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%'ith the use of an ab initio pseudopotential method, the structural properties of Ge are investi-

gated at normal and high pressures. The pressure-induced structural phase transitions from cubic
diamond to P-sn, to simple hexagonal (sh), and to double hexagonal close packed (dhcp} are exam-

ined. %ith the possible exception of the dhcp structure, the calculated transition pressures, transi-
tion volumes, and axial ratios are in good agreement with experimental results. %'e find that sh Ge
has characteristics similar to those of sh Si; the bonds between hexagonal layers are stronger than in-

tralayer bonds and the transverse phonon modes become soft near the transitions from the sh to P-
Sn and the sh to hcp structures. At normal pressures, we compare the crystal energies for the cubic
diamond, hexagonal 2H, and hexagonal 40 structures. Because of the similar sp' bonds in these

structures, the structural energy differences are less than about 14 meV, and the 2H and 4H phases
are metastable with respect to the cubic diamond structure. The equation of state is also presented
and compared with experiment.

I. INTRODUCTION

There have been stimulating studies of the high-
pressure behavior of Si and Ge. For Si, both experimen-
tally and theoretically, it has been shown that the crystal
structure changes from the semiconducting diamond to
the metallic P-Sn structure at pressures around 10
GPa. ' For pressures above 13 GPa, the metallic P-Sn
phase transforms into the simple (or primitive) hexagonal
(sh) phase and then there is a change into the hexagonal
close-packed (hcp) structure above 41 GPa. ' ' The
hcp structure for Si was predicted ' to be a possible
high-pressure phase, but the sh phase was not considered
in these calculations. The discovery ' of the sh phase
stimulated theoretical studies of its properties. Supercon-
ductivity for the sh and hcp phases of Si was predict-
ed' '" and confirmed for both structures by experi-
ments, ' ' ' and the superconducting transition tempera-
ture of 8.2 K for sh Si (Ref. 10) is among the highest
found in nontransition elements.

For Ge, however, for pressures up to 50 GPa, only the
diamond to P-Sn transition was observed. Although
several close-packed structures, such as face-centered cu-
bic, body-centered cubic, and hcp, were investigated
theoretically as high-pressure candidates; it was shown
that the P-Sn structure will not transform into these
phases below 100 GPa. Recent pseudopotential calcula-
tions' performed by the present authors predicted that
for higher pressures above 80 GPa, Ge has the same
structural sequence, P-Sn to sh to hcp, as that found in Si.
These calculations were testmi using x-ray diffraction
techniques' for pressures up to 125 GPa. The predicted
properties of the P-Sn to sh transition were found con-
sistent with the x-ray data, but a double hexagonal close-
packed (dhcp) structure appears at 102 GPa which is close
to the calculated pressure for ihe sh to hcp transition.

Studies of the structural properties for Si showed that
the P-Sn to sh and the sh to hcp phase transitions are
most likely associated with soft phonon modes. 7's In this
material, the phonon mode softenings result from the
weakening of the chemical bonds in particular directions.
These soft modes were also found to play an important
role in enhancing electron-phonon interactions and super-
conducting critical temperatures. ' ' Because of the soft
modes near the phase boundaries to the P-Sn and the hcp
phases, the sh structure is likely to be unstable. This may
account for the observation that the sh structure is rarely
found in nature; sh Si and Ge are the only known mona-
tomic systems. Since the coordination number (CN) gen-
erally increases with pressure, the structural sequence cu-
bic diamond (CN of 4) to P-Sn (CN of 6) to sh (CN of 8)
to hcp or dhcp (CN of 12) is a consistent series. Usually,
pressure weakens the chemical bonds, and the resulting
metalliclike charge distributions favor close-packed crys-
tal structures.

There are many similarities between Si and Ge. Exam-
ples include their crystal structures and electronic charge
densities. In addition, at similar pressures around 10
GPa, both Si and Ge transform from the diamond to the
P-Sn structures. However, for phase transitions between
metallic phases, the transition pressures are much higher
for Ge than Si.' This is inconsistent with the usual
empirical finding that transition pressures decrease in go-
ing to heavier elements for the same type of phase transi-
tions. ' With decreasing pressure from the high-pressure
phases, Si and Ge were found to form in different meta-
stable structures: a body-centered-cubic structure' '
with 8 atoms per unit cell for Si (BG-8) and a simple-
tetragonal structure' ' with 12 atoms per unit cell for Ge
(ST-12). Recently, other novel crystalline structures were
proposed for these elements by stacking two-
dimensionally ordered slabs of atoms in different ways. '
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Fivefold rings are formed within a slab and this type of
ring geometry is found experimentally in Li7Ge&i and
allo-Ge (Ref. 22).

