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Hyperuniversality and the renormalization group for finite systems

Hong Guo and David Jasnow
Department ofPhysics and Astronomy, University ofPittsburgh, Pittsburgh, Pennsylvania 15260

(Received 1 October 1986)

The structure of finite-size scaling within the framework of the field-theoretic renormalization-

group approach is examined. New size-dependent ultraviolet divergences are introduced into the
theory. It is shown, nonetheless, that "two-scale-factor" universality reflects itself in the finite-size
free energy and produces a scaling form such as that discussed by Privman and Fisher. A conse-
quence is that the singular part of the finite-system free energy at the bulk critical point is universal.
Extensions to surface and interfacial free energies, first proposed from the results of Ising simula-

tions, are supported qualitatively.

I. INTRODUCTION
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Finite-size scaling, formulated several years ago by
Fisher and co-workers' has been used in a variety of ways
to extrapolate results obtained from a finite system to ob-
tain information appropriate to an infinite system. In its
traditional and simplest form the statement of finite-size
scaling asserts that all lengths diverging at bulk criticality
are proportional to, say, the disordered-phase bulk corre-
lation length g =Cot, and the singular part of the
free-energy density near bulk criticality may be expressed
(in zero ordering field) as

Evidence has been accumulating that the reduced form
(2), with only one nonuniversal constant, holds. Singh
and Pathria ' have verified (2) within the context of the
ideal, relativistic Bose gas and the spherical model of fer-
romagnetism. Mon has found that Monte Carlo data on
the three-dimensional Ising model are in accord with (2)
in that the total singular part of the free energy (in units
of k~ T, ) is universal at bulk criticality. Mon and
Jasnow also found, again from Monte Carlo simulations,
that the total interfacial free energy for two coexisting
phases in a finite system at bulk criticality is universal,
which would be consistent with an "interfacial version of
(2). For the surface tension (interfacial free energy per
unit "area") o(t,L), one would conjecture

(ktt T, ) 'o(t, L)=L "X(C,tL ' ), (3)
Here a and v are the standard critical exponents for the
specific heat and correlation length, L is the linear size of
the system, and t is the reduced temperature
t =(T—T, )/T, . A~ and Co are system-dependent con-
stants, and the function 8"+-' is expected to be a universal
function of its arguments. No additional metrical factor
appears in the argument of W'+—' in (1) as heuristic argu-
ments (and, indeed, the renormalization-group structure
discussed below) on the form of correlations indicate.

In a recent paper Privman and Fisher argued that the
asymptotic free-energy density given in (1) can, in fact, be
expressed in the following form

(kttT, ) 'j, (t,L)=L dY(C, tL'~ ),
where d is the spatial dimensionality of the system as-
sumed less than the upper critical dimension d„, and
Y(x) is a universal function common to all systems in the
universality class of the given system. The new hy-
pothesis eliminates one of the nonuniversal amplitudes by
assuming a relationship between the constants of (1) of the
form 2 &Co ——U, where U is universal. This last relation-
ship is recognized as the condition for "two-scale-factor"
or hyperuniversality which holds that for the bulk sys-
tem (kttT) 'f, g" is asymptotically universal. This form
of universality should hold in (1) in the limit L ~ oo, so
that (2) may be viewed as the expression of two-scale-
factor universality within the framework of finite-size
scaling.

where the scaling function X is presumed to be universal.
Finally, Mon and Nightingale' have found that Monte
Carlo simulations for the incremental free energy of an Is-
ing free surface show that the total surface free energy is a
universal number at bulk criticality. The last relation (3)
and the analog for free surfaces would be extensions of
the Privman-Fisher form of finite-size scaling.

