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Testing shape selection in directional solidification
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We report results from an experiment on the directional solidification of pivalic acid. In addition

to the usual cellular interface patterns, we observe a new, metastable dendritic form that can be in-

terpreted in the light of recent ideas about pattern formation.

When a thin layer of pivalic acid is drawn at a fixed
velocity across a linear temperature gradient, the solid-
liquid interface between crystalline pivalic acid and its
melt assumes a cellular pattern. Deep liquid grooves
separate periodically spaced fingers of solid. Although
such patterns are familiar from previous experiments on
other materials, ' the cells in pivalic acid are unusual in
that the tips of the patterns are stable and do not split, ex-
cept at very low solidification velocities. We believe that
this behavior is related to the large amount of surface-
tension anisotropy in pivalic acid. In the experiments re-
ported below, we have taken advantage of this stability to
probe patterns close to those naturally selected by the sys-
tem, thereby testing recent theories concerning the mecha-
nism of pattern formation.

In a directional solidification experiment, if we start
from rest and switch on a given velocity, the system even-
tually selects a well-defined, stable cell wavelength that is
a function of the velocity. If we start with one velocity,
allow a wavelength to be selected, and then change the
solidification velocity, the selected wavelength will in gen-
eral also change. If the new wavelength is smaller than
the old, the usual way to reduce the cell size is through tip
splitting. But in pivalic acid, tip splitting is inhibited; in-
stead, we observe hysteresis. (See Fig. 1.) When we in-

crease the velocity, the tips sharpen and give rise to time-
dependent sidebranches. Alternatively, forcibly changing
the wavelength while fixing the velocity also leads to
time-dependent patterns. Thus, small perturbations in the
shape of a smooth, time-independent cell lead to a time-
dependent metastable shape that can exist for arbitrarily
long times.

Our experiment follows Jackson's design for his origi-
nal work on directional solidification. A thin glass cell
containing pivalic acid is placed atop two temperature-
controlled copper blocks that are separated by a small

gap. One block is kept hotter than the melting tempera-
ture of pivalic acid, the other cooler, so that there is a
solid-liquid interface that sits over the gap between the
two plates. The sample cell is then drawn at a constant
velocity U across the gap, from the hot to the cold side.
After a sometimes slow transient, the solid-liquid inter-
face will move with a velocity —v so that its average posi-
tion is maintained at a constant temperature.

In the experiments reported here, the hot block was
electrically heated to 55.0'C and regulated to +0. 1 C.
The cold block was cooled to 10.0 C+0. 1 C by circulat-

ing water through it. The gap between the two blocks was
0.200+0.001 cm. The temperature gradient varied con-
siderably as a function of the thickness of the sample
plates and the solidification velocities and was calibrated
by building a dummy cell with a thermocouple. For low
velocities, the gradient was approximately 125'C/cm, and
it rose for higher velocities. The sample was pushed by a
stepping-motor lead-screw combination at velocities that
ranged from 0.5 pm/sec to 260 pm/sec. The sample cell
was constructed from two 22-mm-square number one mi-
croscope cover glass slips glued all around, except for en-
trance and exit holes. Stycast, once hardened, proved to
be a relatively inert glue. The cell had a thickness of ap-
proximately 20 pm and was filled with pivalic acid under
vacuum. The fill holes were sealed with epoxy.

From 6 C to 36.5 C, pivalic acid forms a soft fcc crys-
tal that is known as a plastic crystal phase. It is thus very
similar to succinonitrile and carbon tetrabromide, which
have been used in previous directional solidification exper-
iments. Pivalic acid differs markedly from other plastic
crystals in its large surface tension anisotropy. Glicksman
has recently measured the relative anisotropy e to be 5/o,
in contrast to 0.5% for succinonitrile. e is defined via
the relation y=yoI1+e[1 —cos(48)]j, where yo is the
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FICs. 1. Cell wavelength vs velocity for pivalic acid. The
selected velocity was observed by starting from rest (line 1).
Line 2 shows the hysteresis observed as the velocity is increased.
The wavelength collapses when the solidification velocity is
about eight times the initial velocity. Line 3 shows the smaller
amount of hysteresis observed as the velocity is decreased. The
system begins to choke off cells once the velocity is about half
its initial value.
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surface tension in the (100) direction and 6 is the angle
between the orientation of the surface and the (100)
direction.

Previous experiments in succinonitrile have shown three
types of interface shapes. Below a critical velocity v„
the interface is flat. Linear stability analysis predicts that
u, =DGk/[

~

dT/dC
~

Co(1 —k)], where D is the dif-
fusion coefficient of impurities in the liquid, 6 is the tem-
perature gradient, Co is the average concentration of im-
purities, dT/dC is the liquidus slope, and k is the parti-
tion coefficient. Between v, and about 10U„solid fingers
freeze with impurity-rich, liquid grooves in between. The
wavelength of the cells increases with velocity, while the
tip curvature decreases. Above about 10v„the cellular
patterns develop sidebranches and become dendritic. In
this regime, both the wavelength and tip curvature de-
crease with velocity.

Our sample of pivalic acid was distilled twice under
vacuum. For the impurities, we measured D = 10
cm /sec (Ref. 2). This value of D is a factor of 10 smaller
than that reported for succinonitrile and acetone but is
consistent with other data obtained from our experiment.
We also measured ( dT/dC)CO to be 2.9'C.