In this paper we report the results of total-energy
ab initio pseudopotential calculations for studying the
structural stability of various phases of Ge at high pres-
sures. Near the phase transitions from the P-Sn to the sh
and from the sh to the hcp structures, we investigate the
role of soft phonon modes associated with the atomic dis-
placements necessary to induce these transitions. The
phase stabilities of the hcp and dhcp structures are dis-
cussed based on individual contributions to the total ener-

gy. With angular momentum decompositions of the
valence wave functions, the role of d-state core effects on
the metallic phase stability is studied. Furthermore, the
cubic diamond, hexagonal 2H and hexagonal 4H struc-
tures are compared for their phase stabilities at normal
pressures. Finally, the equation of state is presented and
compared with experiment. In some cases, the results
presented here augment those published previously. '

II. METHOD

The calculations are based on the ab initio
pseudopotential-total-energy method. 23 The exchange-
correlation functional is approximated by the Wigner in-
terpolation formula. Nonlocal pseudopotentials having
s, p, and d symmetry are generated; these pseudopoten-
tials were successfully used in previous calculations for
the structural and dynamical properties of Ge. ' For in-
sulators and semiconductors, the band gaps are usually
smaller by about 30—50% when the local-density approx-
imation is used. It has been shown that relativistic and
spin-orbit coupling effects are large on some conduction
bands of heavy elements; the band gap for Ge is found to
be almost zero. However, we find that including the rel-
ativistic effects does not affect the structural properties
for Ge significantly. For atomic and solid-state calcula-
tions, spin-orbit coupling effects are not included. Previ-
ous calculations have shown that the ground-state prop-
erties even for compounds with heavier atoms do not
change significantly by neglecting the spin-orbit coupling.

We calculate the crystal energies self-consistently in
momentum space. The (pseudo) valence wave functions
are expanded in a plane-wave basis set with a kinetic ener-

gy cutoff of up to 11.5 Ry. The summation over the Bril-
louin zone is carried out using a uniform grid of k points
for each phase, and the cubic diamond (CD), hexagonal
diamond (2H}, hexagonal 4H, P-Sn, simple hexagonal,
hexagonal close-packed, double hexagonal close-packed,
body-centered-cubic (bcc), and face-centered-cubic (fcc)
structures are considered. To compare the total energies
for the CD, 2H, and 4H structures, we used an equivalent
set of k points on the hexagonal plane of the Brillouin
zone by choosing hexagonal cells along the cubic [111)
axis. %e find that the total energy is less sensitive to the
set of k points along the c axis. A similar method was
used in a previous study of stacking faults in Si.i' The
same procedure in sampling the k points is used here for
the hexagonal metallic phases, sh, hcp, and dhcp. For the
metallic phases, larger numbers of k points are necessary

to ensure good energy convergence. Grids of 75, 75, 150,
146, and 140 sampling points in the irreducible Brillouin
zone are chosen for the P-Sn, hcp, sh, fcc, and bcc struc-
tures, respectively. The resulting maximum error in the
total energy is within 0.5 mRy per atom.

The calculated energies are fitted to Murnaghan's equa-
tion of state. Thus, the ground-state properties, such as
equilibrium lattice constants (a), bulk moduli (80), and
pressure derivatives of the bulk moduli (80), are obtained.
The structural phase stability under pressure is examined
by comparing the Gibbs free energies computed from the
sum of the total energy and the mechanical work (pressure
times voluine} at zero temperature. Since pressure or vari-
ations of volume change the electron charge distributions,
relaxations of the bond lengths are necessary for noncubic
structures. For the tetragonal and hexagonal phases, we
optimize the c/a ratios using energy minimization.

The phonon frequencies are calculated within the
frozen-phonon approximation. This approximation
freezes in atomic motions corresponding to a phonon dis-
tortion. The difference in the calculated energies for the
equilibrium and the distorted lattices gives the corre-
sponding phonon frequency. Here, we choose the phonon
modes which are associated with the phase transitions.
For the P-Sn to sh transition, the transverse acoustic
mode for q~ ~[011] is used in the sh structure, while for
the sh to hcp transition, the TA mode for q~~[001j is
chosen.

