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We implement a high-speed algorithm for Monte Carlo simulation of the quantum spin system
using the Suzuki-Trotter formula. The calculation is fully vectorized by decomposing into appropri-
ate sublattices. We introduce a “plaquette” spin representation using logical commands. In order to
check the efficiency of our algorithm, we study the one-dimensional XY model for the Trotter num-
ber m <32. Excellent agreement with the exact solution is obtained.

I. INTRODUCTION

Various quantum systems have been studied extensively
using the Suzuki-Trotter formula.! A d-dimensional
quantum system is mapped on to a (d + 1)-dimensional
classical system in this formula. The partition function is
numerically evaluated by the transfer-matrix method.?~*
or the Monte Carlo method.>~® The quantum system is
exactly reproduced when the Trotter number m tends to
infinity. Large m should be used at low temperatures
where quantum effects are important. However, the
Trotter numbers employed in previous numerical simula-
tions are not so large, due to the memory size of a com-
puter in the case of the transfer-matrix method, and due
to the computation time in the case of the Monte Carlo
method.

Recently marked progress has been made in the speed-
up of Monte Carlo simulation of classical systems.’~!!
The use of vector computers and the development of an
efficient algorithm have made the speedup possible. The
speeds of Monte Carlo simulations of the three-
dimensional Ising model with periodic boundary condi-
tions are often compared. Using a vector computer NEC
SX-2 (SX-1), we have realized the speed of 34X 108
(17 10°) spin-flip attempts per second. It is desirable
that such a technique of speedup is applied to quantum
statistical Monte Carlo simulations.

In this paper we report the vectorized Monte Carlo
simulation of a quantum spin system. We use the logical
command XOR (exclusive OR) for the speedup of the
simulation. The one-dimensional quantum XY model is
studied for the Trotter number m =8, 16, and 32. We
carefully examine the large m behavior of the energy and
the specific heat.

II. HIGH-SPEED QUANTUM MONTE CARLO
SIMULATION

We treat the one-dimensional quantum spin system
described by the Hamiltonian

N
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According to the Suzuki-Trotter formula' we approxi-
mate the partition function as

Z=Trexp(—BX¥)~Tr IH exp(—Bx;/m) ™, (2)
L J
where J7; are the local interactions such that

j
= 2 jﬁ" j» and m is called the “Trotter number.” The

present system is mapped onto the two-dimensional
(N %X2m) Ising model with four-spin interactions by the
use of checkerboard decomposition.!> The graphical rep-
resentation of the checkerboard decomposition is given in
Fig. 1, where the shaded squares denote the four-spin in-
teraction. Only eight four-spin configurations are allowed
for S =+, and they are graphically shown in Fig. 2. For
the special symmetrical case J, =J, the matrix elements
of two four-spin configurations become zero. Let us in-
troduce a convenient representation. We regard a four-
spin configuration as a single information and call it a
“plaquette” spin p. There are N X m plaquette spins as a
total in our system. We assign 0—7 to each state of the
plaquette spin. The binary-number representation of the
assignment is also given in Fig. 2. In updating the four-
spin configuration, we should flip even classical spins in
the square because of the conservation law. The spin flip
is simply realized by the logical command XOR in our pla-
quette spin representation. The plaquette spin has three
bits, and the command XOR is operated on each bit. Fig-
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FIG. 1. Graphical representation of the checkerboard decom-
position. The shaded squares denote the four-spin interaction.
Periodic boundary condition is imposed along the Trotter direc-
tion. The local and global spin-flip processes are also illustrat-
ed.
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FIG. 2. “Plaquette” spin representation of the four-spin con-
figuration.

ure 3 gives the mathematical expression for pair flips.
The encircled spins are flipped. The four-spin flip process
is represented by pp.w =XOR(p,q4,4) in the present nota-
tion. Since the plaquette spin has the information on the
four-spin configuration, we can readily calculate the ener-
gy, the specific heat, the magnetization, etc.””!?> The ener-
gy E and the specific heat C are calculated by the energy
of the local Hamiltonian E J(-'") through the relations’

E=(F™), (3)
CT2=<(F(m))2>_<F(m)>2__<G(m)> , 4)
where F}"') and GJ‘-"” are, respectively, defined by
(m)__ O )
F;"™ =SE(BE}”' ), (5)
(m)_ 0 (m)

Since there are some misprints in Ref. 7, we present the
expressions for E}"”, F;'"), and G}"” in the Appendix.
We should note that our representation is also useful for
the calculation of correlation functions.