It has recently been shown that conventional finite-size
scaling (1) is contained within the structure of the field-
theoretic renormalization-group approach. " Brezin"
commented that counter terms appropriate to the infinite
system should be sufficient to renormalize the theory for
systems of finite size. This is reasonable since ultraviolet
divergences are handled by the renormalization procedure,
and these ought to be unmodified (see, however, below).
Furthermore, correlations in the finite system satisfy the
same renormalization-group equations as in the corre-
sponding infinite system. Rudnick et al. ' showed that
the practical calculations could be extended to 4 —E di-
mensions and, using a combination of Poisson and Ewald
sum techniques, ' evaluated universal finite-size scaling
functions to one-loop order. Brezin and Zinn- Justin' also
arrived at the conclusion that c.-expansion techniques
could, in principle, be used in finite-size scaling analyses.
It has also been appreciated that two-scale-factor univer-
sality holds within the renormalization-group approach,
at least as far as bulk properties are concerned. '
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The work of Rudnick et al. ' and Brezin and Zinn-
Justin' provides a practical means of obtaining the
finite-size free energy. In this paper, following Rudnick
et a/. , we show that explicit calculations in d =4 —c,

indeed yield a free energy in agreement with the "two-
scale-factor" form given in (2). We sketch how a general
argument to all orders in perturbation theory would
proceed; explicit calculations to two-loop order are report-
ed. In d=4 there is a breakdown of hyperscaling, and, as
discussed previously, ' finite-size scaling does not hold in
its simplest form. Singh and Pathria have recently inves-
tigated the possible extension of (2) when hyperscaling
breaks down in the context of O(n) models see, howev-
er, related comments by Shapiro. '

The outline of this short article is as follows. In the
next section we sketch the renormalization-group calcula-
tion of the finite-size system free energy. Concluding re-
marks are given in Sec. III, and some further details are
included in the Appendix.

II. RENORMALIZATION-GROUP APPROACH
TO FINITE-SIZE FREE ENERGY

One begins, as usual, with a Landau-Ginzburg-Wilson
description of the system in which case the Hamiltonian
divided by kz T is taken to be

H = f d"x[ —,'(Vs) + ,'rs +(1!4!)u—s] (4)0
in "box" domain 0 with volume V(O)=L . Periodic
boundary conditions are assumed throughout. The Ham-
iltonian (4) is for an Ising-like system, but the analysis is
easily extended to the case of an n-component order pa-
rameter. As usual r ~ T —T0, where TD is a reference
temperature. The partition function takes the form�'

Z = f dm exp[ LH f(m)]exp[ —L 1 ~(m)], —

where H f —=rm /2+urn /4~ and

exp[ —L~l ~(m)]= f Ncr exp[ H~(cr;m)] . — (6)

As in Ref. 12, one sets s =0.+m, where o. has no k=0
part, and finds H(s)=H f(m)+H&(a;m), so that H, is
the u-dependent part of H(s). In Ref. 12 1, is evaluated
via a loop expansion for the finite system; the reader is re-
ferred to that article for details. In the diagram expansion
of I

~ appearing in (6), the analogous momentum integra-
tions in the bulk calculation are now replaced by discrete
sums over q;=2~n;/L, where n; =0, +1,+2, . . . , and
i =1,2, . . . , d. (The single terms with all the n; =0 are,
of course, discarded. ) The Poisson sum technique is then
used to transform the sums into the corresponding
infinite-system contributions plus some finite-size correc-
tions. In Refs. 12 and 14 only one-loop graphs were con-
sidered, and the finite-size corrections to that order are all
finite as the ultraviolet cutoff is removed to infinity.
However, at higher-loop level, the finite-size corrections
introduce new ultraviolet divergences in addition to the
usual bulk ones. But as one might expect, these new size-
dependent divergences have to be canceled exactly without
introducing any new renormalization constants, because
essential features of the renormalized theory should not

r~Z &t+6t, u~K 'Z u, m~Z~ m, (8)

where, as confirmed explicitly to two-loop order, the Z's
are the same as for the infinite system. The
renormalization-group equation for I z is

K +P(u) ——,g(u)m +[—2+@&2(u)]t I ~
a

BK Bu 0m & Bt

=G(t, u, lr), (9)

where the inhomogeneous term, which results from the
additive renormalizations, is given by

G(t, u, lr)= —a (aP+aPr+a3"r )
dK

(10)
bare

where bare quantities are held fixed. In our two-loop cal-
culation, the additive renormalization constants are
chosen as in Eq. (4.1) of Ref. 12. The inhomogeneous
part is itself renormalized and is finite, containing no
divergences as the cutoff is taken to infinity, or,
equivalently, no poles in c.=4—d. As noted elsewhere"'
the system size plays the role of a parameter in (9).