To represent the pressure effects, we reduce the volume

up to 47% of the equilibrium volume. The present poten-
tials only treat sp valence electrons assuming that 3d-state
core radii of the ions are well separated. However, further
compression of the volume below the minimum con-
sidered here should take into account core-core overlap ef-
fects because of the large core radius of the Ge atom.

III. RESULTS

A. Structural stability at high pressures

With increasing pressure, the structural transitions for
Si occurs as follows: from cubic diamond to P-Sn to sh to
hcp. ' The coordination number increases in this series.
Similar transitions for Ge were predicted by theoretical
calculations and confirmed by experiment. '" Since the
CD structure is semiconducting, the first transition into
the P-Sn phase corresponds to the pressure-induced
metallization of Ge. Usually, the bond charges move into
the interstitial regions under pressure. %hen the volume
is reduced by about 209o at the phase transition„' the
contraction of one of the cubic diamond axes increases the
probability that atoms will form two extra bonds in the
interstitial regions. The resulting sixfold P-Sn structure
causes band overlap and thus a metallic state is likely.
With further increase of pressure, the metallic P-Sn phase
successively changes into the close-packed structures hav-
ing higher coordination numbers. The Ewald energy de-
creases for these highly coordinated structures and the
structures are stabilized.

In Figs. 1 and 2, the calculated total energies are fitted
to the Murnaghan equation of state for various crystal
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FIG. 1. Crystal energies versus volume normalized by the
calculated equilibrium volume of 22.5616 A3 for the cubic dia-
mond phase in Ge.

structures and are compared as a function of volume.
Our calculated values for a, Bo, and Bo for the CD and
P-Sn phases are listed in Table I and compared with ex-
periments and other calculations. We find that the results
of the calculations for the ground-state properties are con-
sistent with previously calculated results ' and are also
in good agreement with the measured values. Including
relativistic effects, the ground-state properties are found
to change slightly; less than 0.5% for a and 4% for Bo.
With decreasing volume, the calculated structural
transformations from CD to P-Sn, to sh, and to hcp
occur. The ordering of the structural transitions between
P-Sn, sh, and hcp is the same as that found in Si, while
the transition pressures between these structures are
higher for Ge. The calculated transition pressures and
volumes are listed in Table II for the CD to P-Sn, P-Sn to
sh, and sh to hcp transitions, and these values are com-
pared with experiments and other calculations.

For the semiconducting metallic transition from CD to
P-Sn, the transition occurs at 9.5 GPa along the common
tangent (dashed line) of the lowest two energy curves.
The computed transition pressure is in good agreement
with the measured values around 10 GPa and is consistent
with previously calculated values. ' The calculated
discontinuous change of 16% in volume also agrees well
with the measured values. We find that the relativistic ef-
fects lower the diamond to P-Sn transition pressure by 0.8
GPa, while its transition volumes are almost the same.
The transition pressure for Ge is very close to that of Si,
as expected from band-structure arguments since the
pressure-induced metallization plays a dominant role in
the phase transition for both elements. The pressure coef-
ficients of the conduction-band energies are almost the
same for both semiconductors. The effect of pressure is
normally represented by the decrease of the lowest
conduction-state energy at the X point and for both Si and
Ge the coefficient was found to be about —15
meV/GPa. The energy difference of 1.3 eV between the

K
Q] js77

I
LLj Bo (GPa) Bo

TABLE I. Calculated lattice constants, bulk moduli, and
their pressure derivatives for the cubic diamond and P-Sn
phases.
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FIG. 2. Detailed structure of the curves in Fig. 1 near the
phase transitions. The arrows indicate the transition volumes
for the P-Sn to sh and the sh to hcp transitions; numbers posi-
tioning the arrows are given in Table II.

'Relativistic effects are included.
Reference 6.

'Reference 33.
See references in Ref. 6.

'Reference 5.
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TABLE II. Transition pressures and transition volumes for the cubic diamond to P-Sn, P-Sn to sh,
and sh to hcp (dhcp in experiment) transitions. The volumes are normalized by the calculated equilibri-
um volume of 22.5616 A per atom for the cubic diamond structure. The results are compared with ex-

periments and other calculations.

Present calc.

Other calc.

Expt.

V, {CD)

0.900
0.897'
0.89S'
0 887c

0.895
0.903'
0.910'

V, (P-Sn}

0.731
0.732'
0.728
0.712'
074
0.732'
0.760'

V, (sh)

Cubic diamond ~P-Sn

V, (hcp) P, (GPa)

9.5 +0.3
8.7+0.3'
9.6b

9.8'
10.3
10.6+0. 1'
9.8+0.2'

Present calc.
Expt.

