. We expect that a sample which shows mixed-
dimensional behavior at low temperatures will have two-
dimensional behavior at high temperatures, since at high
temperatures l; will also be less than 8'.

For the contribution due to MT fluctuations, l; is the
only relevant length scale. Thus, the MT contribution is
identical to the fully-1D result given by Eq. (9).

C. Classical contributions to the resistance

6R"
R

=b(HI) ~(co,r) (12)

for co, r « 1 (co, is the cyclotron frequency, eH/mc) with
a value b -0.25 estimated using reasonable band structure
parameters. ' In our samples, (ai, r) is small, —10 at 1

kG. The experimental results in Sec. IV qualitatively con-
firm the behavior expected for the magnetoresistance.

D. Inelastic scattering mechanisms

Only recently has there been some significant progress
in our understanding of the inelastic processes that result
in the delocalization of electrons. We discuss in some de-
tail two inelastic mechanisms we believe to be relevant in
our experiments. We will note, where necessary, the
difference between the inelastic processes which relax the

The localization and MT contributions are the dom-
inant quantum corrections to the resistance for our sam-
ples. There are two "classical" contributions which are
also significant for both the wires and films. These are (1)
the electron-phonon contribution to the resistance as func-
tion of temperature, and (2) classical magnetoresistance.
These classical contributions are important because our
samples are relatively clean: kzl »1 and Rz —1 Q. (kF
is the Fermi wave vector. ) Classical contributions to
R (T,H) are generally not discussed in studies of localiza-
tion because much dirtier systems (kFl-1) are usually
studied. In these dirtier systems the quantum contribu-
tions alone dominate.

The standard result for the electron-phonon contribu-
tion to R(T) due to phonon scattering is the Bloch-
Gruneissen law. ' This result is that AR "o: T for
T «OD. This T form is due to the restriction to small-
angle electron scattering by phonons at low temperatures.
This restriction leads to multiplying the electron-phonon
scattering rate, ~ T, by an additional T factor which re-
flects the average amount by which the electron's forward
momentum is decreased by a phonon scattering event. '

For aluminum, previous experiments indicate that

AR""~ T

This T behavior results essentially from the large
amount of umklapp scattering, wherein the electron velo-
city (and momentum) can change by a large amount for a
small change in k. As we shall see in Sec. IV, our results
find the same T behavior as found in bulk Al samples.

The effect of a magnetic field on the electron orbits in
solids is discussed in many textbooks. ' In the case when
~ is much shorter than ~;, one expects the classical magne-
toresistance to be temperature independent. We note that
the free-electron theory of metals does not predict any
magnetoresistance. ' Using a more realistic two-band
model' '' for aluminum (due to the electron and hole
bands) one obtains a result,
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energy of a single electron (quasiparticle), and those pro-
cesses which break the coherence required for localization.

1. Electron-phonon scattering

r, pg
——(0.9 X 10 ) T =A 3""'T (13)

This rate is an average over the Fermi surface of r, ~q(k),
as is appropriate for our polycrystalline films. A number
of experiments on bulk single-crystal Al measured r, ~q(k)
at specific points or averaged on specific orbits on the
Fermi surface. These experiments confirm the magni-
tude and k dependence of the prediction by Lawrence and
Meador for ~, pQ The prediction of Eq. 13 for a Fermi-
surface-averaged rate may thus be used reliably for quan-
titative comparison with our experimental results, which
deal with polycrystalline films. It is likely that the
phase-relaxation rate relevant for localization due to
electron-phonon scattering will be close to the quasiparti-
cle inelastic rate for electron-phonon interactions.

For clean-limit (q~bl & 1) electron-phonon scattering in
bulk (3D) samples there is general theoretical consensus
that T pp should go as T . The expected behavior for
dirty-limit (q~bl & 1) electron-phonon scattering is still in
controversy. A rate proportional to T has been predicted
by Schmid and by Thouless. ' Two different theoretical
calculations by Takayama and by Kagan and Zhernov '

predict an electron-phonon rate in dirty systems propor-

Electron-phonon scattering is the only well studied in-
elastic mechanism in pure metals. In the case of impure
metals, some early theoretical calculations on electron-
phonon scattering have also been performed using simple
models. Prior to the recent localization studies on Al,
there was no quantitative evidence for electron-phonon in-
elastic scattering in any of the localization studies.

The dimensionality of a system with respect to
electron-phonon scattering is generally decided by com-
paring the physical dimensions of the system to the most
probable phonon wavelength, k~z

——2~/q„I, . q~z is the
characteristic phonon wave vector =2k& T/(U, h), with v,
the velocity of sound. For Al, transverse phonons give
the major contribution to inelastic scattering and for
these, A„I,

——750 A/T, with T in K. If one uses, instead,
the Pippard-Ziman condition that phonons of wave-
length larger than the electron mean free path are ineffi-
cient scatterers, then the electron mean free path will
determine the dimensionality of electron-phonon scatter-
ing. With either criterion, we estimate that our samples
are in the regime of three-dimensional electron-phonon
scattering for the temperature range where electron-
phonon scattering dominates, typically & 5 K. The good
adhesion of the film to the substrate and the good acous-
tic impedance match of Al and the glass substrate further
enhance the three dimensionality of this scattering mecha-
nism.

Lawrence and Meador have calculated the electron-
phonon scattering rate in aluminum using microscopic
band-structure parameters and realistic electronic wave
functions. They obtained a value for the electron-phonon
inelastic rate for quasiparticles in clean, bulk Al at the
Fermi energy:

tional to T . The behavior is likely more complicated
than that of a single power law ( TJ') for the range of tem-
peratures and mean free paths which are used in actual ex-
periments. In addition, all the dirty-limit calcula-
tions ' ' ' to date are for metals with a spherical Fermi
surface. In this simple model, an important consequence
of the decrease in the elastic mean free path is that inelas-
tic scattering by transverse phonons in addition to the
usual scattering by longitudinal phonons is allowed.
However, in real metals, and specifically aluminum, the
electron wavefunctions are such that the transverse pho-
nons already cause -80%%uo of the inelastic scattering even
in pure, bulk samples. Thus, the calculations for ideal-
ized metals with free-electron wave functions and spheri-
cal Fermi surfaces probably do not provide useful gui-
dance regarding dirty-limit electron-phonon scattering in
metals such as Al. In any case, our samples are in the
clean regime (q~ql & 1) in the temperature range where
electron-phonon scattering is the dominant mechanism.

2. Electron-electron scattering

e Ra2

k~ T ln( T, /T),2~2 (14)

with T~ ——(9 X 10 )(kF1) —10' for Al. Thus,
ln(T~/T)-25. This result has been extensively used in
the literature, including our previous publications.
Subsequently, Lopes dos Santos reevaluated the quasi-
particle rate self-consistently and obtained an expression
for 7,, ' that is smaller than the rate predicted by Eq. (14)
essentially by a factor of 2. Alt'shuler and Aronov have
predicted a similar result for the quasiparticle inelastic
electron-electron rate, but without the logarithmic factor.
Their rate is therefore much smaller than the result of Eq.
(14).

Fukuyama and Abrahams have evaluated explicitly
the phase-relaxation time entering the weak localization
problem due to the dynamically screened electron-electron
interaction. They conclude that the phase-relaxation rate

The standard result for the electron-electron scattering
rate in clean systems is a rate proportional to T (see, e.g. ,
Ref. 18). This T rate applies only for clean (fi/r&ksT),
bulk (i.e., three-dimensional) systems. The quasiparticle
electron-electron lifetime in clean bulk Al (using its de-
tailed band structure) has been calculated by Lawrence
and Wilkins and modified by MacDonald. ' There
have also been calculations by Schmid for dirty
(A'/r & ks T) systems. We note that the theory of
electron-electron scattering in the dirty limit, incorporat-
ing the bandstructure of Al, is not available. Hence we
compare our experimental results to theoretical predic-
tions based on simple models of metals with a spherical
Fermi surface.

Abrahams et al. have calculated the electron-electron
inelastic quasiparticle scattering rate for dirty two-
dimensional systems. The characteristic length scale for
dirty electron-electron inelastic interactions is

i;„,=(AD/ksT)' . When d «1;„, they obtained for the
quasiparticle inelastic rate
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r, ' for 2D systems is given by the same expression, Eq.
(14).