Next consider the vectorization of Monte Carlo simula-
tions. Generally, the calculation is fully vectorized®~!! if
the following condition is satisfied: One divides the lat-

o \0
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FIG. 3. Mathematical expression for the pair spin flip in the
*“plaquette” spin representation. The encircled spins are flipped.
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FIG. 4. Subgroup decomposition of the Monte Carlo trials
for the local and global processes.

tice into interpenetrating sublattices so that one can up-
date spins on each sublattices independently. Such a
decomposition is always possible if the interaction is of
short range. In our Monte Carlo simulation of the one-
dimensional quantum spin system, we should treat multi-
spin-flip processes.!> We employ both local and global
processes to update the spin configuration.® Both process-
es are graphically shown in Fig. 1. All the spins on the
bold line are flipped according to the transition probabili-
ty determined by the change of local energy at the spin
flip. The local (global) process is important at low (high)
temperatures.'> We can vectorize the calculation for both
processes. For the local process we divide the local-flip
loops into four groups. The illustration of the subgroups
is given in Fig. 4. In the Monte Carlo trial one only needs
the information on neighboring plaquette spins. Then the
spin flip on each subgroup is performed in parallel. For
the global process, we divide our lattice into two sublat-
tices, and the calculation is fully vectorized. The sub-
group for the global process is also shown in Fig. 4.
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FIG. 5. Temperature dependence of energy for the one-
dimensional XY model for m =8, 16, and 32 in units of J. The
solid curve is the exact solution of Katsura (Ref. 14).
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FIG. 6. Energies versus 1/m? for the one-dimensional XY 0 1.0 20

model at fixed temperatures. The arrows indicate the exact
values obtained by Katsura (Ref. 14).

One comment should be made here on the ergodicity of
the simulation. Exactly speaking, our simulation is not
ergodic only by two processes, that is, the local and global
processes shown in Fig. 1. The global process to flip all
the spins on the horizontal line, for example, should be
added for the ergodicity.® This process becomes impor-
tant for small N and at low temperatures. We have
checked for the parameters used in the present study that
the contribution from this process is negligibly small.

III. ONE-DIMENSIONAL XY MODEL

We have carried out the Monte Carlo simulation of the
one-dimensional XY model by the vector computer NEC
SX-1 of the computer center of Tohoku University. We
have mainly treated the case J, =J,=J, J,=0. We have
also dealt with the case J,=J,=J, J,=0 to check the
consistency. The number of the spins and the Trotter
number are N=128, and m =8, 16, and 32. We define a
single Monte Carlo step by updating all the mapped clas-
sical spins (N X2m). The number of Monte Carlo steps is
2 10°, 4 10%, and 8% 10° for m =8, 16, and 32, respec-
tively. We have performed two independent runs for each
parameter. The ratio of the local process to the global
process is chosen as 4:1. We monitor the energy and the
specific heat for each five Monte Carlo steps. In the case

TABLE I. Estimate of E(c«) based on the linear (second
column) and quadratic (third column) approximations. The ex-
act solution of Katsura (Ref. 14) is given in the fourth column.