0.533
0.S67'

P-Sn~sh
0.530
O.S62'

84+ 10
75+3g

Present calc.
Expt."

sh~hcp
0.506
O.S23'

0.493
0.467'

105+2
102+sg

'Relativistic effects are included.
"Reference 6.
cReference
dReference 3 ~

'Reference 5.
fReference 37.
~Reference 14.
"Experimentally, the dhcp structure was found to be more stable.

top valence band at the I point and the bottom conduc-
tion band at the X point is almost the same for Si and
Ge. Therefore, the band closing under pressures
proceeds in a similar way and the transition pressures are
also found to be similar. The CD to p-Sn transition, how-
ever, occurs with a discontinuous change of volume before
the conduction band meets the valence band.

The p-Sn to sh transition is a metallic-metallic phase
transition and its transition pressure is higher for Ge than
for Si. The sh phase is found to be stable at 84+10 GPa
and the crystal volume changes by 0.3% of Vo (from
0.533 to 0.530 Vo), where Vo is the equilibrium volume in
the diamond structure. Because the energy curves for the
P-Sn and sh structures are very close and sharply rising
for a wide range of volume, the calculated pressure is
found to vary by 10 GPa when the sh energy changes by
0.5 mRy per atom. Considering this sensitivity to the de-
tails of the curves, the agreement of the transition pres-
sure and volume with experiment is good; the measured
transition pressure is 75+3 GPa and the change of volume
is less than 0.5% of Vo (Ref. 14).

For higher pressures in the megabar range, the theoreti-
cal calculation predicted a transformation into the hcp
structure at 105+2 GPa, while the experiment found the
dhcp phase to be more stable at 102+5 GPa (Ref. 14).
At the sh to hcp transition, the volume is found to change
by 1.3% from 0.506 to 0.493 Vo. Experimentally, the sh
to dhcp transition was observed with a discontinous
change of volume of 5.6%; this value for volume is larger

than the calculated value. We find that the dhcp struc-
ture is metastable with respect to the hcp structure with
small energy differences of about 50 to 70 meV per atom.
For Si, we find the difference of the energies to be 15 to
30 meV. Details of the phase stability of these hexagonal
structures will be discussed later.

In Table III, the calculated c/a ratios are compared
with the measured values for the tetragonal and hexagonal
structures. For the tetragonal p-Sn phase, the axial ratio
is almost constant for a wide range of its structural stabil-
ity and the calculated value of 0.55+0.005 is in good
agreement with the measured values of around 0.55. For
the sh phase, the calculated c/a ratio is 0.945+0.004 and
this is close to the measured value of 0.930+0.007. The
computed axial ratios for the hcp and dhcp structures are
similar: 1.645 and 1.640 for the c/a of the hcp and for
the c/2a of the dhcp phases, respectively. However, these
values are a little smaller than the measured values of
1.688+0.008 for the c/2a of the dhcp phase. Experi-
mently, the axial ratio for the dhcp structure was found to
decrease slightly with increasing pressure; similar
behavior was also found in our calculations for both the
hcp and dhcp phases. The calculated axial ratios for non-
cubic structures of Ge are similar to Si. This is expected
because the axial ratios are primarily determined by the
Madelung energy. We find that for Ge the use of only the
Ewald energy gives reasonable estimates of the axial ra-
tios: 0.545, 0.929, 1.636, and 1.634 for the p-Sn, sh, hcp,
and dhcp structures, respectively.
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TABLE III. Axial ratios for the P-Sn, sh, hcp, and dhcp structures of Ge.

Present calc.
Other calc.
Expt.

P-Sn (c/a)

0.55+0.005
0.55+0.02'
0.551b

0.548+0.002'
0.554%0.006'
0.55020.008

sh (c/a)

0.945+0.004

0.930+0.007"

hcp (c/a)

1.645+0.005

dhcp (c/2a)

1.640+0.005

1.68820.008'

'Reference 6.
bReference 38.
'Reference 5.
dReference 14.
'Reference 37.