Alt'shuler et al. ' ' (and recently Eiler ) have calculat-
ed the phase-relaxation rate for the weak localization
correction due to electron-electron scattering at small en-
ergy ("quasielastic" scattering) transfers using a path in-
tegral approach. This result is equivalent to electron
phase relaxation caused by electromagnetic fluctua-
tions. ' ' These calculations indicate that in reduced-
dimensional systems (2D and 1D), the phase relaxation
rate due to quasielastic processes (denoted in their work as
rz') can be large. Alt'shuler et al. predict that phase-
relaxation rate for 2D systems is given by

2e Ro 2

. 2M' kz T 1n( M/e R ~ )

=A, "'T—(4&10 )RpT . (15)

The condition for two-dimensional behavior required for
the use of Eq. (15) is

d « lin~

(15a)

d « 2n.(R/e ) 6D 1

po kg T in[~(A'/e )/R~]

2
' 2/3

e R~k~ T (D/2)'",
A 8' (16)

where 8 is the width of the wire. The condition' for the
use of Eq. (16) is that

(A'/e ) AD

R~m. W2 k~ T

This Cooper-propagator rate can be much larger than the
1D quasipartIcle inelastic rate, ' ', which is proportion-
al to T'

We note that Eq. (15) differs from Eq. (14) by the absence
of the temperature dependence in the argument of the log-
arithm. In the case of 2D systems of low sheet resistance
such as our thin films, this theoretical prediction for ~,
is smaller than that predicted by Fukuyama and Abra-
hams by a factor of 3. Fukuyama has attempted to re-
late the calculations of Alt'shuler et al. to that of
Fukuyama and Abrahams. It appears that the inelas-
tic processes considered by these different authors arise
from the same physical mechanism, though this is not
evident in their papers. Our experimental samples are in
the limit given by Eq. (15a). According to the recent con-
clusions of Fukuyama (as also recently summarized by
Abrahams ), it is the 2D prediction of Alt'shuler et al.
given by Eq. (15) that correctly describes the decay rate of
the phase coherence due to electron-electron interaction
for two dimensional systems. Therefore, we use Eq. (15)
for comparison to our experimental data. In 1D systems
~, ' is predicted by Alt'shuler et al. to be' '

Very recently, it has been pointed out ' that in the case
of superconducting samples, close to the superconducting
transition, the electron-electron inelastic scattering rate
can be modified due to superconducting fluctuations. ' A
complex dependence of ~, ' on magnetic field and disor-
der is introduced by such a mechanism. For the lowest
temperature used in our work such a theory would in-
crease the theoretical estimate for ~, '

by at most -20%.

3. Other ineIastic mechanisms

In the case of amorphous systems Black et al. calcu-
lated the inelastic time due to the existence of two-level
systems. Results of the early experiments on wires of
highly disordered Au-Pd metal alloys were compared
with that prediction, since the data on Au-Pd wires
seemed to indicate that ~, ~ T. In Sec. V we discuss the
method of data analysis which led to the conclusion that
~,.

' ~ T, and show that those conclusions on ~, must be
revised. In any case, it is likely that this mechanism is not
relevant for the relatively clean polycrystalline metal films
we employ in the present studies.

E. Spin-orbit scattering

The origin of spin-orbit scattering in thin metal films
has remained a puzzle for more than a decade. ' In
most experiments on electron transport, effects due to
spin-orbit scattering are masked by the effects of other
scattering processes. In addition, any theory of the spin-
orbit scattering rate requires a good model of the impurity
or defect scattering process(es). An estimate of the spin-
orbit scattering rate in a metal using a simple scattering
model was given by Abrikosov and Gorkov. They
predicted that

r/r, , =(aZ) (17)

where a is the fine structure constant ( —», ), and Z is
the atomic number of the metal. It is indeed plausible
that the spin-orbit scattering time should scale with the
elastic scattering time, since it is the deviations from
ideality (impurities, boundaries, and defects) that cause
both elastic and spin-orbit scattering. For Al, Z =13, so
that the ratio predicted by Eq. (17) is 0.8)&10 if the
elastic scattering of electrons is due to boundaries. In
most transport measurements on normal metals, ~, is
not an accessible quantity. In contrast, with localization
experiments one can rather easily infer the spin-orbit
scattering times in metal films.

In certain superconducting measurements, ~, , can also
be extracted. Using the data from superconducting tun-
neling and critical-field experiments, and from normal-
state studies, Meservey and Tedrow presented results for

in various metals to test the Z dependence of the
spin-orbit time. The tunneling experiments used films
of thickness -50 A. Studies of the parallel-field super-
conducting critical fields ' also used such very thin
films. Tedrow and Meservey concluded that the scatter-
ing of the electrons from film boundaries was the mecha-
nism likely to be responsible for spin-orbit scattering in
the experiments they surveyed. By comparing their data
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for Al, and data from other studies on other materials, the
Z dependence was also approximately demonstrated.
However, the quantitative issue whether ~, , scales with 7.

as given by Eq. (17) could not be demonstrated unambigu-
ously, as this would require studies on samples over a wid-
er range of elastic scattering times. Also, if the elastic
scattering is due to impurities, and not due to a filrn-
vacuum boundary, then the value to use for Z in Eq. (17)
is not certain. In our experiments, ~, , and ~ are deter-
mined largely by bulk impurity scattering. We discuss
these issues further in Sec. IV.

III. EXPERIMENTAL TECHNIQUES

A. Sample fabrication

The two-dimensional films studied in this work ranged
in width from 250 pm down to 10 pm. They are fabricat-
ed using conventional contact optical photolithography.
The photolithographic mask was designed to facilitate a
four terminal measurement of the completed film. Typi-
cally, 120 film squares were used.

Fabrication of narrow metal wires can be accomplished
with a variety of techniques. The main techniques are
electron-beam lithography, x-ray lithography, and step-
edge (edge-defined) methods. All these techniques are
summarized in Ref. 47. The step-edge methods developed
by Prober et aI." have been used widely in past 1D locali-
zation studies. We have used x-ray lithography for the
present studies to fabricate 1D and 2D samples with
(nearly) the same film properties. This allows a compar-
ison of results of the 1D and 2D studies, providing a
strong check on self-consistency. Due to the limitation of
one-to-one pattern transfer in contact x-ray lithography,
the x-ray absorber mask, of -0.1 pm dimensions, must be
made by either electron-beam lithography or step-edge
methods. When the current studies began, only step-edge
methods were available at Yale for mask fabrication.

The procedures used in the mask and sample fabrica-
tion sequence are shown in Fig. 1. Mask making involves
etching a vertical step in a 1-pm-thick polyirnide film,
which was spun on a cover-glass slide. The polyimide
film is nearly transparent to the exposing x-rays. Oxygen
reactive-ion etching is used to form the step. A gold film
—1000 A thick is the x-ray absorber. This is deposited
across the etched step at an angle, leaving a gap at the
base of the step. The width of this gap corresponds to the
width of the metal wire to be produced. The initial height
of the step and the angle of deposition of the gold film
determine the width of the gap formed. A broad clear re-
gion for a contact pad was formed on either side of the
wire by using a metal mask during gold deposition. A Cr
layer (not shown in Fig. 1) is used to ensure good adhesion
of the Au film. The polyimide membrane is bonded to a
Vespel (polyimide) ring and the glass substrate is removed
in hydrofluoric acid." The glass would block the x rays if
it were not removed.

The x-ray source is a Vacuum Cxenerator EG-2 electron
gun, with a water-cooled copper target. Electrons of ap-
proximately 6 keV energy are focused onto the target in a
diffusion pumped chamber, at a pressure of —10 Torr.

The x-ray resist, poly-methylmethacrylate (PMMA), is
spun onto silicon wafers and is exposed through the x-ray
mask. Intimate contact between the mask and the silicon
substrate is ensured by an electrostatic mask hold-down
technique.

