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Filamentation instability of an Alfven wave in a compensated semiconductor
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This paper presents a theoretical investigation of the filamentation instability of a high-amplitude
Alfven wave in a compensated magnetoactive semiconductor. Fluid equations have been employed
to find the nonlinear response of electrons and holes in the semiconductor plasma. The low-

frequency nonlinearity arises through the ponderomotive force on electrons and holes, whereas the
high-frequency nonlinearity has been taken through the nonlinear current densities of electrons and
holes. For typical plasma parameters in compensated Ge eL ——16 at 77 K, no ——10' cm

vo ——2)&10" radsec ', B,=100 kG, and for the power density of the incident wave approximately
20 kWcm, the growth rate of the filamentation instability turns out to be approximately 10
rad sec

I. INTRODUCTION

The use of low-frequency electromagnetic waves for the
studies of various optical properties and diagnostics of
semiconductors, semimetals, and metals has been well
known for a long time. ' The Alfven waves whose fre-
quencies are smaller than the plasma and cyclotron fre-
quencies of electrons and holes, can be generated at high
amplitudes in the laboratory. At the high-power level of
the Alfven waves propagating in semiconductors, various
nonlinear effects must come into play. However, no at-
tempt has been made so far to study such nonlinear ef-
fects in semiconductor plasmas.

In the realm of gaseous plasmas, people have exhaus-
tively studied the excitation of ion acoustic waves, elec-
tron plasma waves, and other modes, which lead to vari-
ous nonlinear phenomena. The semiconductor plasma
differs from gaseous plasmas in two major ways: (i) the
effective masses of carriers, the electrons and holes in a
semiconductor, are much smaller than those of carriers in
a gaseous plasma, and (ii) the semiconductor plasma is

highly collisional. In a semiconductor the electrons
and/or holes attain relatively high drift velocities in the
presence of an external pump wave of moderate power
density, and the plasma parameters in the semiconductor
may also be varied over a wide range of values without
much difficulty.

In this paper, we have studied the filamentation insta-
bility of a high-power beam of Alfven waves in a compen-
sated magnetoactive semiconductor, viz. , germanium. A
number of workers have studied the filamentation insta-
bility due to the parametric excitation and amplification
of the ion acoustic wave in gaseous plasmas. ' This in-
stability results from parametric amplification of the
low-frequency density perturbations which may be present
due to the ion acoustic mode in the transverse direction of
propagation of the pump wave. In compensated semicon-
ductors where the densities of electrons and holes are
equal, the plasma frequency of electrons and/or holes is
usually quite large. Therefore, the microwave may propa-

gate in such a plasma only in the Alfven-wave mode in
the presence of a considerably strong static magnetic field.
We use a fluid model of homogeneous plasmas to find the
response of electrons and holes. The low-frequency non-
linearity arises through the ponderomotive force on elec-
trons and holes, while the nonlinearity in the high-
frequency response has been taken through the nonlinear
current densities of electrons and holes. It is observed
that the hole nonlinearity dominates over the nonlinearity
due to the motion of electrons in the compensated semi-
conductor for the microwave range of frequencies. It may
be mentioned here that for a collisional plasma like a
semiconductor and a nonuniform incident wave, viz. , a
Gaussian beam, the main source of nonlinearity arises
through the nonuniform heating of electrons because of
the transverse variation of the electric field along the wave
front. This type of nonlinearity is the dominant cause for
self-focusing of laser beams in the collisional plasma. '

In Sec. II we have derived the nonlinear dispersion rela-
tion for the low-frequency electrostatic perturbation when
a left-hand circularly polarized Alfven wave propagates
transverse to the direction of propagation of the perturba-
tion. In Sec. III the dispersion relation has been used to
obtain expressions for the growth rates of the filamenta-
tion instability. Finally, a brief discussion of the results is
presented in Sec. IV.

II. NONLINEAR DISPERSION RELATION

We consider the propagation of a left-hand circularly
polarized Alfven wave (pump) in a compensated semicon-
ductor along the direction of an external static magnetic
field, "8,

~

~z:

Ep =Ep exp[ i ( capt —kpz )]—
Eo ——iE,y,
kp ——(cop/Vg)(l+ Vq/c )'~

Vg B,/(4trn pmp, )'——
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CO~ 2=CO+COO,
(4)

k, 2=k+kp .
The sidebands in turn interact with the pump to produce
a low-frequency ponderomotive force which then ampli-
fies and drives the perturbation. The nonlinear growth of
the electrostatic perturbation propagating transverse to
the direction of propagation of the incident beam causes
the breaking of the wave front of the incident homogene-
ous beam into filamentary structure. This phenomenon,
known as the filamentation instability, has been extensive-

ly studied in gaseous plasmas.
The response of electrons and holes of the compensated

semiconductor plasma to this four-wave parametric pro-
cess is governed by the following equations of motion and
continuity:

av +(V V')V=-
at

eE

—vpv—

Bn +V (nV)=0,
at

(VXB)—(VXca, )
mc

2

Vn,
np

where cop is the angular frequency, Vz is the Alfven
speed, mh is the average effective mass of a hole, n p is the
density of electrons and holes, and c is the speed of light
in a vacuum. The oscillatory magnetic field of the in-
cident pump wave is contained in the xy plane