It is generally observed experimentally that the
equivalent phase-transition pressure becomes lower when

going to a heavier element in a given series of the Periodic
Table. ' This rule includes the metallic to metallic and
semiconducting to metallic transitions. Since the P-Sn to
sh and sh to hcp transitions for Ge occur at higher transi-
tion pressures compared to Si; this represents a departure
from the empirical rule. The origin of the high transition
pressures between metallic phases of Ge appears to be
connected with the large 3d-state core radius for the Ge
atom. Compared to Si, the minimum energy volumes for
Ge (see Fig. 1) are almost the same for the metallic P-Sn,
sh, and hcp phases; for Si this volume decreases when go-
ing to the highly coordinated structures from P-Sn to sh
to hcp. ' This difference in behavior is probably related
to the 3d bands in Ge. The d-state pseudopotential in Ge
is more repulsive than that of Si because of the occupied
3d state in the core. For both Si and Ge, the energies for
the P-Sn and sh phases are close and thus the small
change in energy in either phase produces a large change
of the transition pressure. However, a constant shift of
the sh curve in Si to higher energy, which was attempted
to explain a possible high transition pressure for Ge, does
not represent this core effect. A more appropriate ap-
proach is to note that the sh and hcp curves of Ge resem-
ble the curves of Si shifted to higher volumes. This shift
results from the d-core repulsion and produces a higher

transition pressure.
The highly coordinated structures have smaller charge-

density concentrations and longer nearest-neighbor dis-
tances for fixed volumes. Therefore, the sh phase has a
larger concentration of d-symmetry valence states than
the P-Sn structure, as shown in Tables IV and V. This
was also found in a previous calculation for Si. Com-
pared to Si at similar pressures, the sh phase of Ge is
found to have a much lower concentration of d-symmetry
states: 0.39 and 0.49 electrons per Ge and Si atoms,
respectively, near 12 GPa. Although the Ewald energy
favors the highly coordinated sh phase, a large electronic
energy caused by the reduction of the d-symmetry valence
states destabilizes the sh phase for Ge over a wide range
of pressure. With increasing pressure, the d-valence state
contribution is found to increase and near the P-Sn to sh
phase transition it becomes close to that of Si (0.49 elec-
trons per atom) at the same phase transition (see Tables
IV and V).

B. Phases at pressures above 1.3 Mbar

For Si, the theoretical calculations ' predicted that the
hcp structure transforms into the fcc phase around I
Mbar. However, x-ray diffraction measurements have
been made only up to 50 GPa. If we assume that Ge
behaves in a similar manner to Si above 1 Mbar, the hcp

TABLE IV. Angular momentum decompositions of the
valence electron wave functions for the P-Sn and sh phases of
Si. Numbers of electrons for individual states are denoted by
N„X~, and Ng, where s, p, and d denote the angular momen-
tum states. Charges are normalized to four electrons per atom.

P (GPa)

TABLE U. Angular momentum decompositions of the
valence electron wave functions for the P-Sn and sh phases of
Ge. Numbers of electrons for individual states are denoted by
X„X~,and Nq, where s, p, and d denote the angular momen-
tum states. Charges are normalized to four electrons per atom.

I' (GPa)

12.0
18.4
30.S

1.37
1.35
1.33

P-Sn
2.16
2.16
2.17

0.47
0.49
0.50

12.0
50.0
84.0

1.49
1.41
1.37

P-Sn
2.13
2.17
2.19

0.38
0.42
0.44

12.0
18.4
30.5

1.37
1.34
1.32

sh
2.14
2.15
2.15

0.49
0.51
0.53

12.0
50.0
84.0

1.51
1.42
1.37

sh
2.10
2.14
2.16

0.39
0.44
0.47
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structure will appear and then transform into the fcc
structure. However, this transition pressure is expected to
be higher than that found in Si since the energy curves
change rapidly for a small range of volume as seen in the
P-Sn to sh and sh to hcp transitions. Our calculations
show that for Ge both the fcc and bcc phases are higher
in energy than the hcp structure up to the volume of
0.47 Vo considered here (see Fig. 2). Since the transition
volume was predicted to be about 0.46 Vo for the hcp to
fcc transition in Si, ' we expect that the transition volume
for Ge will be lower and the transition pressure will be
above 1.5 Mbar because the transition volume between
metallic phases for Ge is smaller. To compute the proper-
ties of the hcp to fcc or bcc phase transition, further stud-
ies which include core-core overlap interactions when
compressing the volume below OA7 Vo are necessary.