The renormalization-group equation is solved in the
usual fashion (see, e.g., Refs. 12, 18, and 19 and below) by
introducing the flows (or running coupling constants) so
that one replaces t ~p t (p), u ~u (p), lr~vp, and
m ~m (p). Then one has

I ~ I ~[p t(p), m (p),——u (p), ap;L]

+ f G[A. t(A, ), u(A, ), I~A,],' dA,

P

where

depend on the short wavelength behavior. As a check on
this point, we carried out a two-loop calculation of the
free energy explicitly. It is shown, indeed, that the usual
infinite-system renormalization constants are enough to
renormalize the theory, and the size-dependent ultraviolet
divergences do cancel exactly with each other. As an ex-
arnple of this point, a two-loop graph calculation is
sketched in the Appendix. Another important fact to no-
tice is that every term of the diagram expansion of (6)
(after counter terms remove divergences) will be a func-
tion of the dirnensionless variables KL, L T, K u, and
L" m, where K is an inverse length which is introduced
in the renormalization process and sets the scale of the re-
normalized theory. Here T = t +K "um /2 is the
"mass" appearing in the propagator, with t cc T —T, (see
below). In the Appendix some terms of the diagram ex-
pansion are considered in further detail.

The essential features of the calculation are illustrated
as follows. The renormalized form of the full exponential
in (5), I =H f+ I ~, takes the form

I ~(t, m, u, ~; L)=I ~(r, m, u, A;L) aP a—2" r ——a 3 1

(7)
where the additive renormalizations are introduced in the
usual way and are the same as for the infinite system, as
indicated by the superscript. The subscript B indicates
the bare function. The bare, original, parameters r, m, u
on the right-hand side are replaced as usual by
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I z[p t(p), m (p), u(p), ap;L]= ,'p t—(p)m (p)+ —(vp)'u(p)m (p)+L "I ~[L T(p),L m (p), u(p);xpL] . (12)

g„(p)=g„p =Aup

v'g„(p)
g)(p) =t(p) 1— g p

—(1/v)

(14)

with Au =u —u', u* being the fixed-point value. The
exponent co =e+ 0 (c ) is the correction to scaling ex-
ponent, and the function v(u) enters the flow equation
for t(p) in the usual way. The correlation length ex-
ponent is v=v(u'), and v'=(dv/du) „.' The starting
value is g, =t [1—(v'/v co)b,u], which reduces to t if the
fixed-point value were chosen. Scaling variables x„y, and
z may then be introduced as

x = gu(~L), y=, z=~pL .
(~L)

(15)

Substituting back into (12) shows that L 1 z(t, m, u, v;L)
may be written as L 1 ~ I R[x,y, z;L m —(—p)]. It is
straightforward to show that the trajectory integral in (11)
is also a function of x, y, and z. A change of integration
variables allows one formally to perform the m integra-
tion in (5) and then conclude that the singular part of the
reduced free energy is a function of the scaling variables
x, y, and z. All system dependence has been included in
the starting values g, and g„. A somewhat better job
avoids linearization around the fixed point with the intro-
duction of the metrical factors X and F as in Refs. 15 and
19; it is emphasized that the same operations as for
demonstrations of universality in bulk systems are re-
quired.