The use of resist lift-off in the fabrication of samples
requires a directional deposition technique, such as
thermal evaporation. To produce a small evaporation
source, a wire of aluminum is wound around a tungsten
filament. ' This is heated in a background pressure of
—10 Torr in a standard diffusion pumped vacuum sys-
tem. The film thickness is measured with a calibrated
quartz-crystal monitor. The evaporation rates ranged
from 2 to 20 A/sec, depending on the film resistivity re-
quired. Cleaner films required larger rates. In the case of
the narrow wires, we simultaneously codeposited wide
films for comparison of film properties. In producing
narrow wires, we oriented the tungsten evaporation fila-
ment parallel to the wire length (thus providing an effec-
tively smaller evaporation source) to achieve improved
lift-off.

B. Measurement techniques

The handling of samples after fabrication requires con-
siderable care. This is especially true for the wires of
width &1 pm. In all cases we have found it useful to
electrically short the leads on the substrate with silver
paint before soldering external copper leads onto them.
Pure indium solder was used for soldering these leads.
After mounting the sample in the cryostat, an external
shorting plug was used to keep the leads of the sample
shorted; the silver paint shorting connections on the sub-
strate were then scratched out. In addition, extra precau-
tions, such as the use of a humidifier, were taken to avoid
electrostatic buildup during sample mounting. Some
samples were "blown out" when such precautions were
not followed.

During the experiments we had provisions for making
(i) four-terminal resistance measurements using a dc
current source and a nanovoltmeter; (ii) four-terminal ac
measurements of the resistance using a PAR-126 lock-in
amplifier; and (iii) three-terminal resistance measurements
using a LR-110 ac resistance bridge. In a three-terminal
bridge, the lead resistances are canceled if they are
matched. While the four-terminal measurements were
preferable for avoiding complications from contact resis-
tances, they did not have the necessary resolution or sta-
bility. For the dc measurements, amplifier drift and noise
were the limitations. For the four-terminal ac measure-
ments, the stability of the ac current source and the am-
plifier and detector were the major limitations. For the
low-resistance 2D samples (R & 100 II), we achieved the
best resolution and sensitivity using the three-terminal ac
bridge with the lock-in amplifier (with a 1:100transform-
er input) as a detector. We could obtain a resolution and
stability of better than 1 ppm as required for magne-
toresistance studies on low-resistance samples even at rela-
tively high temperatures. The noise observed was pri-
rnarily the Johnson noise of the room-temperature balanc-
ing resistor of the bridge. For this three-terminal bridge,
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the symmetric design of the leads in the mask for the
two-dimensional samples made it possible to obtain a
value for the sample resistance which was within 5%%uo of
the value found in the four-terminal measurements. For
the high-resistance narrow wires, the LR-110 bridge with
its own internal detector was adequate. The contact resis-
tances ( & 1 Q) were negligible compared to the wire resis-
tance (& 1 kQ). In all the three-terminal measurements,
for T & 3.5 K we observed abrupt, but reproducible
changes in the magnetoresistance due to the superconduc-
tivity of the indium contacts, which had T, —3.7 K.
Four-terminal measurement could be used to eliminate
this complication at lower temperatures. A frequency of
500 Hz was used for all ac measurements.

The cryostat used was designed originally by Dalrym-
ple. Temperature measurement was done using a cali-
brated germanium resistance thermometer. For tempera-
tures above 4.5 K the sample was in an evacuated vacuum
can; for temperatures below 4.5 K a small amount of He
transfer gas was introduced. Temperature stability was
—1 mK. The temperature could be cycled using a heater
imbedded in the same copper block as the sample and the
thermometer.

The magnetic field required in the experiment was pro-
duced by a NbTi superconducting magnet described else-
where. We swept the magnetic field continuously, and
recorded the resistance change with a chart recorder. Due
to the relatively small characteristic fields H; (-0.5 to
100 G) in our films, we did not need fields larger than 2
kG to observe the localization effects. Data for both posi-
tive and negative field sweeps were recorded to locate the
true zero of the field. Different mounting stubs were used
for parallel and perpendicular field measurements. The
data were digitized manually, and then analyzed by a
computer.

IV. EXPERIMENTAL RESULTS

The details of the data fitting procedures are described
in Ref. 8. The theoretical expression used included the
contributions from localization and MT fluctuations [Eqs.
(3) and (4)] and the fitting was done at low fields ( & 500
Cx). H; and H, , were the fitting parameters. As dis-
cussed in Ref. 8, the polynomia1 form

~,. '=A)T+A3T (18)

provides an excellent fit to the experimentally determined
inelastic rate for a given sample. This suggests that two
scattering mechanisms are operative in our films. We
show in Fig. 2, our attempts to fit to functions of the
form

T +A„T",
with m =1 and n =2, 3, and 4. Equation (18) is seen to
correctly characterize the data. Other polynomial forms

A. Results for thin films
0

The films studied were 150—800 A thick. Rz ranged
from 0.17 to 6 Q. The diffusion constant D, was deter-
mined directly from the superconducting critical field
slope, dH, 2/dT. The elastic mean free paths l were in-
ferred for various samples assuming UF

——1.3 X 10
cm/sec. The pol products thus inferred indicated a ten-
dency' ' to increase with increasing residual resistivity
po, from a value of -2.5&&10 ' Acm for the cleanest
films to a value of -5)&10 ' Qcm for our highest
resistivity films. The dirtier films had higher values of
T„as is well known in the case of Al. The important
sample parameters are given in Table I.

1. Perpendicular magnetoresistance

Ro

TABLE I. Parameters for 2D films. Rz is at 4.5 K.

Sample

1

2
3
3ad

4
5

6
7
BR-A g

BR-B'

0.17
0.85
1 ~ 86
1.83
1.87
3.95
5.65
1.39
8.15

33.0

(A)

780
250
250
250
150
150
150
250

95
90

(K)

1.27
1.34
1.44
1.42
1.40
1.46
1.51
1.37
1.82
1.83

(A)

258
107
62
67
80
59
60

105
52
23h

A '
A theor

1

c
2.2
1.9

2.2'
f

2. 1

1.9
2.1

1.9
1.4

A

A thcor
3

1.7
1.3
1.7
1 9'
2.0
1.6
2.3
2.0
1.5
3.0

'A &"~' is defined in Eq. (15).
A3" ' is defined by Eq. (13)~

'This sample shows excess scattering at T-2K; see text.
3 and 3a were deposited at the same time.

'Coefficients from perpendicular field MR analysis.
At low temperatures this 10-pm strip shows precursors of a dimensional crossover effect. This pre-

cludes an accurate determination of A &.

Sample A of Ref. 66.
"The mean free path estimated from the pol product in our samples (Ref. 12).
'Also of authors of Ref. 66 (private communication).
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8~10
t I

71 AlT+A4T1 4

hC
I
%J

4

2

T (K) = 5 10
T2(K2) 100 200
T (K ) 2000 4000

15
300
6000

20
400
8000

for ~,
' with m =2 and n = 3 and 4 did not give satisfac-

tory fits either.
We now compare the coefficients 3

~
and 3 3 for the in-

elastic rate, Eq. (18), to the theoretical predictions out-
lined in Sec. II. The term linearly dependent on ternpera-
ture corresponds to electron-electron scattering [Eq. (15)].
In Table I we show the magnitudes of the coefficients
from both theory and experiment. They agree to within a
factor of 2. Thus we find

—1 —1
7 j 7~ +neph . (19)

The inelastic mechanisms in our aluminum films are
three-dimensional, clean-limit electron-phonon scattering
and two-dimensional, dirty-limit electron-electron scatter-
ing.