C. Equation of state

Figure 3 shows the calculated equation of state for Ge
for various phases. By differentiating the total-energy
curves in Fig. 1, the volume versus pressure curve is de-
rived and compared with recently measured equations of
state. In the region of low pressures below 100 GPa, the
agreement is good. However, above 100 GPa there is a
constant deviation between the theoretical and experimen-
tal equations of state. We may consider two possible
sources for the discrepancy: nonhydrostatic pressure dis-
tributions for high pressures in the experiments and/or
theoretical calculational errors that may arise from
neglecting core-core overlap. As discussed earlier, the
dhcp structure was observed as a stable phase above 102
GPa while the theory predicted the hcp phase to be more
stable. Since the measured value of the change of volume
is larger at the sh to dhcp transition, the measured
volumes for the dhcp structure is lower. Therefore, above
100 GPa there is a constant difference between the two
curves for the equation of state.

D. Phase stability of hexagonal and double
hexagonal close-packed structures

The hcp and dhcp structures differ only in the stacking
of the hexagonal close-packed layers: ABAB . .. for the
hcp structure and ABAC. . . for the dhcp structure. As
illustrated in Fig. 4, the 8 atoms in the hep phase have
the same configuration of A atoms as the B atoms in the
dhcp structure. In contrast, the atoms in the second-
nearest layers produce different force fields for B atoms
in the two structures because of the different bond
lengths. Since the distance between the 8 atoms in the
hcp phase is shorter than that between the C and 8 atoms
of the dhcp phase, the Madelung (Ewald) energy favors
the dhcp structure. However, the total energy for hcp Ge
was found to be lower by 50 to 70 meV per atom than the
dhcp structure. This results from the lower electron-ion
interaction energy for the B atoms in the hcp phase com-
pared to the same 8 atoms in the dhcp phase. Since the
bond lengths to the second-nearest atoms are shorter in
the hcp phase, the potential fields around the atom are
more attractive and the resulting lower electron-ion in-
teraction energy overshadows the Madelung energy, sta-
bilizing the hcp structure. We find that this hcp phase
stability appears for both Si and Ge and does not change
with the inclusion of relativistic effects in the ionic poten-
tials.

A new intermediate phase was reported in Si between
36 and 40 GPa where the sh to hcp phase transition
occurs. i The new phase was labeled as the Si-VI phase
and it disappears for pressures above 41 GPa. Recent
reanalysis' of the x-ray diffraction pattern of the new

phase suggests that the Si-VI phase can be identified as
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FIG. 3. Equations of state for Ge for pressures up to 125
GPa. Lines denote the calculated curves. Experimental data
are represented by points; shaded points are from Ref. 3 and
open points are from Ref. 37.

FIG. 4. Stacking sequences of the hexagonal close-packed
layers for the (a) sh, (b) hcp, and (c) dhcp structures along the
[001] direction. Atoms in different stacking patterns are dis-
tinguished by A, 8, and C.
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TABLE VI. Calculated transverse acoustic phonon frequen-
cies for q's//[011], [001],and [00 z ] for sh Ge. Frequencies are

in units of 10"rad/sec.

[011]

I' (GPa)

58
67
78
91
96

Frequency

0.76'
1.18
1.47
1.51
1.52

[001] 90
96

102
105
120

1.18
1.13
1.07
0.78
0.61

[00—'] 90
102
105

1.01
1.01

'The calculated frequency is imaginary.

dhcp with c/2a = 1.698. For Ge, the same x-ray diffrac-
tion pattern indexed by the dhcp structure was observed'
for pressures above 1.02 Mbar and up to 1.25 Mbar. This
value is the maximum pressure achieved in the experi-
ment. The dhcp structure produces extra peaks in the dif-
fraction pattern in addition to all the peaks of the hcp
structure. However, the modified relative intensities of
the peaks suggest the presence of numerous stacking
faults. ' The measured axial ratio c/2a for dhcp Ge is
1.688+0.008 up to 125 GPa and this value is close to that
of the Si-VI phase. If the dhcp phase is stable for both Si
and Ge, the ordering of the structural sequence of
transformations from dhcp to hcp is opposite to the case
of trivalent rare earths which have the order hcp~Sm-
type~dhcp~ fcc.