The p dependence has not yet been removed from the
results. The theory is independent of this parameter,
merely swapping the free energy between the fluctuations
and the trajectory integral, but a consistent choice must be
made. For computational reasons, to allow numerical
analysis of the free energy from the critical to the finite-
size regime, a cumbersome choice was made previously. '

Here I. I
&
——I

&
is the loop correction containing all dia-

gram contributions, and

T(p) =p t(p)+ 2 (vp)'u (p)m (p) .

A test of hyperuniversality requires much the same ap-
proach as for the bulk system. One should include the
possibility of the coupling constant u differing from the
fixed-point value to demonstrate system independence.
Nonuniversal amplitudes may then depend explicitly on
the value of u. In addition one should demonstrate that
appropriate results are independent of renormalization
scheme. This latter requirement cannot be met fully; we
shall return to this point below.

The most explicit way to proceed is to linearize about
the fixed point. One uses the scaling fields g, (p) and
g„(p) which arise in the computation of ordinary bulk
properties,

Here, since the formal structure is all that is required, the
simpler choice p~L=1 will serve. " This choice of p, as
discussed in Ref. 12, corresponds to the strongly finite-
size regime in which the bulk correlation length g is
large compared to the system size L, so the renormaliza-
tion must end when the effective block spin size
[—(~p) ') is on the order of L. This yields for the singu-
lar part of the system free energy the schematic form

(ks T, ) 'f, (t,L)=L "[Y(x,y)]„„s„)„ (16)

III. CONCLUDING REMARKS

The arguments presented here indicate how the
Privman-Fisher form of the singular part of the free ener-

gy is contained within the structure of the field-theoretic
renormalization group. A few additional insights are ob-
tained as well. One notices that t., while entering the
scaled combinations, does not mix in the formation of the
scaling fields, g„and g, . It is clear from the outset that
in the construction of the renormalization-group equa-
tions for the vertices, " L is not renormalized. No "new"
counter term is required. It (L) is a "parameter" much
the same as the wave number and, within these schemes,
does not enter the construction of scaling fields.

which indeed has the structure of the Privman-Fisher free
energy, with the system dependences being contained in x
and y. (The bracket indicates that the singular part needs
to be extracted. For the trajectory integral contribution
this corresponds to the piece scaling as L t . ) A de-
tailed expression for the function Y(x,y), suitable for nu-
merical evaluation from the critical to the strongly finite-
size regime, is only available to one-loop order. '

To complete the picture one would like to demonstrate
independence of the renormalization scheme. For exam-
ple, if the scheme were changed, the fixed-point value
would, in general, change and so would various critical
amplitudes. To compare results for, say, regularization
via hard cutoff versus dimensional methods requires ex-
plicit calculation just as for bulk demonstrations of
universality. One can show formally that the final scaling
functions [e.g. , Y(x,y)] are independent of scheme at least
in a limited sense. Within the framework of calculating
all counter terms in the symmetric theory at T =T„one
can vary the normalization conditions (for example the
definition of the renormalized coupling u) and show the
independence of the scaling functions. The system depen-
dence of the scaling variables x and y changes. Alterna-
tively one can imagine computing the counter terms at
two different reference temperatures. These forms of
scheme independence are of the type one can easily
demonstrate (without explicit loop calculations) for bulk
properties. We have confirmed explicit independence be-
tween hard cutoff and minimal subtraction methods at
the one-loop level.
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Surface and interfacial properties can be computed
within the renormalization-group approach as well. ' In
the latter case specifically, one may imagine computing
the interfacial free energy by considering the free-energy
difference in a "slab" of infinite extent in (d —1) direc-
tions and of "thickness" L subjected to antiperiodic or
periodic boundary conditions. ' This free-energy differ-
ence may be computed within the framework of the field-
theoretic renormalization group, and it should explain the
apparent universality of the total interfacial free energy at
the bulk T, as observed in Monte Carlo simulations.
The reasoning is as follows. We have already demonstrat-
ed that the finite-size free-energy density in "box"
geometry with periodic boundary conditions has the form
given by Privman and Fisher, as in Eq. (2). For slab
geometry, with the system of finite extent in, say, the z
direction, one expects a similar form with scaling function
Y~' for the periodic case. Likewise, we expect in the case
of antiperiodic boundary conditions, the finite-size free-
energy density will again have the form (2), with a dif-
ferent universal function F'"" having the same argument
as that of Y~', because both Y~' and Y'"" give the same
bulk free energy as L~co. Singh and Pathria have re-