Elinear Equadra!ic Eexac(
T=0.1 —0.63475 —0.63415 —0.63398
T=0.2 —0.62575 —0.62570 —0.62570
T=0.3 —0.61044 —0.61042 —0.61049
T=0.4 —0.58770 —0.58768 —0.58768

T

FIG. 7. Temperature dependence of specific heat for the
one-dimensional XY model for m =8, 16, and 32. The solid
curve is the exact solution of Katsura (Ref. 14).

of N =128 and m =16, it takes about 92 sec for the cal-
culation of 4 10° Monte Carlo steps. It means that we
update 17.8 10° classical spins per second. We have
achieved the speed of the same order as the classical case.
We show the temperature dependence of energy per
spin in Fig. 5. We measure the energy and temperature in
units of J. The statistical errors are within 0.1%, and
smaller than the mark. We have estimated the statistical
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FIG. 8. Specific heat versus 1/m? for the one-dimensional

XY model at fixed temperatures. The arrows indicate the exact
values obtained by Katsura (Ref. 14).
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errors by the short-time calculations. The solid curve is
the exact calculation of Katsura.'* We see that the calcu-
lated energy is very close to the exact one for large m even
at extremely low temperatures. Suzuki'® has proved that
the convergent rate of the average of the quantum opera-
tor is proportional to 1/m?. Betsuyaku’ has plotted the
energy versus 1/m? for m <8 to estimate the m— oo
value. We give the 1/m? dependence of the energy for
fixed T in Fig. 6. It is found that the energy quickly ap-
proaches the exact value. The estimate of the m— «
value is given in Table I. In the second column we give
the linear estimate,

E(m)=E(w)+a/m?,

using the data for m =32, 16. In the third column we
give the quadratic estimate,

E(m)=E(w)+a/m?+b/m*,

using the data for m =32, 16, and 8. The exact values are
given in the fourth column. The agreement is surprisingly
excellent.

The temperature dependence of specific heat per spin is
shown in Fig. 7. We calculate the specific heat on the
basis of Eq. (4). We have checked that the numerical dif-
ferentiation of energy gives a consistent value. The sta-
tistical errors are within 2%. The error bars are given in
the figure when the errors are larger than the mark. We
see from the figure that the calculated specific heat is very
close to the exact solution even at low temperatures. We
show the 1/m? dependence of the specific heat in Fig. 8.
We see that the specific heat also approaches the exact
value smoothly.

IV. SUMMARY AND DISCUSSIONS

In summary, we have implemented a high-speed algo-
rithm for the Monte Carlo simulation of the quantum
spin system. It should be emphasized that the idea of vec-
torization is a general one. The key point is to decompose
the lattice into appropriate sublattices in each updating
process. We have introduced the plaquette spin represen-
tation, which enables us to make a simple and fast calcu-
lation. This representation with the logical command
XOR is restricted to the case of S=+ for the quantum
spin system, but application to various fermion systems is
possible. We have simulated the one-dimensional XY
model using a high-speed algorithm. The agreement with
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the exact solution is remarkable for large m. We have
shown that the mth approximant of the energy and the
specific heat approaches the exact values with the conver-
gent rate of 1/m? as was proved by Suzuki.'® There exist
a lot of problems in various fields of which low-
temperature behavior is uncertain because the Trotter
number employed so far is small. It is hopeful that the
high-speed technique we have presented will help advance
many fields of quantum statistical Monte Carlo simula-
tions.
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APPENDIX

We present the expressions for E;™, F;™, and G,™.
We use the plaquette spin representation for the local
four-spin configuration:

E'™(0,4)= —(Ky+IncoshK _)/B, (Ala)
E'"™(1,5)=(Ky—IncoshK . )/B, (A1b)
E'™(2,6)=(Ky—InsinhK | )/8 , (Alc)
E'™(3,7)= —(Ky+In sinhK _)/B, (Ald)
F'™(0,4)= —(Kq+K _tanhK _)/B, (A2a)
F'™(1,5)=(K,—K , tanhK , )/, (A2b)
F'™(2,6)=(K,—K , cothK | )/8 , (A2c)
F'™(3,7)= —(Ky+K_cothK _)/B, (A2d)
G'"™(0,4)= —[(K_/B)sechK _]*, (A3a)
G'™(1,5)=—[(K, /B)sechK | ]*, (A3b)
G'™(2,6)=[(K , /B)cosechK , ]*, (A3c)
G'™(3,7)=[(K _ /B)cosechK _1?, (A3d)
where K and K ; are defined by
Ko=BJ,/(2m) , (A4)
Ky =B, +J,)/(2m) . (AS)
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