The hcp and dhcp structures can be formed displacively
via different phonon modes from the sh phase, accom-
panied by a reduction in the c/a ratio, as shown in Fig. 4.
The transverse acoustic mode for q~~[001] is associated
with the sh to hcp transition, while the sh to dhcp transi-
tion is related to the TA mode for q~~[00 —,']. We find
that for Ge the phonon frequency for the TA mode at

q~ ~
[001] becomes soft near the sh to hcp phase transition

as in the case of Si. In contrast, the frequency of the TA
mode at q~ ~[00—,'] does not decrease with increasing pres-
sure, as shown in Table VI. This suggests that the sh
phase is more likely to transform to the hcp structure
than the dhcp structure. This effect also appears in the
total-energy calculations since the hcp structure is lower
in energy than the dhcp phase. However, we find for Si
that despite the stable phonon frequency for q~ ~

[00—,
'
] the

phonon linewidth rapidly increases for pressures above 36
GPa near the sh to hcp phase transition. This increase
of the phonon linewidth is almost twice as large as that
calculated for q~~[001). Since the calculated phonon
linewidth only includes electron-phonon scattering, the
measurements of the lifetime for the transverse phonon

would give detailed information about the phonon-phonon
anharmonic contributions.

Another possible effect on the phase stability of dhcp
with respect to the hcp structure is the long-range force
which can be produced by the stacking faults at the tran-
sition. Since different stackings of hexagonal layers do
not require much structural energy, stacking faults along
the axial direction can exist. In fact, the presence of
stacking faults are suggested by x-ray diffraction pat-
terns. ' If phase domains are created when the sh to hcp
transition occurs, the stackings of the layers on the
domain boundaries can locally resemble that of the dhcp
phase. For Ge, we can also consider d-state core effects.
Since the size of the Ge core is relatively larger than Si,
compressions of the volume below OA7VO give rise to
core-core overlap. Furthermore, the core polarization for
the Ge atom is not negligible and the normally negligible
van der Waals interactions between cores might be effec-
tive for such compressed volumes. "' These core effects
are negligible for Si since the cores are well separated even
if the volume is compressed up to 0.4 Vo and the core po-
larization is small because of the small core radius.
Therefore, if the reason for the dhcp phase stability is the
same for Si and Ge, core effects may not be significant in
stabilizing the dhcp structure.

E. Cubic diamond a, hexagonal 2H, and hexagonal 4H
structures at normal pressures

It is interesting to compare the a, 2H, and 4H crystal
structures and the corresponding total energies for Ge. In
recent experiments, novel metastable modifications of
Ge were found. Using chemical processes rather than
pressure, single crystals of allo-Ge are formed from
Li7Ge, 2, its crystal structure was found to be orthorhom-
bic containing 128 atoms in a cell. On heating, al/o-Ge
transforms first into the 4H phase at 420 K and then into
the a phase at 770 K. The hexagonal 2H and 4H struc-
tures are well known polytypes of SiC.

The stacking pattern for the cubic diamond structure
along the [111]direction (see Fig. 5) is obtained when the
hexagonal layers are sequenced as Aa8bCc. . . , where the
atomic layer a (b or c) is placed on the top of layer A (B
or C) with a separation of true standard bond length.
This structure has six atoms per hexagonal unit cell. The
stacking sequences for the 2H and 4H structures have the
patterns of AaBb. . . and AaBbAaCc. . . , respectively, as
shown in Fig. 5. Comparing the stacking patterns, the
2H and 4H structures are similar to the hcp and dhcp
structures, respectively, while there are twice as m.any
atoms in the 2H and 4H structures because of the extra
atomic layers on top of each layer. Since these extra
atoms form tetrahedral bonds, the covalent sp' bonds (CN
of 4) for the 2H and 4H phases favor the semiconducting
state, while the hcp and dhcp structures with the higher
coordination number (CN of 12) are metallic.

The total energies for the a, 2H, and 4H phases are
computed and compared using the hexagonal unit cells.
Since the hexagonal planes in the Brillouin zone are
equivalent, the same set of k-point sampling on this plane
is used to reduce the calculational errors arising from the
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(b)

F. Soft phonon modes

Structural phase transitions are often induced by soft
phonon modes. In the case of second-order phase transi-
tions, the phonon frequency becomes zero at the transi-
tion; for example, this is the case for the optic phonon fre-
quency at the zone center for ferroelectrics. Because the
lattice is unstable, the crystal structure changes displacive-
ly. In previous studies ' for Si, it was shown that the P-
Sn and hcp structures can be obtained displacively from
the sh phase, with appropriate modifications of the axial
ratios. There exist the soft phonon modes associated with
the atomic motions necessary to bring the sh structure
into the P-Sn and hcp structures; the sh to P-Sn transition
is related to the TA mode for q~ ~[011j, while the TA
mode for q~ ~[001] induces the sh to hcp transition. Al-
though these phonon frequencies decrease when the pres-
sure is close to the transition pressure, their values are

