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Michael D. Johnson, Niu-Niu Chen, and Michael Fowler
Department of Physics, Uniuersity of Virginia, McCormick Rd. , Charlottesuille, Virginia 229(U

(Received 27 June 1986)

We use the quantum Bethe ansatz method to compute the free energy of the sine-Gordon model

in the classical limit. In this limit the number of breathers, and hence the number of coupled in-

tegral equations to be solved, diverges. By linearizing the breather mass spectrum and phase shifts,
extending a method of Maki, we can reduce the breather ladder to anharmonic phonons. The diver-

gent set of integral equations is reduced to only two, for interacting phonons and solitons. We solve

these equations iteratively to give the free energy in a double series in the temperature t and the soli-

ton density e ' ' which agrees to high order with classical transfer integral results.

I. INTRODUCTION

The study of the statistical mechanics of soliton-bearing
systems has come a long way since the pioneering work of
Krumhansl and Schrieffer. ' A particularly useful model
is the sine-Gordon (SG) Hamiltonian, which is be-
lieved to be a reasonable representation of various quasi-
one-dimensional physical systems. Many of these are
classical, or nearly so, but possible quantum examples in-
clude spin chains in magnetic fields. '2 Furthermore,
the SG system is an excellent testing ground for tech-
niques devised to analyze soliton-bearing systems. For
these reasons, the SG madel, in both its classical and
quantum formulations, has been extensively studied over
the last few years. The purely classical system has been
rather corn letely analyzed by transfer-integral
methods, ' ' which have yielded asymptotic series for
the free energy and some correlation functions. Semiclas-
sical methods include the ideal-gas phenomenologies'
and the steepest descent analysis of the path integral for-
mulation. For the truly quantum system these
methods are inadequate, but a mathematically precise
technique, the Bethe ansatz (BA), exists which in
principle can be used to find the free energy to any desired
accuracy. In practice, however, it is quite difficult to ex-
tract results from the BA, and attempts to link up the
quantum regime with the classical have only succeeded to
lowest order in the free-energy expansion.

In the present paper we demonstrate that the quantum
Bethe ansatz method can in fact be taken to the classical
limit and used to find the free energy of the classical
sine-Gordon system very accurately. (These results have
been reported in summary in Ref. 39.) Our results agree
with the recent classical transfer-integral work of Sasaki
and Tsuzuki„' ' and in fact are no more difficult to
derive than theirs. It turns out that in the classical limit
the BA method gives two coupled thermodynamic equa-
tions, for phonons and solitons, which are exactly of the
form derived from ideal-gas phenomenologies. Thus we
have been able to tie together three approaches to the sta-
tistical mechanics of the sine-Gordon model in the classi-
cal limit: the transfer-integral method, ideal-gas
phenomenology, and the Bethe ansatz. Very recently,

Bullough, Timonen, and co-workers reported that applica-
tion of Floquet theory to the classical sine-Gordon system
leads to the same pair of integral equations we derive in
this paper. Using this approach, they independently de-
rived the free-energy expression we present here.

The technical difficulty of taking the classical limit of
the BA thermodynamic analysis is that it leads to a diver-
gent number of coupled integral equations. In the stan-
dard fermionic formulation of sine-Gordon BA thermo-
dynamics, for the special values of coupling
JM =(1 n'—Hr, the complete set of excitations consists of
the soliton, antisoliton, and n —2 breathers (soliton-
antisoliton bound states) of different allowed rest energies.
The BA thermodynamic analysis is written in terms of a
set of functions i)J(a) which are the local ratio of empty
to filled states for the jth excitation at a point in momen-
tum space parametrized by a (the rapidity). The local
available density of states for each excitation depends via
the well-known BA phase shifting effect on the distribu-
tion of all the other excitations. This, together with
minimization of the free-energy functional, leads to a set
of n coupled integral equations for the n density functions
i)J(a). In the zero-charge sector, the local soliton and an-
tisoliton densities are equal and the number of equations
can be reduced by one. Once these equations are solved
for the i''s, it is straightforward to find the free energy.
The BA solution of the SG thermodynamics is detailed in
Sec. II. In the classical SG limit the number of different
allowed breather rest energies goes to infinity, and hence
so does the number of coupled integral equations for their
density functions ill. The integral equations with a large
momentum-space cutoff can be solved numerically to
high accuracy for n up to about 50 (and for n -250 with
a low cutoff' ). The numerical solution is not really satis-
factory for comparison with classical transfer integral re-
sults, because the latter are only valid in a temperature
range far above the phonon (lowest breather) mass but far
below the soliton mass. For n of order 50, the ratio of
soliton to phonon mass is only about 15.

To handle the classical limit successfully, one must
somehow transform away from this diverging number of
coupled integral equations. The basic strategy for accom-
plishing this is rooted in the well-known boson-fermion
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duality of the sine-Gordon system. In particular, the
low-temperature thermodynamic properties of the system
are dominated by the most tightly bound soliton-
antisoliton bound states, the lowest breathers in the fer-
mion picture. These are easier to understand in the boson,
or phonon, representation. In this picture, the lowest en-

ergy breather is a single phonon, the next one up (in rest
mass) is a bound state of two phonons, the next of three
phonons, etc. Furthermore, in the classical limit the bind-

ing energies of these states go to zero faster than the pho-
non rest mass, so, in the limit of large n, the lowest states
form a ladder of equally spaced rest masses
m, 2m, 3m, . . . (where of course m is of order 1/n).