2. Comparison of inelastic rates
to superconducting experiments

An important outcome of our experiments is the quan-
titative understanding of the inelastic scattering mecha-
nisrns in our Al films. This helps us understand some
"anomalous" behavior observed in superconducting tun-
neling experiments on Al films by Chi and Clarke.
They inferred an inelastic scattering rate (from the
charge-imbalance relaxation rate in the superconducting
state) which was larger than the electron-phonon inelastic
rate. The measured rate increased with Rz, though this
correlation was not noted at that time. We refer the
reader to Ref. 8 for our detailed explanation of the experi-
mental observation of Chi and Clarke. We found a satis-
factory quantitative agreement between the inelastic
scattering rate inferred from the superconducting experi-
ments and our estimates for those samples with Rz & 1 A
based on our localization experiments. Similar observa-

FIG. 2. Demonstration of the inadequacy of the various oth-
er polynomial forms for ~, '. Inferred values of (~;T) ' for
sample 3 plotted vs T(j); vs T (0); and vs T (~). The plots
are artificially made to pass through the T =20-K point. The
function that fits the straight line is the best fit. The straight
line corresponds to ~, '=A~T+A3T'. The dashed lines are
guides to the eye.

tion was also valid for the Al samples of van Son et al. '
in their microwave superconducting gap enhancement ex-
periments. This agreement on inelastic scattering rates (of
samples of comparable sheet resistance) between the local-
ization and superconductivity experiments poses an im-
portant theoretical question. The inelastic scattering that
enters the theories relevant to the various superconductivi-
ty experiments may, in principle, differ from the inelas-
tic scattering in localization experiments that causes the
relaxation of the localization phase coherence. However,
Fig. 3 of Ref. 8 indicates that these two mechanisms have
comparable magnitudes in Al films. Such an observation
could be interpreted as due to the strongly inelastic nature
of the electron-electron and electron-phonon scattering
processes. If the electron scattering processes were quasie-
lastic, the phase relaxation rate and the inelastic rate
should be very different.

In the low resistance (Rp & 1 0) films of Chi and
Clarke, and also those of van Son et al. , electron-phonon
and dirty-limit electron-electron scattering rate are too
small to account for the experimental rates. We specu-
late that in these cleaner films the relevant electron-
electron scattering mechanism should correspond to the
clean limit (fi/r & k~ T). The calculations of
MacDonald ' ' for the phonon-enhanced electron-
electron scattering in bulk Al yields a value that agrees
also with a factor of -3 with the excess scattering ob-
served in our clean sample. Our data for sample 1 are
also consistent with such a term, but the data are only re-
liable from 2—6 K, due to the small size of the fractional
resistance change. As a result, this issue cannot be
resolved at present. Clean-limit 2D electron-electron
scattering has been found to play a role in MOSFET's.
More theoretical and experimental work is needed on met-
al films in this regime of low Rz.

3. Resistance as a function of temperature

Most of the early localization experiments used thin
films of nonsuperconducting metals, and observed a resis-
tance increase with decreasing temperature. However,
since our sample material is aluminum, the resistance de-
creases as T is reduced at the lowest temperatures due to
the superconducting fluctuations. The experimental data
for 5R (T)/R for sample 7 in the temperature range 2 to
16 K are shown in Fig. 3. The theory fits include the con-
tributions from classical electron-phonon scattering, local-
ization and MT fluctuations. The contribution to the
R (T) due to electron-electron scattering is negligible
compared to the other contributions. The data are shown
for zero field and at H =20 G. We find the phonon con-
tribution is well fit by 6R "/R =CphT . There are three
fitting parameters, H;, H. .. and Cph, needed to predict
R (T). Of these, H; and H, , were determined from the
magnetoresistance fits, and are not adjustable here. Only
Cph was taken as a "free" Parameter.

In Fig. 4 we show the R (T) for sample 7 in zero ap-
plied magnetic field decomposed into individual contribu-
tions. The general shape of the R(T) curve is due to the
fact that at high temperatures the electron-phonon
scattering contribution (as discussed in Sec. IID) is dom-
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FIG. 3. Resistance vs temperature for 2D film sample 7.
The theory fit was matched to the experimental data at T =6
K. The only fitting parameter was C~h ——1.9& 10

that the localization resistance actually decreases with fur-
ther decrease in temperature. The MT contribution, in
contrast, can be unambiguously identified since it diverges
as T~T, . The inferred inelastic rate from the magne-
toresistance studies is also consistent with the observed
MT contribution to R (T).

The value of C„h derived in the above analysis for each
sample, should be related to the value of A 3 inferred from
our analysis of the magnetoresistance data. Using a sim-
ple Drude model, ' we predict that

pph/po —A 3 T /r ' = [(A 31)/vF ]T

so that we should find Czh ——A3l/vF. This formula for
p~h applies if all inelastic scattering events contribute to
the resistance and there is no restriction to small scatter-
ing angles. The absence of a restriction on scattering an-
gles is due to the fact that umklapp scattering is signifi-
cant in Al even at very low temperatures. ' We find
C„h ——A3l/vz to within a factor of 2. We conclude that
sensible electron-phonon inelastic rates explain both the
magnetoresistance and the R (T) data. This strengthens
further our identification of this inelastic mechanism.

4. Parallel field magn-etoresistance

inant. At the lowest temperatures, the Maki-Thompson
term [Eq. (5)] is dominant. Hence, from the studies of
R (T) alone an unambiguous extraction of the localization
contribution would not be possible. However, in our fit-
ting of the magnetoresistance we found that H, , «H; at
high temperatures and H, , ~~H; at low temperatures.
An estimate of the localization contribution reveals that as
the temperature decreases from 20 to —8 K, the fraction-
al resistance increase is only -2& 10 . This magnitude
is only about a tenth of the value predicted by the localiza-
tion theory if one ignores spin-orbit scattering. Below —8

K, Eq. (3) and the inferred values of r; and r, , predict

-3
1xl0 1x10
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Q EXPERIME
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FIG. 4. Decomposition of R (T) for sample 7 into individual
components. For the localization contribution only (dotted line),
the enlarged vertical scale on the right applies. For T ~7 K,
the electron-phonon term is dominant and for T & 4 K, the MT
term is dominant. For 4 K & T & 7 K, all the terms are compar-
able and small. Reference temperature is 6 K.

The goal of the parallel-field studies was to verify the
theoretical prediction for parallel fields and see if the pa-
rameters H; and H, , inferred from an analysis of the
parallel-field data are the same as those for perpendicular
fields. For one film sample, 3a, we have done measure-
ments in both the parallel and the perpendicular field
orientations. 3a was deposited at the same time as 3 but
was measured about a year after 3 was measured.

First, perpendicular field measurements on 3a were
done as described previously. All the sample parameters
were in good agreement with those of 3 for both the basic
film properties (see Table I) and also for the inferred
values of ~, , and ~;. The sample was next mounted on a
stub designed for parallel fields and measured on a dif-
ferent day. We did not attempt to verify the deviation
from the parallel orientation in a systematic fashion, and
hence cannot rule out the possibility that there was a
small perpendicular component of the field. However, in
order to avoid a more complicated analysis with an addi-
tional unknown parameter (tilt angle), we have chosen to
do the analysis using only the parallel field theory, and
look for consistency in the values of the inferred parame-
ters.

The qualitative behavior for the parallel and perpendic-
ular field data is similar. Figure 5 shows the data for
sample 3a at 4.5 K in parallel and perpendicular fields.
At these low temperatures, the sample showed positive
magnetoresistance in perpendicular as well as parallel
field. Negative magnetoresistance was observed at high
temperatures for both the parallel and perpendicular con-
figurations. This confirms right away that the relative
magnitudes of H; and H, , were the same for the two
field orientations, as indeed they should be. However,
there is appreciable magnetoresistance at low fields in the
perpendicular orientation. In the parallel orientation one
needs a field typically —30 times larger for a comparable
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8xlP

$R/R

magnitude, in any case.
Thus, the experiments on parallel magnetic fields show

good agreement with the theory for the localization and
MT contributions. The film parameters and scattering
rates are in reasonable agreement with the perpendicular-
field results.

10
H (Q)

100
I

1000

FIG. 5. Comparison of parallel and perpendicular rnagne-
toresistance data for sample 3a. The fit parameters are
H;=1.35 G and H, , =21 G for the perpendicular field data
(~ ). For the parallel field data, the fit parameters are H;=1.8

G and H, , =31.5 G.

where l is in cm and H is in Cx. We find that the term
which is required to explain the experimentally observed
parallel-field magnetoresistance corresponds fairly well to
this classical magnetoresistance term. We note that while
the theoretical prediction for the electron-electron interac-
tion term is also proportional to H, the predicted effect
is a function of temperature. It is also smaller than the
experimentally observed H term by at least one order of

size magnetoresistance.
The theory used in fitting the experimental data in-

cludes the localization and MT terms as described in Sec.
II. As indicated there, the theory for parallel fields is a
perturbation calculation and valid only for fields
H & 12Hd. Since d =250 A, this condition restricts the
applied fields to less than —10 kG. Our measurements
were only up to -2 kG. We use the same value for the
parameter /3 (taken from Larkin's calculation ") for both
orientations. The inferred values of H; and H, , are dif-
ferent by a factor of 1.5 for the two different field orienta-
tions. We consider this to be satisfactory. Fits of a quali-
ty similar to that of Fig. 4 are obtained for all tempera-
tures below —10 K for the parallel field data.

