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Bifurcation response in a KH2PO4 crystal near the ferroelectric transition
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Phase locking and period-doubling bifurcation are observed to characterize the nonlinear
response of a driven KH2PO~ crystal at temperatures near the ferroelectric phase transition, ~here
the crystal may dwell be represented by a coupled system of t~o anharmonic osrillators, a
polarization-mode oscillator and an elastic shear-mode osrillator coupled by the piezoelectric
effect.

I. INTRODUCE}N

Nonlinear dissipative dynamics, which underlies most
real systems, has been a concern of many theoretical and
experimental research workers in recent years. ' 3 Even a
simple nonlinear dynamical equation can show surprising-
ly irregular properties of its solution as a control parame-
ter is slightly adjusted. The most striking feature of non-
linear dynamical equations, however, is the universality of
the solutions from periodic to chaotic dynamics. 2

Fluctuation is very important in both the critical
dynamics of phase transitions and the chaotic dynamics of
nonlinear systems. 2 The nonhnear dynamic response of
the KHzPO4 (KDP) crystal near the phase transition may
thus be informative about the dynamics of the phase tran-
sition in the crystal. A ferroelectric Rochelle-salt crystal
was found to exhibit period-doubling bifurcations and
chaos when it was employed as a biased piezoelectric ele-
ment in a nonlinear electrical oscillator. 4 The KDP crystal
is well known for its use as a device element in nonlinear
optics. However, the nonlinear response of KDP crystal
has not been much studied in the low-frequency region,
where the nonlinearity seems to become significant only
near the phase transition at T 123 K.

In this work we report our observation of nonlinear
dynamic responses in a KDP crystal near T„which may

help to study the correlation between nonlinearity and
phase-transition dynamics.

II. EXPERIMENT

In the KDP crystal the shear strain Ss is coupled
piezoelectrically with the c-axis lattice polarization P3,
and the crystal can be tuned to a piezoelectric oscillation
along the 45' diagonal in the ab plane. We prepared 45'
c-cut samples, where vibrational modes other than the
longitudinal oscillations along the sample length were
decoupled from the piezoelectric excitation.

We employed the RLC circuit of Fig. 1 to observe the
nonlinear response of the KDP crystal to a sinusoidal exci-
tation. An external bias field was used to adjust the
resonant frequency of the KDP sample. The sample tem-
perature was controlled within 0.05 K at temperatures less
than 1 K above the phase-transition temperature. We had
to avoid resonant driving conditions for which samples
soon shattered due to a large Ss strain. Instead, we per-
formed experiments near the antiresonance frequencies.
Real-time display (x tmode) a-s well as Lissajous-figure
construction (x-y mode) of the response signals against
the driving sine wave were made on an oscilloscope.

III. RESULTS AND DISCUSSION
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Figure 2 shows a real-time display of a period-doubling
response observed in KDP. When the frequency co was
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FIG. 1. Circuit to observe bifurcations in KDP: R, 1 MA,
C 1 pF, R 3900, I. 5 mH. Sample dimension is 1.5x10.8
x0.4 mm . FIG. 2. Period-t~o signal: m 88.18 kHz, Vo 6.5 V.
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(c)

FIG. 3. Period-doubling bifurcation and chaos: external bias 928 V/em (x: 5 V/div, y: 5 V/div), (a) 120.2 kHz, (b) 120.637
kHz, (c) 120.644 kHz, (d) 121.154 kHz.

used as a bifurcation parameter, we could observe a com-
plete period-doubling sequence to chaos as displayed in

Fig. 3. Phase locking between mode resonance and the
driving signal was also observed when the mode-resonance
frequency became a rational fraction of the driving fre-
quency. In the KDP crystal, phase locking of the type
I/(I+hl ) or 1/(2l+d, l ), where I and dd are integers, was
easily observed. Figure 4(a) shows a I/(2l+Al)-type
phase locking, where the mode-resonance and driving fre-
quencies are 46.8 and 90.93 kHz, respectively, to give
~&'& =

33 corresponding to I 17, b,l —1. Because the
resonant frequencies of the sample are dependent on the
bias field, the KDP sample may experience broad reso-
nances during the full cycle evolution of the driving sine-
wave signal. Mode coupling between resonances may also
exist to produce the quasiperiodic responsess's in the driven
KDP system. If we consider only the dielectric response of
the KDP crystal near T, in the low-frequency circuit of
Fig. 1, we obtain a nonlinear oscillator equation for the
circuit. The Gibbs free energy appropriate for the phase
transition in KDP,

of this nonlinear oscillator equation include phase locking
and intermittency. s In real KDP samples near T, the po-
larization mode is coupled with the elastic shear mode by
the piezoelectric effect, and we can also explain the bifur-
cations in the KDP sample as those of a coupled system of
two anharmonic oscillators. The KDP system may also be

6 a(T —To)P /2 —PP /4+yP /6,

gives the electric field E ( 86/8P) as a function of the
polarization field P in the crystal. When the RLC circuit
of Fig. 1 is driven by a sinusoidal input Vucos(cor ), we
thus obtain

(b)

FIG. 4. (a) Phase-locked signal: co 90.93 kHz, VD 8 V (x:
0.2 ms/div, y: 5 V/div); each envelope contains about 34 cycles
of the driving frequency. (b) Enlarged view of (a) (x: 50
ps/div); large-amplitude signals become small-amplitude signals
and small signals become large signals as passing from one en-
velope to another.

~here R represents resistance, I. inductance, T tempera-
ture, do sample thickness, A sample area, and coo equal to
p+du/4yLA has the dimensions of frequency. Solutions

d2 d(I/~$) P+ (Zjl. ~$) P+ (4my/P')(T T,)P—
dr' dt

(4y/P)P'+(2y/P)'P'-— (4yv, /P'd, ) cos(~r ), (2)
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represented by a many-body-interaction pseudospin sys-
tem, which shows chaotic responses to an external oscillat-
ing field.

All these nonlinear response signals of KDP were ob-
servable only near the phase-transition temperature in ac-
cordance with the piezoacoustic soft-mode signals. 'o Opti-
cal nonlinearity of the KDP crystal is well known as a

room-temperature observable. However, the low-fre-
quency nonlinear behavior of KDP in the piezoelectric re-
gime seems to be strong only near the phase transition at
T, 123 K, where the shear elastic stiffness decreases rap-
idly ~ith temperature and the restoring force becomes
strongly nonlinear due to the large-amplitude atomic dis-
placements of the soft mode.
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