cently investigated the antiperiodic boundary condition
case in the context of the spherical model; they indeed
found the free energy to have the form (2). To obtain the
interfacial free energy per unit "area" or the surface ten-
sion for the finite system, the difference of the free-energy
densities is merely multiplied by L. ' The result indeed
has the form conjectured in (3). We hope to report the ex-
plicit results of such a renormalization-group calculation
in a future publication.
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APPENDIX

Some technical details are given in this Appendix. To
two-loop order, the exponent of (5) is

I (m)= , rrn +(1/—4!)urn + —,
2 4 1 277

2

d

g'1n(q +To)
q

'd
2'
L

1~ q2+T
——(um)

2'
12 L

2d
1

„,„(qi+ To)(q2+ To)[(ql+q2) + To]2 2 7 (A 1)

where q;=2mn;/L, n; =0, +1,+2, .. . the prime on the
summation means no q=0 mode, and Tp ——«+um /2.
As in the bulk renormalization calculation, we replace the
"bare" quantities by the renormalized ones using (8) of the
paper, where the renormalization constants, the Z's, are
the same as in the infinite system calculation. Since in
the perturbation expansion (Al) the two-loop terms are
O(u) [keeping in mind that m is of O(1/u)], when we
expand Z's and compute 1, we keep terms up to 0 (u).

Each sum of (Al) is now transformed by Poisson
transformation into the corresponding infinite-system
term plus size-dependent correction terms. For example,
Ref. 12 shows how to transform g'in(q +To). Other
terms are transformed similarly. To see how the Poisson
transformation of the sums introduces size-dependent ul-
traviolet divergences, consider the last term of (Al). Ap-
plying the Poisson summation technique, one finds

2d
1

(q & + To)(q2+ To)[(ql+q2) + To]2

q2

(q', + To)(q 2+ To)[(qi+ q2) + To]

ld q2
iq1-nL d d

+3 2 2(q i + To)(q2+ To)[(qi+q2) + To]

3 2m

Tp L

3
ddq

(q'+ To)'

d
3 2m, 1

e'
dd 2 2m

' 2d

(A2)
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The components of n are integers and the prime indicates
n=0 is absent. It is immediately seen that the first term
on the right-hand side of (A2) is the usual bulk contribu-
tion; the second and the third terms depend on L and are
logarithmically divergent at d=4. These kinds of L-
dependent ultraviolet divergences are absent in one-loop
calculations, as performed in Refs. 12 and 14.

After each sum of (Al) is transformed to a bulk term
plus finite-size corrections, one introduces the renormali-
zation constants into it. As noted, the Z's are taken to be
the same as for the infinite system; they can be deter-
mined, say, by a minimal subtraction scheme. Through
tedious but straightforward analysis one can show that all
c poles do get canceled exactly, including those L-
dependent divergences mentioned above, provided an L-
dependent "mass shift" 6t is introduced in (8). The mass

shift ot starts to have L dependence at 0 (u ).
After multiplication through (A 1) by L, it is easy to

see that the variables on the right-hand side will be ~L,
L t, and L" m, i.e., after the explicit calculation of
(Al), these will be the variables of 1 (m). The required
additive renormalizations are the same ones as needed in
the bulk calculation, i.e, of the form of a

~ +a 2 r+ a 3 r .
So after multiplication by L, the piece that will ultimate-
ly contribute to the singular part of the free energy in-
volves only L t. Thus the natural variables of our theory
are~L, L t, andL" m .

In solving the renormalization equations, we change the
variables t, u, m, and ~ into the corresponding "running"
ones, as above, which leads to the variables x, y, and z de-
fined in (15).
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