In pivalic acid, we observed a cellular solid-liquid inter-
face over the entire 500-fold speed range of our driving
motor. The dependence of wavelength on velocity is simi-
lar to that of succinonitrile —for U, ~ U ~ 10v„ it in-
creases; for U & 10v„it decreases —but the shape is always
cellular. Also, for v ~10U„the diffusion length D/U is
larger than the cell wavelength; for U ~ 10v„it is smaller.
We have good reason to suspect that the greatly expanded
cellular regime is due to the high crystalline anisotropy of
pivalic acid. What is important for this study is first
that there is a wide range of velocities over which one
finds very stable cells. Second, the wavelength of cells of
pivalic acid increases at low velocities (in our experiment,
below 2 pm/sec) and decreases at higher velocities, fol-
lowing approximately the same laws that govern the
length scales of cells and dendrites of succinonitrile.
Third, and most important, where the wavelength of cells
decreases with velocity, the tips of the cells were absolute-
ly stable and were never observed to split.

The solid part of our sample was a single crystal whose
(100) direction was aligned with the thermal gradient.
When the crystallographic axes are not so aligned, the
fingers grow at an angle to the thermal gradient, as
described previously.

In our experiments, we started from rest and switched
on a given velocity. After the system had evolved to a
stable system of cells, we increased the velocity. Figure
2(a) shows stationary cells 10 pm/sec. The velocity is
then doubled successively in Figs. 2(b), 2(c), and 2(d). The
overall size of the cell is fixed by the initial conditions,
and the shape that is observed has the same wavelength as
the original cells. The solution, however, is no longer sta-
tionary, for in the frame in which the tip of the dendrites
is fixed, the sidebranches advect to the rear.

Figure 2 shows that the wavelength remains fixed as
the velocity is increased eight fold. As the velocity is fur-
ther increased„ the sidebranches will themselves sprout
sidebranches. Note that the system remains dendritic,

even after the wavelength has decreased. The wavelength
after collapse is still 50 to 100% larger than the selected
wavelength. This collapse of metastable dendrites is
shown in Fig. 3.

Figure 2 also reveals that the tip is sharpening up as the
velocity is increased. Because the tip is the "farthest out"
part of the cell, its curvature depends only on local condi-
tions (velocity, temperature gradient, etc.) and not on the
global structure of the fingers, as determined by initial
conditions. To test this hypothesis, we made another
series of runs where we started from different initial con-
ditions and increased the velocity to the same final value.
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FIG. 2. Constant wavelength, variable tip curvature. (a)
shows the initial condition: stable cells solidifying at 10 pm/sec.
(b) shows the same sample after the velocity has been increased
to 20 pm/sec. In (c), the velocity is 40 pm/sec and (d), it is 80
pm/sec. All of the pictures reflect steady state conditions. The
cell wavelength is 75 pm.
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Figure 4 shows one stable cell at 40 ptn/sec. Figure 4(b)
shows a dendrite at 40 pm/sec that came from a stable
cell at 30 pm/sec, and so forth. Although the differing
initial conditions lead to differing wavelengths for each of
the fingers, each one has the same tip curvature, as ex-
pected.

Finally, Fig. 5 shows the result of starting from a high
velocity and reducing it. The wavelength of the cells in-
creases by a "choking off" mechanism. One cell lags
slightly and then is choked off by its two neighbors. It is
because the choking off mechanism operates in pivalic
acid that one is able to observe the selected wavelength.
When a flat interface destabilizes, the initial wavelength is
always two or four times smaller than the selected cell
size. The selection always goes from smaller to larger
wavelengths and can thus be observed in pivalic acid.

To summarize, we have independently changed the tip
curvature 1/p and the wavelength k, only one combina-
tion of which, for a given velocity, gives time-independent
patterns. Thus, the stationary cellular shape of directional

FIG. 3. Collapsing dendrites. The initial velocity was 5

pm/sec. That shown is 40 pm/sec. At 5 pm/sec, the wave-
length was 107 pm; at 40 pm/sec, the wavelength is 45 pm.
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FICs. 4. Constant tip curvature, variable wavelength. The
solidification rate is 40 pm/sec for all photos. In (a), the initial
velocity is also 40 pm/sec (after starting from rest). In (b), the
initial velocity was 30 pm/sec, and in (d) it was 15 pm/sec.

FIG. 5. Choking off mechanism. (c) shows cells at 80
pm/sec. (b) shows the choking off process that occurs when the
velocity is abruptly reduced to 40 pm/sec. (a) shows the final
state at 40 pm/sec. At 80 pm/sec, the wavelength was 87 pm,
while at 40 pm/sec, it was 144 pm.
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solidification is an isolated solution in the space of nearby
shapes. By forcibly changing the shape at the tip or at the
far end, we immediately observe time-dependent patterns.
We are currently studying the dependence of the wave-
length and growth rate of the sidebranches on the
mismatch and the velocity.

These observations are relevant to recent theories of
pattern selection in diffusive processes. In the absence of
surface tension, such processes generally admit a continu-
ous family of stationary solutions; however, only one
shape is observed in experiments. If we look only for sta-
tionary solutions, the theory of "microscopic solvability"
predicts that the introduction of surface tension along the
moving interface will break up the continuous family into
a discrete, countably infinite set of solutions. The theory
has been applied to numerical analysis of the Saffman-
Taylor problem of viscous fingering in fluids, ' dendritic
crystal growth into an undercooled melt, ' "and direc-

tional solidification. ' It has also been used to solve the
Saffman-Taylor fingerselection problem analytically. '

Our observation that the cellular shape is an isolated
solution in the space of nearby shapes thus agrees with a
prediction of microscopic solvability. We are currently
looking for the other solutions.

Finally, if the slight irregularities in the sidebranches
are ignored, then the metastable dendrites in Figs. 2 and 4
would be periodic solutions. A natural question to ask
then is "Does a slight mismatch in the microscopic solva-
bility condition lead to a periodic solution?" If so, then
the qualitative test of microscopic solvability presented
here can be made quantitative.
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