Bp =ckp X Ep/cop ~

Since the wave will be strongly damped for low frequen-
cies in a collision-dominated plasma, we assume cop~ vp,
where vp is the average collision frequency of electrons
and holes. The electrons and holes in the semiconductor
plasma acquire the linear drift velocities given by

Vpq —(e/mco, )(Eoq Xco, +i cpoEoq ), co, & wo

Vohx —( —e lmh co,h )( —Eox X coch + l copEQ~ ),
Cpch & ~0

Vo = Vohz=O ~

where —e is the electronic charge, m is the average effec-
tive mass of an electron, co, =eB, /mc is the electron cy-
clotron frequency, and co,h ——eB, /mhc is the cyclotron fre-
quency of holes in the plasma.

We now assume a low-frequency perturbation (cp, k)
which may be present in the semiconductor plasma due to
an ion acoustic mode or some other reason. The oscillato-
ry drift velocities of electrons and holes, and the magnetic
field of the pump wave (cop kp) interact parametrically
with the perturbation (co, k) and produce two high-
frequency scattered sidebands' (co, z, k& 2):

Vh ——Vph ( cop, kp ) +Vh ( cp, k ) +V
& h ( co ],k &

) +V ph ( co2, k2 ),
n =n p+n(co, k)+n &(co&,k&)+n2(cp2, kz),

nh =no+nh(co, k)+n ih(co, , ki)+noh(co2, k2),p

Eqs. (5)—(8) yield the following linear response:

V, ~ = (e/mco, )(E~q X co, +ico~E&z),

V2J —(e Imco, )(E2q X co, +i cozE2~ ),
VlhJ —( —e /mhco, ~ )( —E~~ X co,h +ice, E, J )

Vph~ —( —e /mh cp,h ) ( —E2j X co,h +i co,E2~ ),
V],——eE],/mi m],

V2, ——eE2, /mi co2,

V]hz = —e+ ] /mh & ~ ]

V2h, = —eE2, /m~i~2,

where we have made use of the approximation
cosh ) cl)p elk] cp2 ) vp k f Vgh e k2 Vgh e Using Eqs. (3) and
(11) in Eqs. (5)—(8), retaining all the components of the
ponderomotive force, and neglecting small-order terms,
we obtain the following expressions for the nonlinear elec-
tron and hole densities associated with the low frequency
perturbation:

n =(X,k /4m. e)(P+Pp),
nh ——(xhk /477e)(/+mph),

(12)

(13)

where

V,h, ——(2k~ Tolm )'~

Vgh h =(2k' Tp/mh )'

Tp is the temperature of electrons and holes, and kz is the
Boltzmann constant.

We choose the low-frequency perturbation to be purely
electrostatic and is propagating exclusively in the trans-
verse direction (k~ ~x), that is, E= —VP,
X exp[ i (—cot —kx)]. Also, without loss of any generality
we assume that the scattered sidebands (co&, k, ) and
(co&,k2) propagate in the xz plane, so that, k

&~
——kz~ ——0.

Expressing

E=Eo(cop, kp ) +E(co, k ) +E
& ( cp

&
k

&
) +E2 ( ri) 2, k2 )

8=ckp X Ep/ct)p+ck] X E]/M&+ck2 X E2/co2

V = Vp ( cop, kp ) +V ( co, k ) +V
& ( cp ],k ] ) +V 2 ( cop, kg )

(10)

8Vh eE e+(Vh. V)Vh — + (Vh XB)+(Vh Xco,h)
dt mh mhc

2

—vpvh p Vnb
np

where

X, =(icop/coqco )[vpco —l(co —k Vlh e)]

Xh =( i coph Ico,hco )[v—pco —i(co —k V,h „)]
(14)

Bnh

at
+V (nhVh)=0, are the electron and hole susceptibilities and the pondero-

motive potentials on electrons and holes are given by
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e—cocco(QiE0 +Q2Eo )

2mk [voce i —(co k—V,h, ) ]

e—cochco(Qh~E0 +Qh2E0
Nph-

2mhk[&oco i(co k 1 th, h )]
~ 2 2 2

J]-—(X,k ISvr)(p+pp)Vot

+(Xhk'/8~)(y+yph )V.*»,
J2= (X—,k /Srr)(p+pp)V0~

+ (Xh k /877)(p+ pp )V hj

(16)