At temperatures above 10 K there is a measurable MR
(6R/R & 10 ) only at higher fields, & 1 kG. In this
case, other contributions, such as classical magnetoresis-
tance, cannot be ignored. For this temperature and field
region, to obtain a satisfactory fit for the MR data we in-
clude a third term in the theory in addition to localization
and MT terms. This term is proportional to H . The
coefficient of this term is not a strong function of tem-
perature. We interpret the third term as due to classical
MR and this contribution is likely isotropic if l &d. We
can obtain an estimate of the classical magnetoresistance
from our perpendicular field measurements on three
cleaner samples at higher fields. These measurements in-
dicate that

5R "/R =0.9(lH)
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FIG. 6. Spin-orbit time in Al as a function of the elastic
scattering time. The results from nonlocalization experiments
(Refs. 45 and 46) and localization experiments (Refs. 13, 58, and
60).

5. Spin-orbit scattering

We plot in Fig. 6 the values of ~, , inferred from our
magnetoresistance data. The plot is done as a function of
~ for the eight samples. l was obtained from H, 2 mea-
surements, using vz ——1.3)& 10 cm/sec. We also show the
results from previous nonlocalization experiments for
comparison. The solid line corresponds to
w/w, , =2)& 10 . The approximate proportionality of ~
and ~, , seen for our data in Fig. 5 allows one to argue
that spin-orbit scattering arises from the same events that
cause elastic scattering. Of course, spin-orbit scattering is
much less probable. Equation (17) predicts r/r, ,
=0.8&10 if one uses Z =13 for Al. As noted before,
the choice of the appropriate ion charge Z to use in Eq.
(17) is an issue which is not fully resolved. If the scatter-
ing were caused by vacancies, lattice defects, or were due
to a metal/vacuum interface, Z should be the nuclear
charge of Al, 13. If the dominant scattering mechanism
were scattering from impurities, the appropriate value for
Z may be that of the impurity.

In our samples, the elastic mean free path, as inferred
from the critical field measurements, is smaller than the
film thickness. Thus, ~ is determined by scattering within
the film. The elastic mean free path decreases when the
films are deposited at a slower rate in the vacuum
chamber. The incorporation of residual oxygen into Al
films from the deposition chamber has been thought to be
the reason for this observed behavior. However, the use
of Z =8 (corresponding to oxygen) gives a predicted mag-
nitude for ~/~, , that is 20 times smaller than the experi-
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mentally observed value. Thus, a quantitative under-
standing of the spin-orbit scattering rate remains elusive.
We should, nevertheless, point out that the spin-orbit rate
generally increases with increasing atomic number as
demonstrated by other experiments, particularly those of
Bergmann. We discuss the results of the other localiza-
tion experiments on thin films of Al in Sec. V.

Prior to localization experiments, Meservey and
Tedrow had obtained spin-orbit scattering rates in Al
films from an analysis of tunneling data. Crow et al.
studied upper critical magnetic fields in thin Al films to
obtain ~, . We show the results from these supercon-
ducting experiments also in Fig. 6 for comparison. These
experiments yield a value for ~/~, , -3 times smaller than
our value.

B. Results for narrow wires

The wires we have studied had thicknesses of either 150
or 250 A. The properties of these wires are given in Table
II. The wires were observed in a scanning electron micro-
scope after the low-temperature experiments to determine
their width. The wire length was -210pm. The value of
R z was experimentally inferred, using the measured
width and Iength and sample resistance. This value of
R~ was smaller than that of the codeposited wide film by
-20% in the best case, and by —50% in the worst case.
A variety of effects in the deposition process (e.g. , for the
narrow wires, reflection of Al atoms off the resist wall)
might cause this difference in R~. In our analysis we
have used the experimentally determined values of R~.
The width of a given wire was uniform to —5%%uo.

The two-dimensional films showed the expected linear
behavior for H, 2 close to T„H,2~ T, —T. In contrast,
the narrow wires showed

H, 2~(T, —T)' (20)

for fields perpendicular to the plane of the wire. This cor-
responds to the case where the temperature-dependent su-
perconducting coherence length g(T) is larger than the
sample width. This situation, then, is similar to a super-
conducting thin film in parallel field where the depen-
dence of H, 2 on T, —T is also given by Eq. (20).

I. Fully one-dimensional samples

Most of the results on one-dimensional Al wires were
previously reported in Ref. 10. To be in the fully-one-
dimensional regime we require samples of width W(l;
and I, . The theoretical expression for the magnetoresis-
tance fits included the localization and MT contributions,

given by Eqs. (8) and (9). Since the theoretical result was
a perturbation calculation for small fields, the fitting was
done only up to 300 G. For sample A, the field limit for
Eqs. (8) and (9) is —350 G.

From our fits we find that the magnetoresistance of
samples A and B obeys the one-dimensional form over the
entire temperature range 1.8 to 15 K. Fits to the two-
dimensional theoretical form were not satisfactory. The
inelastic scattering length l;(T) inferred from these fits
for sample A is reproduced from Ref. 10 as Fig. 7. For
comparison, we show I;( T) for the co-deposited wide (2D)
film. The agreement seen in Fig. 7 is excellent. Similar
agreement is seen for the other fully-1D wire, sample B.

The agreement of the inelastic scattering rates in Fig. 7
was the first reported agreement of inelastic rates for sam-
ples of different localization dimensionality. Before we
try to understand this result we note that the mechanisms
that contribute to the inelastic processes in 2D films are
electron-phonon scattering and electron-electron scatter-
ing. As discussed in Sec. II D above, the dimensional size
scale for electron-phonon scattering is the characteristic
phonon wavelength. At the temperatures where the
electron-phonon scattering is dominant, typically T) 5
K, both the films and the narrow wires are three-
dimehsional with respect to electron-phonon
scattering. The films and wires should have the same ef-
fective dimensionality since k„h& W. Hence, the magni-
tude of the electron-phonon scattering rate is expected to
be the same in both our films and wires. At low tempera-
tures, electron-electron scattering begins to dominate.
The dimensionality for the electron-electron scattering is
decided by a different characteristic length scale from that
of electron-phonon scattering. We initially thought Eq.
(14) to be the relevant theoretical result for electron-
electron scattering, with a typical energy of —kz T.
Hence we proposed in our previous publications " that
the wires were two-dimensional also with respect to the
electron-electron inelastic mechanism, since
W)(fiDlk~T)'~. More recently (as discussed in Sec.
II D) electron-electron scattering at small energy transfers
has been understood to contribute significantly to the
phase relaxation. The correct theoretical prediction
should be Eq. (16) for one-dimensional systems, such as
we have studied. The condition Eq. (16a) for the use of
the 1D electron-electron scattering rate for the material
properties of the wire A is

W ((6/T' ')

with W expressed in pm and T in K. Since sample A is
only 0.2 pm wide, it easily satisfies the condition for one

TABLE II. Parameters for narrow wires. R~ is at 4.5 K.

Sample

A
8
C
D

Ro
(0)

0.9
1.2
2.8
4.5

d
(A)

250
240
150
150

1 ~ 35
1.34
1.45
1.49

0.20
0.24
0.60
0.40

l, ,
(pm)

0.48
0.57
0.32
0.30

l; (4.5 K)
(p, m)

1.47
1.28
0.98
0.78
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FIG. 7. Inelastic diffusion length vs temperature. The solid
line is the experimentally determined I; for the codeposited wide
film. Up to 15 K, W &l2 and l; as required for fully one-
dimensional behavior. l, , is the spin-orbit scattering length
( D )1/2

dimensionality. For sample A, a comparison of the mag-
nitudes of the ~, ' at T =4 K for the 2D and 1D cases
[Eqs. (15) and (16), respectively] reveals that the 1D rate is
larger than the 2D rate by a factor of —5. This difference
in the inelastic scattering rate is expected to result in a
value of l; that is -2 smaller than for the film. Hence,
we should have observed the one-dimensional electron-
electron scattering mechanism. We apparently did not.
Due to the dominance of the electron-phonon scattering at
higher temperatures we have only a limited temperature
range (1.8 K& T &5 K) to observe the change in the
dimensionality of electron-electron scattering. In any
case, the agreement of electron-phonon scattering rates at
higher temperatures for the wires and the films unambi-
guously confirms the one-dimensional behavior with
respect to localization. We also note that the qualitative
validity of Eq. (16) has not been verified yet by experi-
ments.