(c)

FIG. 5. Stacking sequences for the (a) cubic diamond, (b)
hexagonal 2H, and (c) hexagonal 4H structures along the [111]
direction of the cubic lattice. Circles and lines represent the
atoms and the bonds, respectively.

finite grids. Because the size of the unit cell along the c
axis is different for each phase, the It-point sampling
along the c axis is not equivalent. However, we And that
the total energy is not sensitive to the grids along this
direction, and is stable within to 0.3 mRy per atom for
different sets of grids along the z direction (c axis) with
the same grids on the xy plane.

Using equivalent sets of It-point sampling in the irredu-
cible Brillouin zones, the a phase is found to be the most
stable phase; the total energy for this structure is lower by
5 and 14 meV per atom than those for the 48 and 20
phases, respectively. The energy difference between the a
and 2H phases is in good agreement with the previously
calculated result and this value is close to that found in
Si. ' Because of the small energy difference, the 2H and
4H structures are suggested to be metastable. The hexag-
onal structure has been found even in experiments not ern-
ploying chemical processes. It was shown that when a
thin film of amorphous Ge is crystalized by electron-beam
heating, the polycrystalline matrix has a mixture of hex-
agonal and diamond structures. Recent calculations '

suggested that for both Si and Ge an orthorhombic unit
cell with 20 atoms (0-20) is the most energetically favored
structure among novel complex crystalline forms built in
slab geometries; the energy of the 0-20 structure is higher
by about 30 meV compared to the a phase.

5.4 5.4 i

PIG. 6. Contour plots of the valence charge densities in the
(a} [10TO] and (b) [0001] planes for the sh phase. An atomic
volume of 11.4843 A' is used. Steps are in units of one-half
electron per cell volume.
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found to be finite. This is because additional lattice dis-

tortions change the axial ratios and effectively reduce the
energy barriers; these energy barriers were found to be
small for both the P-Sn to sh and the sh to hcp transi-
tions, ' suggesting that the transitions are displacive for
both cases.

Siinilarly, the same phonon modes for Ge cause the
structural transitions similar to those found in Si. The
calculated values for the frequencies of these modes are
listed in Table VI and compared for several different pres-
sures. We find that near the phase transitions the corre-
sponding phonon frequencies decrease but do not become
zero, just as in the case of Si. By varying the c/a ratios
for each phonon displacement, we calculated energy bar-
riers of less than 10 meV for the P-Sn to sh transition and
less than 20 meV for the sh to hcp transition.

G. Valence electron charge distributions

In Fig. 6, the calculated valence charge densities are
shown for the sh structure of Ge. Compared to the
charge density in the hexagonal plane, the axial direction
has a larger pileup of charge and thus the chemical bonds
between layers are stronger. This behavior was also found
for the sh structure of Si. The strong bonds connecting
layers are covalent and hence differ from the weak n.
bonds in graphite. The axial ratio for the sh phase is
slightly smaller than 1 because of the stronger bonds be-

tween layers. Thus, atomic distortions within layers re-
quire less energy and produce phonon softening for this
mode.

IV. CONCLUSION

We have studied the phase stabilities and the solid-solid
phase transitions for Ge at normal and high pressures.
The pseudopotential-total-energy calculations for Ge yield

a pressure-induced structural sequence cubic diamond to
P-Sn, to sh, to hcp, which is the same as that found for Si.
Relativistic effects are found to change the ground-state
properties only slightly, despite the almost zero band gap
for the diamond cubic phase of Ge caused by the use of
the local-density approximation. Although experimental-
ly the dhcp structure was found to be more stable with
respect to the hcp structure above 102 GPa, the difference
of two crystal energies is estimated to be small, suggesting
that the dhcp structure may be metastable. We also sug-
gest that stacking faults may be the origin of the dhcp
phase stability.

At normal pressures, the hexagonal 2H and 4H struc-
tures are calculated to be metastable with respect to the
cubic diamond phase. The energies for creating stacking
faults are estimated to be less than 14 meV from the semi-
conducting diamond to the hexagonal 2H and 4H phases
and less than 70 meV from the metallic hcp to the dhcp
phases. We have shown that the sh structure for Ge has
characteristics similar to the case of sh Si; bonds between
layers are stronger with respect to those within layers and
the transverse modes become soft near the phase boun-
daries.
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