Q) ( ik) E) Ico k) E)y/co co)+ikoE) Icooco()

Q2 (tk2xE2x/coc +k2xE2y/cocc02 tkoE2z/cooc02)

Qh ~
——( ik—~xE»ICO, h +k~xE~y Icochco, +ikoE, z/cooC0&),

Qh2 (tk2xE2x/~ch k2XE2y/~eh~2 ~koE2Z/~0 2)

Thus, the nonlinear current densities at the sideband fre-
quencies can be obtained as

Xh Pph XcNP

D~.E~ ——13&P(x+iy),

(17)

(18)

Using the nonlinear electron and hole density perturba-
tions in the Poisson's equation and the linear parts of the
current densities for the scattered sidebands in the wave
equations, we obtain

D2 E2 P2&(x —ty)

10
where

109
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FICx. 1. Variation of yo and y with
~

V0„/C,
~

for the follow-
ing parameters in compensated Ge: eL ——16 at 77 K, no ——10'
cm, B,=10 kG, m =0.1m, (m, is the mass of a free elec-
tron), mq ——0.3m„C, =10 cm sec '. The curve 2 represents y
for vo ——2 & 10" rad sec ' and k = 10 cm ', the curves B and C
represent yo and y for vo ——2)&10" radsec ' and k =10 cm
while the curve D represents y for vo ——2&(10' radsec ' and
k =10 cm
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FIG. 2. Variation of yo and y with B, for k =10 cm
The upper two curves correspond to vo ——10" radsec ', while
the lowest curve corresponds to vo ——10' rad sec '. The other
parameters are the same as in Fig. 1.
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Ii& ——[eEo„co,k (7, —X~ )]/(2mc co, ),
P2 [ eEp ~2k'(&e —&~ ) 1/(2m', c'),

D1,2 k 1,2 ~1,2~1,2 ~1,261,2/C
2 ~ 2

(20)

and I is the unit dyadic. In Eq. (17) e = 1

+X, /eL —X~/eL is the linear dielectric function for the
low-frequency electrostatic mode, and in Eqs. (20) e) 2

are linear dielectric tensors for the high-frequency side-
bands given by' '

2
COp mh

&L+ 1+
m

0 0

&1,2= 0

0

2
COp mp

&L+ 2 1+
~c m

0 EL—

0

2
COp m1+

1,2 mh

(21)

Now, eliminating p, E~, and E2 from Eqs. (17)—(19), we obtain the nonlinear dispersion relation for the low-frequency
perturbation, neglecting the small —order terms, as follows:

e= +P1 P2
(22)

where
l
D~ 2 l

are the determinants of the dispersion tensors D~ 2 and
T

l
Vo /C,

l
corCs V,h, k kokr„kr, (1+m/m~)

2COcCOg67 C
2

2
C01k1-
c 2

2
COp mp

&L+ 2 1+
Q7 m

(23)

l Vo~/C~
l

~p Vth, k~kok2 2 ( + /ml, )

2' COpCO C
2

2
CO2

k2—
C2

2
COp mg

~L+ 2 1+
m

(24)

l
Vp„ l

=eEp„/mcus, .

III. GROWTH RATES

When the resonance conditions, Eq. (4), are satisfied one can expand e and
l

D& 2 l
around the resonance frequencies.

Following Refs. 12 and 14, we finally obtain the expression for the growth rate of the four-wave parametric process, in
the absence of the linear damping of the decay waves, as

1/2

1 P1
(a„/a ) alD

l
/a

P2+
alD, l„/a,

(25)

where the subscript r denotes real part of the quantities involved. Hence, the undamped growth rate of the filamentation
instability is given by

'Yo = l
Vo /C

l
~P~LkpkC (1+m/m~) k~„k~, 2 co~ cop mh

k1 —
2 CL+ 2 1+

16cop C01D1 C ~c m

2 2
k2xk2z 2 ~2 cgp mg+ 'k2

2 6L+ 2 1+
c Q) m

(26)

where

2
601

D 1 ~1xx k 1x &1zz
C2

2
C01

k» —
2 e1

C

2
2 2 2 CO1

1 1z+ 1 2 ~lxx
C

k12
2

671 L+ k1, —
C &1xx

2
CO1

2 61xx
c

(27)
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where

yL ——voco (1+m/, /m)/4k V,h, . (29)