Most previous studies of narrow wires measured in de-
tail only the resistance change with temperature. For our
samples, magnetoresistance data and the resulting
values provide the most direct test of localization theory.
As shown in Ref. 10, the theoretical predictions based on
contributions from localization, MT fluctuations and clas-
sical electron-phonon scattering quantitatrvely explain the
experimental data. The electron-phonon part of R (T) is
indeed well fit by 6R "/R =C„hT for the wires, indepen-
dent of H. This is just the same as in the case of thin
films discussed previously. The values of C~h for the 2D
and 1D cases agree within 5%. The quantitative agree-
ment of theory and experiment over the entire tempera-
ture range of Fig. 3 of Ref. 10 confirms the 1D theoretical
prediction. At low temperatures the MT term is dom-
inant. The fact that at low temperatures it is the 1D
theory which correctly describes the experimental data
confirms that l; is the relevant length scale for the MT
term.

2. Mixed-di mensi onal samples

10
I I

~ SAMPLE C,
W=0.6 p ~
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FIG. 8. Inelastic diffusion length vs temperature for a wire
of intermediate width; at low temperature ( T & 6 K), the locali-
zation behavior is of mixed dimensionality, as l. & W & l;. For
T) 15 K, the localization behavior is that of a 2D film, since
(l2, l;) & W. In each temperature range appropriate theoretical
analysis was used to extract values of I;.

When the sample width is such that l2 & 8' & l;, we ex-
pect to observe mixed-dimensional behavior, as noted in
Sec. IIB. We have studied two samples, C and D, which
are in this regime. We illustrate the case using sample C,
of width 0.6 pm.

The magnetoresistance data for sample C can be satis-
factorily fit to the 2D theory at high temperatures, 15 and
20 K. At 15 K, l;=0.25 pm. H, , =16 G, independent
of temperature, which implies l, , -0.3 pm. Thus, the
behavior of this wire should indeed be two dimensional at
high temperatures. In contrast, for T & 12 K, the experi-
mental data cannot be fit satisfactorily to the 2D magne-
toresistance theory for any set of parameters H; and
H, , However, when T & 6 K the behavior of the sam-
ple is well described by the magnetoresistance formula
corresponding to mixed-dimensional behavior, namely, a
1D singlet localization term and a 2D triplet term. The
same value of l, , is obtained here as at the higher tem-
peratures. At these lower temperatures, the fully-1D
theory does not provide as good a fit as the mixed-
dimensional theory. (At the very lowest temperatures,
T-2 K, the MT contribution and the singlet localization
contribution are completely dominant, so that at 2 K it is
hard to distinguish the mixed-dimensional result from the
fully-1D result. Studies of nonsuperconducting wires
would remove this ambiguity. ) The inferred inelastic
scattering length for sample C is plotted as a function of
temperature in Fig. 8 along with those for the codeposited
wide 2D film. The agreement of the inelastic rates corro-
borates the predictions of the mixed-dimensional theory.

Experimentally, when I; & 1.38' the mixed-dimensional
theory is found to be applicable. When l; &0.58', the 2D
theory is applicable. Thus, for the singlet and MT terms
there is indeed a crossover in dimensionality when l; —W.
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This crossover of localization dimensionality is in accord
with the original ideas of Thouless. '

V. COMPARISON TO OTHER WORK

A. Other studies on Al

Due to the vast number of studies on two-dimensional
and three-dimensional systems we shall not give a full ac-
count of these other results in this article. Numerous
studies have confirmed the predictions of the 2D localiza-
tion theory. Very elegant studies by Bergmann have even
demonstrated directly the important role of spin-orbit
scattering. However, a consistent understanding of the
phase-breaking time ~; in metal films had not emerged
from previous studies. A number of studies showed an in-
elastic rate ~, ~ T~, with p-2 in many experiments.
The magnitude of this T rate is generally too large to be
explained by known mechanisms. Not all experiments
show this dependence. Furthermore, not all experiments
on (nominally) the same material have the same results for

We refer to the recent review by Bergmann for a
thorough account of these conclusions.

There are fewer experiments on superconductors (at
T & T, ) than on normal metals (T, =O). Many of the
studies on superconductors have been on aluminum, since
a relatively low but accessible T, is required to allow mea-
surements over an extended temperature range. While it
is not evident in the published literature, there is rather
good consistency among all these studies on Al films,
both for the experimental data and for the inferred
scattering times, if a consistent scheme of data analysis is
employed. We will discuss these other experiments on
aluminum samples in detail here.

Bruynseraede et al. studied Al films of Rz ranging
from —1.5 to 60 A. These films were approximately 100
A thick. For their analysis they used the localization
theory in the limit of no spin-orbit scattering. Their in-
ferred inelastic rates showed an approximately linear
dependence on T but were larger than the predictions of
the electron-electron scattering theory [Eq. (14)] by one
order of magnitude. We have reanalyzed their magne-
toresistance data for their sample A in the manner
described in this work (i.e., without assuming r, , =0).
The results for ~,

' which we then obtain for their sample
are consistent with the rates in our own samples. The in-
elastic rates for their samples are thus consistent with the
theory, Eqs. (18) and (19). Bruynseraede and colleagues
now agree with our method of analysis and the con-
clusions on their data stated here. The analysis presented
in their original work was merely too simplified.

The work of Gordon et al. ' is an interesting comple-
ment to the work reported in this paper. They initially
studied granular, high-resistivity films, with l —15 A.
They fit their 2D magnetoresistance data to the complete
theoretical form, and found the inelastic rate to be given
by Eq. (19) as was found in this work In their origin. al
analysis they had found that the electron-phonon mech-
anism showed ~, pQ A4T for films with l ~ 15 A and

pQ + 3 T fol a film with l =46 A. They have recently
studied cleaner films and also reanalyzed their original

data. Gordon et al. have concluded that the form
7 pb

—A 3 T describes the experimental data well for all
of their samples. Their experiments spanned a wide range

0
of R~ ( —2 to -200 0) and thickness (d —70 to 200 A).
The coefficient A3 appeared to increase from our value of
—1.5 & 10 to —3.5 )& 10 with increasing resistivity.
Their earlier identification of an electron-phonon scatter-
ing rate proportional to T was due to the relatively small
contribution of electron-phonon scattering in the high-
resistance films. It was difficult to distinguish between a
T and a T dependence for those data. The contrasting
case for low Rz films is shown in Fig. 2 above.

Gershenson et al. reported measurements on two
aluminum films with R& ——20 and 112 A. The films were
—50 A thick. They analyzed their MR data assuming the
samples were in strong spin-orbit scattering limit at low
temperatures, and in the zero spin-orbit scattering limit at
high temperatures. They found that the low-resistance
film showed ~,

' —T behavior in the entire temperature
range. The high-resistance sample showed v., —T at low
temperatures and ~,

' —T at high temperatures.
Gershenson et al. concluded that the T dependence of
the rate was due to two-dimensional electron-phonon
scattering. We have reanalyzed their magnetoresistance
data for the low-resistance sample without specific restric-
tions on the relative magnitudes of ~, , and ~;. We find
that the data could indeed be fit well using the method
described in this article (with a temperature-independent
value for r, , ). This reanalysis yielded inelastic rates
which can also be interpreted' in terms of two-
dimensional electron-electron scattering and three-
dimensional electron-phonon scattering as in the case of
our samples. The electron-electron coefficient 3& is in
good agreement with the theory of Alt'shuler et al. as is
found in our work. However, the electron-phonon coeffi-
cient A3 for their data appears to be larger ( A3 —3 X 10 )

consistent with the observations of Gordon et al. We
should point out that it may be surprising that such a thin
film (d —50 A) should behave as a three-dimensional sys-
tem for electron-phonon scattering. The issue of the
dimensionality of electron-phonon scattering in thin films
definitely deserves further study.

A quench condensed Al film of Rz ——117 0 and thick-
ness 90 A was studied by Bergmann. ' He fit the MR
data to the complete theory including spin-orbit scatter-
ing. He inferred a behavior of ~, ~ T ' in the tempera-
ture range 4.5 to 20 K. Bergmann contended that quench
condensed films were intrinsically different from pure Al
or granular Al. In spite of all the differences in the
preparation of the samples, the basic film properties (such
as T„ low-temperature resistivity and the diffusion con-
stant) and even the inferred spin-orbit scattering rate are
close to those of the granular film sample C of Gordon
et al. An evaluation of ~; using the inferred coefficients
3 ~ and A3 from the work of Gordon et al. can likely ex-
plain Bergmann's data in quantitative terms. It is also
likely that if Bergmann had obtained the experimental
data over a wider temperature range, any deviation of the
data for r, ' from a single power-law ( T") behavior would
have been more obvious. Indeed, ~; at the lowest tempera-
ture studied, T-4.5 K (see Fig. 10 of Ref. 13) deviates
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from the value one would obtain from an extrapolation of
the high-temperature data assuming ~, —T ' !. This in-
dicates a slower temperature dependence at low tempera-
tures than ~, —T ', and is consistent with our findings
and those of Gordon et al.

Shinozaki et al. have recently reported the MR stud-
ies of a granular Al film with Rp —315 A and thickness
—100 A in the temperature regime 4.2 to 35 K. Using an
analysis similar to ours for the MR data, they infer an in-
elastic rate proportional to T at low temperatures in
agreement with our results. But at the higher tempera-
tures they find the inelastic rate to be proportional to T .
We note that this film had the highest R~ of all the Al
films studied so far and hence the electron-electron
scattering rate predicted by Eq. (15) is very large as a re-
sult. Figure 2 of Ref. 67 clearly shows the linear depen-
dence of the inelastic rate [Eq. (15)] up to —10 K. If we
assume that the magnitude of the electron-phonon rate for
this film is given by -3)& 10 T (as obtained by Gordon
in his high-resistivity films), then only for T & 20 K, does
the electron-phonon contribution begin to be appreciable.
Thus, for temperatures larger than T-20 K one sees a
deviation from the linear behavior expected from Eq. (15).
Only above T—35 K, does the magnitude of the
electron-phonon scattering dominate. Hence the con-
clusion of Shinokazi et al. that the inelastic scattering
rate is proportional to T at high temperatures is likely to
be an artifact of the limited temperature range studied.
For such high resistance of the films, the electron-electron
scattering rate is very large and a broader temperature
range must be studied to correctly extract 7 ph.

Magnetoresistance measurements on 1-pm-thick granu-
lar Al films with resistivities in the range —300 to 6000
pA cm were reported by Mui et al. The film morpholo-

gy is that of Al grains —30-A diam, isolated from adja-
cent grains by aluminum oxide. The analysis was done in
terms of the three-dimensional theory, comprising terms
from localization, MT fluctuations and the orbital contri-
bution of the electron-electron interaction. The inferred
inelastic scattering rate appeared to change from ~,

' ~ T
in the case of the -300-pA cm sample to ~;

' ~ T for the
-6000-pAcm sample. The magnitude of the inelastic
scattering rate appears to be comparable to the 2D case.
These samples can be shown to be in the three-
dimensional limit for the electron-electron scattering.
In this case, electron-electron scattering events with a
characteristic energy transfer of -k&T are expected to
dominate' ' resulting in ~, , ~ T behavior. ' It is
likely that electron-phonon scattering in their low-
resistivity samples is not negligible so that

—1 —1 —1

i 7e-e +7e-ph

The nature of electron-phonon scattering in such granular
systems is unknown. The samples with resistivity —1000
pQcm may indeed have an inelastic mechanism corre-
sponding to two-level tunneling states (TLS) with a rate—1

TLS
We wish to comment briefly on the values of ~, in-

ferred in the other localization experiments on aluminum.
The ratio for ~/~, for some of the films studied by Gor-

don et al. ' 0 does agree with the values we find. (See
Fig. 6 above. ) But Gordon et al. observed the ratio r/r, ,
to be smaller by as much as one order of magnitude in
their other high-resistance films. No systematic behavior
was obvious in their work. In general, Al films of higher
resistivity are produced by evaporating in an oxygen atmo-
sphere. ' The conduction in these films occurs by the
electron tunneling through the oxide barriers. For these
granular films the ratio sir, , (if r is derived from the
film resistivity) appears to be quite different in magnitude
from our results. The work of Mui et al. on three-
dimensional localization in granular Al showed a value al-
most three orders of magnitude smaller for ~/~, , than we
find for our cleaner films. We suggest that this difference
in behavior may be traceable to the different conduction
mechanism in the granular case. Weak tunneling between
grains determines the resistivity for the granular films,
but apparently does not contribute to spin-orbit scattering.
The mechanism(s) causing spin-orbit scattering in granu-
lar Al films must be different from that in our "pure" Al
films. The quench condensed Al film of Bergmann' also
showed a smaller value for the sir, , ratio (see Fig. 6).
However, it is interesting to note that Shinozaki et al.
find ~/~, , —10 in their granular film. Thus, a detailed
understanding of the spin-orbit scattering mechanism in
granular films will require further study.

B. One-dimensional studies

In a recent publication" we have presented, in detail,
our conclusions of a reanalysis of the previous experimen-
tal studies on lithographically defined narrow wires of
Au-Pd, "Pt, 3' ' W-Re, 7o and Cu, ', drawn Pt wires,
and Bi whiskers. We shall not repeat the details here,
but rather will give a summary of our conclusions to pro-
vide an understanding of the complete picture for the
one-dimensional systems studied to date.

For the alloys Au-Pd and W-Re, it appears that mag-
netic scattering and/or large spin-orbit scattering rates
gave very small localization effects compared to interac-
tion effects. The resistance changes with temperature
measured in those early studies appear to have been due to
electron-electron interaction effects! Even with this inter-
pretation, it is still not understood why the fractional
change of resistance at low T depended linearly on the
resistivity of the sample (in the case of Au-Pd, W-Re, and
Pt wires " ' ). We refer to a recent article by Masden
and Giordano that summarizes their conclusions on this
question for their experiments on Pt and Au-Pd. In the
case of the Cu wires, the resistance rise is also likely due
to interaction effects as was noted by the authors. The lo-
calization effects may have been absent due to magnetic
scattering. There may also be a large phase relaxation
rate due to new one-dimensional mechanisms. In the Bi
whiskers the observed resistance decrease with decreasing
temperature may have been due to "antilocalization"
caused by the presence of strong spin-orbit scattering. In
the drawn Pt wires the observed magnetoresistance was
not due to 1D localization effects. The observed behavior
was probably due to large disorder produced by the draw-

ing process, as indicated by the authors.
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We note that there have been recent studies by Gor-
don on an Al wire, Licini et al. on Li wires and by Lin
and Giordano on a Au-Pd wire. The magnetoresistance
behavior observed by these three experimental groups ful-
ly confirms our conclusions on the success of the theory
of weak localization in explaining the experimental data.
Godfrin et al. observed a 1D-to-2D crossover in the
temperature dependence of resistance in Ga-As wires and
determined the inelastic scattering lengths in those sam-
ples.

The studies discussed so far have all used metal or semi-
conductor wires. It is also possible to form narrow in-
version layers in silicon MOSFET's. Studies of such
quasi-1D MOSFET s in the weak localization regime
(5R/R «1) have been carried out by Wheeler et al. 79

and by Skoqpol et al. We discuss here the work by
Wheeler et al. , as it is more quantitative in its analysis.
The results of Skoqpol et al. appear to be consistent with
those of Wheeler et al.