In order to have some numerical appreciation of the or-
der of magnitude of the growth rate of the filamentation
instability of the incident Alfven wave we have carried
out the calculations of yo and y for the following typical
plasma parameters in compensated Ge: eI ——16, To ——77
K, no ——10' cm, m =O. lm, (m, is the mass of a free
electron), mh =0.3m„vo=(0. 1—5) X 10' rad sec
coo ——10' radsec ', and C, =10 cm sec '. The results of
calculations are displayed in the form of curves in Figs. 1

and 2.
Figure 1 shows the variations of yo and y of the

filamentation instability as a function of the pump-
induced drift velocity of electrons (

~
V,„/C,

~

) for dif-
ferent parameters of interest. The growth rates increase
with increasing

~
Vo„/C,

~

. The high value of the col-
lision frequency of carriers in the compensated semicon-
ductor reduces the growth rate by one or two orders of
magnitude. Again, the growth rate increases by about two
orders when the wave number k of the perturbation is in-
creased by one order of magnitude.

Figure 2 shows the variation of the growth rates yo and

y as a function of the external static magnetic field B, in
the semiconductor. The growth rates decreases slowly
with increasing magnetic field.

and D2 is obtained by changing the subscript 1 by 2 in
Eq. (27). Since the linear damping of the high-frequency
scattered sidebands will be always much smaller than the
linear damping rate, yL of the low-frequency electrostatic
mode, the overall growth rate of the filamentation insta-
bility may be obtained from the relation

(28)

When we compare the growth rates of the filamentation
instability' ' with the present investigation, we notice
that for a comparable growth rate, the high-frequency
laser radiation in a gaseous plasma needs higher power
density than a microwave in a compensated semiconduc-
tor. This is because the semiconductor plasma is more
unstable than the gaseous plasma. This may be possible
as the nonlinearity in a compensated semiconductor plas-
ma is much more due to the motion of light holes than
that in a gaseous plasma where the motion of heavy ions
may even be neglected relative to the motion of electrons.

IV. DISCUSSION

A high-amplitude left-hand circularly polarized Alfven
wave propagating along the direction of an external static
magnetic field in a compensated semiconductor is effec-
tively unstable against filamentation instability. It is ob-
served that the nonlinearity due to the motion of holes is
greater than that for the motion of electrons in the com-
pensated semiconductor for the microwave range of fre-
quencies. For a microwave of power density —20
kW cm in compensated Ge, the growth rate of the
filamentation instability is quite large ( —10 rad sec ').

It may be further added from the present investigation
that a spectrum of various low-frequency modes may be
excited when a high-power microwave beam interacts
nonlinearly in a semiconductor. These parametric excita-
tions may in turn affect the scattering processes in semi-
conductors.

ACKNOWLEDGMENT

The authors are grateful to Professor M. A. Quader for
his interest and varied help during the course of the work.

'G. A. Williams and G. E. Smith, IBM J. Res. Dev. 8, 276
(1964).

S. J. Buchsbaum, in Proceedings of the Seventh International
Conference, Dunod, Paris, 1965, p. 3 (unpublished).

S. J. Buchsbaum and P. M. Platzman, Phys. Rev. 154, 395
(1967).

4J. R. Houck and R. Bowers, Phys. Rev. 166, 397 (1968).
5W. Beer, in Semiconductors and Semimetals, edited by R. K.

Willardson (Academic, New York, 1966), Vol. I, p. 417.
H. Hartnagel, Semiconductor Plasma Instabilitites (Heinemann

Educational Books, London, 1969).
7M. C. Steele and B. Vural, Wave Interactions in Solid State

Plasmas, Advanced Physics Monograph Series (McGraw-Hill,
New York, 1969).

Juras Pozhela, Plasma and Current Instabilities in Semiconduc-
tors (Pergamon, New York, 1981).

P. Kaw, G. Schmidt, and T. Wilcox, Phys. Fluids 16, 1522
(1973).

' J. Drake, P. K. Kaw, Y. C. Lee, G. Schmidt, C. S. Liu, and
M. N. Rosenbluth, Phys. Fluids 17, 778 (1974)~

R. Bingham and C. N. Lashmore-Davies, Nucl. Fusion 16, 67
(1976).
C. S. Liu and P. K. Kaw, in Advances in Plasma Physics, edit-
ed by A. Simon and W. B. Thompson (Wiley, New York,
1976), Vol. VI, p. 83.

' A. Ng. D. Salzmann and A. A. Offenberger, Phys. Rev. Lett.
43, 1502 (1979).

~4M. Salimullah, Phys. Rev. A 28, 3628 (1983).
M. S. Sodha, A. K. Ghatak, and V. K. Tripathi, Prog. Opt.
13, 179 (1976).

~6N. A. Krall and A. W. Trivelpiece, Principles of Plasma Phys
ics (McGraw-Hill Kogakusha, Ltd. , Tokyo, 1973), p. 193.