Wheeler et al. studied narrow metallic wires formed
in silicon inversion layers of width -0.3 pm. The MR
studies showed clearly the presence of localization in these
systems. In a prior analysis of data for wide (2D)
MOSFET's, Wheeler et al. had identified the dominant
inelastic mechanism there to be dirty-limit 2D electron-
electron scattering. The inelastic electron scattering
mechanism in the narrow wires appeared to be 1D dirty-
limit electron-electron scattering for the 1D (narrow) wire.
This result is to be contrasted with our data in Fig. 7,
which shows only a change in the localization dimen-
sionality but not in the inelastic rate. Also, Eq. (16) for
the electron-electron scattering rate in 1D systems gives
an estimate of ~, for the narrow MOSFET sample that is
larger than the value experimentally inferred by Wheeler
et aI For ou.r work, Eq. (16) predicts a value for the in-
elastic scattering time in the wires that is smaller than
what we find experimentally. We do now know the
reason for these discrepancies. One possible source of this
difference is that the theoretical equation for 5R used in
Eq. (3) of Ref. 79 had an additional factor of 2 in the
denominator compared to the expression we obtain, Eq.
(8) with H, , =0. This raises some difficulties in the
quantitative understanding of the results of Wheeler et al.
in light of our experiments. In any case, the presence of
weak electron localization in narrow inversion layers has
been established beyond question.

VI. SUMMARY AND CONCLUSIONS

The primary objective of this work was to verify the ex-
istence of the quantum correction to the resistance due to
weak localization of electrons in Al films and wires and to
better understand these corrections in terms of microscop-
ic mechanisms. In this section, we summarize the impor-
tant developments in our understanding. We discuss our
results in two parts, for thin films and for narrow wires.

A. Thin films

Our experiments on thin Al films provide strong quan-
titative support to the theory of localization in supercon-
ductors above T, . The existence of superconducting fluc-

tuations above the transition temperature of Al presents
an interesting (and in some ways useful) complication in
the data analysis. The study of magnetoresistance (in per-
pendicular magnetic fields) has been helpful is separating
the effects due to weak localization and Maki-Thompson
fluctuations from the other quantum effects. This separa-
tion is simple only in low R& films such as we have stud-
1ed.

A significant outcome of this work is the understanding
of the inelastic mechanisms that destroy the phase coher-
ence essential for localization. From our magnetoresis-
tance measurements, we have clearly identified the inelas-
tic mechanisms as three-dimensional electron-phonon
scattering and two-dimensional electron-electron scatter-
ing. In addition, we find satisfactory agreement between
the values of the inelastic scattering rates determined in
superconductivity experiments (such as quasiparticle
charge imbalance and microwave enhancement of the su-
perconducting gap) and those from our localization exper-
iments. We have also verified the scaling of the spin-orbit
scattering time with the elastic scattering time, in agree-
ment with the theory of Abrikosov and Gorkov. Howev-
er, a quantitative understanding of spin-orbit scattering in
terms of the material composition has not been possible.
Other aspects of the experimental behavior of Al films are
found to be in good order. The temperature dependence
of resistance, R (T), in thin films is very well explained by
the theory. This provides valuable self-consistency checks
to the magnetoresistance analysis and to the inferred in-
elastic rates. The experimentally observed contribution of
electron-phonon scattering to R ( T) is consistent (based on
a simple model) with the magnitude of the electron-
phonon scattering inferred from magnetoresistance. Also,
the magnetoresistance of thin films in parallel magnetic
fields is in satisfactory agreement with the theory. Final-
ly, we find that experiments performed on Al films in the
various laboratories of the world do agree with each other,
and support our interpretation of the electron inelastic
rate. The mechanism(s) causing spin-orbit scattering in
granular films does, in general, appear to differ from that
in clean films.

B. Narrow wires

According to the original 1D theory of Thouless (which
should apply in the limit of negligible spin-orbit scattering
and magnetic scattering), the localization dimensionality
is decided by the inelastic scattering length l;. Spin-orbit
scattering is significant even for Al, and we have therefore
extended the localization theory to include spin-orbit
scattering. As a result, we have introduced another length
scale, lz, for the 1D localization experiments. We have
also evaluated the magnetoresistance contribution due to
Maki-Thompson fluctuations in the one-dimensional case
(when the sample width is smaller than l;). Only when
( W, d) & I; and lz is the sample in the fully-one-
dimensional limit for its localization behavior. When
d & (I;,lq) but lq & W &I; the sample will show a mixed
dimensional ( 1D+2D) behavior.

Our experimental study of narrow wires of width
W-0.2 pm have verified our theoretical predictions for
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one-dimensional localization that includes spin-orbit
scattering and superconducting fluctuations. The inferred
values of l; and l, , from these experiments show that
( W, d) & 1; and l2, so that we do indeed meet (self-
consistently) the conditions for 1D behavior. Further, we
find quantitative agreement between the values for l; in-
ferred from the wires and the thin films of comparable
quality. We do not see any evidence for a change in the
dimensionality of the inelastic scattering mechanisms as
sample width is reduced to -0.2 pm. Finally we find
that the crossover in localization dimensionality does
indeed occur when the sample width is comparable to l;,
as predicted by Thouless. In a previous work, " we have
reanalyzed the early experiments on 1D localization. We
conclude that in most of those experiments 1D localiza-
tion was not observed due to various complications in the
sample material parameters and/or analyses. More recent
experiments fully support our results and the 1D lo-
calization theory.

A number of scientific issues still remain to be explored
with localization studies. In the case of quench-
condensed metal films, ~,

' has been observed to go as
T . This result indicates the possibility of distinctly dif-
ferent mechanisms in dirty films (p-100 pA cm) as com-
pared to those seen in our samples. Studies of the inelas-
tic scattering mechanisms in such systems could lead to a
better understanding of the metal-insulator transition. '

Also, a systematic study of the effects of magnetic impur-
ities on localization may be able to shed light on issues
raised in the previous Kondo studies on metallic systems.
In conclusion, we have demonstrated experimentally the
existence of electron localization in Al films in the pres-
ence of superconducting fluctuations. Our experiments on
2D films have yielded understandable inelastic scattering
rates. Furthermore, we have also shown that localization
behavior in Al observed by the other researchers is also
consistent with our results. In the case of 1D systems, our
results are a clear confirmation of the localization theory.
The theory must be generalized to include spin-orbit
scattering. We have shown that a consistent interpreta-
tion of the experimental data in two- and one-dimensional
systems for localization behavior is now possible.

Note added. Since the submittal of this manuscript,
Wind et al. have reported magnetoresistance measure-
ments on Al and Ag wires sufficiently narrow to be in the
one-dimensional regime for electron-electron scattering
which fully confirm the predictions of Eq. (16) regarding
magnitude, temperature dependence and width depen-
dence. This new result, along with the earlier results on
wider wires discussed in Sec. IV B, confirm that
1;„,= [AD/kii T]'~ is the relevant dimensional length
scale for electron-electron scattering.
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APPENDIX

In this Appendix we clarify some confusion in the
literature regarding the prefactor in the theoretical result
for one-dimensional localization viz. Eq. (8b). The choice
of this prefactor is important, since it can affect the in-
ferred values of l; and 1, , when fitting Eq. (8b) to experi-
mental results.

In his original derivation of the weak localization
correction to the fractional change in resistance in one di-
mension (in the absence of spin dependent scattering and
external magnetic field), Thouless" ' obtained

po (4r;D)' '
(T,H =0)=

R ' 3 RT

b, g'- po (4r, D)'~' R~ Hw
(T,H =0)=

2iriii/e sruti/e

1/2

where we have used our definition of Hw and H;. This is
in agreement with the prefactor in Eq. (8b).

We also note that in his alternate derivation of the weak
localization correction, "' Thouless used o = , N(EF)e D—
for the Einstein relation, instead of the more commonly
used o =N(EF)e D. cr is the conductivity and X(EF) is
the density of states at the Fermi energy per unit volume.

There is an additional source of confusion in the prefac-
tor due to Alt'shuler et al. They had obtained

aR'" Ro Hw
(T,H)=

~'A'/e'

1/2
H

' —1/2

1+
48H;Hw

in their evaluation of the conductivity. The additional m

in the denominator is due to an algebraic error, and the
authors have corrected the error in a more recent publica-
tion. '

We note that the experiments reported in this paper and
those in Refs. 75 and 76 seem to indicate the choice of the
prefactor in Eq. (8b) as correct through other consistency
checks for the inferred fitting parameters.

with 3 the cross sectional area of the wire and RT es-
timated to be 36.5 k A. We find an algebraic error in this
estimate and note that based on Eq. (9) and Eq. (10) of
Ref. 1(b), Rr should correspond to 2m'/e Hence, .
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