It is instructive to consider the Klein-Gordon (KG) lim-

it, in which we take n to infinity but keep the phonon
mass and the temperature fixed. In this limit, the soliton
mass goes to infinity and the SG Hamiltonian reduces to
the KG Hamiltonian, describing noninteracting massive
bosons. Yet the BA thermodynamic analysis of this sys-
tem appears quite complicated —it is written in terms of
the infinite ladder of breather states with equally spaced
masses m, 2m, 3m, . . . mentioned above. However, in the
KG limit these breathers are formal constructs rather
than physical entities. They provide a way for the quasi-
fermionic BA formulation to accommodate many bosons
in the same quantum state. In fact, as is shown in Sec.
III, the infinite set of integral equations in this limit be-
comes a set of algebraic equations which can be solved
analytically to give the free energy of the free boson gas.

The key to our approach here is that this analytical
reduction of the BA breather ladder in the rather trivial
KQ limit can be generalized to the true classical limit,
where the phonon mass goes to zero while the temperature
and the soliton mass remain finite. The first step in this
direction was taken by Maki, He considered a low-

temperature semiclassical situation, in which the number
of distinct breather states diverged, but only the first few
of them were significantly thermally occupied. These
lowest members of the ladder of breathers are almost
equally spaced in energy and are close to the KG limit
discussed above, so he replaced them by a non-self-
interacting boson gas. At the same time, he kept the soli-
ton mass finite and retained the soliton-soliton and
soliton-breather (or soliton-phonon) phase shift terms in
the analysis. By this method he was able to sum up the
contributions to the BA thermodynamic equations from
the ladder of breathers and replace it with a single phonon
density. This led to a set of just two coupled equations,
for the phonon density and the soliton density (in the
zero-charge sector). This approach successfully gave the
leading term in the free energy from the phonons (the free
phonon term), the sohtons (t' e '~'), the soliton-soliton
interactions ( e lnt), etc.

In the present work, we extend Maki's analysis to in-
clude the phonon-phonon interactions. In the classical
limit, we find the analysis gives the anharmonic terms in
the free energy in nearly exact agreement, to very high or-
der, with classical transfer integral results. This, the main
substance of our work, is presented in Sec. IV and Appen-
dixes 8 and C.

There is another kind of boson-fermion duality in the

BA besides that discussed above. For example, the 5-
function Bose gas, the prototype BA system, is ordi-
narily treated using the BA in a fermionic fashion. As
was recently pointed out by %'adati, this analysis can be
recast in a bosonic fashion which changes no final result
but in some ways is more natural. In Sec. V we reconsider
our transformation of the BA thermodynamics in the
classical limit from this point of view. In this section we
also connect our work to ideal gas phenomenologies. Sec-
tion VI is a discussion of our results.

II. BETHE ANSATZ THERMODYNAMICS

The quantum sine-Gordon (SG) model is described by
the Hamiltonian (A'=c =1)

2 2

A = —,
' f dx P, +P„+:[I—cos(gP)]:, (2.1)

g
2

where P is a real scalar field in 1 + 1 dimensions obeying
boson commutation relations, m is the boson (phonon)
mass, the colons represent normal ordering, and g is the
SG coupling constant. In this section we summarize the
solution for the thermodynamics of the quantum SG (or
equivalently the massive Thirring model ) derived using
the Bethe ansatz (BA). '

The excitations in the BA analysis of the quantum SG
system are bound-state-type combinations known as
strings, each of which consists of a string of complex mo-
menta; all string lengths corresponding to normalizable
wave functions are allowed. For a general value of the
coupling parameter p (where p=m —g /8), an infinite
number of different string lengths are allowed, and hence
the thermodynamic equations form an infinite set. How-
ever, for the special values p=(1 n')n—, where n is an
integer, there are only n distinct string lengths allowed
and these correspond exactly to the excitation (breathers,
solitons, and antisolitons) found by Dashen, Hasslacher,
and Neveu (DHN} using semiclassical quantization. The
shortest n —2 string lengths in the BA analysis represent
the DHN breather spectrum, the (n —1) string is a soli-
ton, and holes in the Dirac sea (which lies along the
Imp=m line} correspond to antisolitons.

In the BA approach to thermodynamics, the free energy
is written as a functional of the local densities of occupied

(pj ) and unoccupied (pj ) j-string states in rapidity space.
Minimizing the free energy with respect to local density
variations, subject to the nonlocal BA boundary condition
equations, yields a set of coupled integral equations for
the ratios

gj(p}=p, (p)/p~(p), 42.2)

where p is the rapidity. For the special values of coupling
p=(1 —n '}m, the phase shifts between a hole and any
excitation equals the phase shift between an ( n —1) string
and the same excitation. In the zero-charge sector, more-
over, the local hole and (n —1)-string densities are equal;
and so, when p=(1 n')m, th—e BA thermodynamic
equations can be written as the n —1 equations:
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MJ. Pf —2

»g, (a)= cosha+ g f da'8'. „(a'T 2m,

Xln[1+q, '(a')]

00

+ f da'8~, (a' —a)

8,', (a)= —,
' f dke

m n —2
sinh — k

2 n —1

k mk
sinh cosh

2 n —1 2

(2.7b)

Xln[l+ri, '(a')]

00

+ da'8' (a' —a)in[1+ ri, '(a')],

(2.3b)

where a=mP/2)u is the dressed rapidity. The subscripts

j =1,2, . . . , n —2 correspond to breathers in the DHN
spectrum, and s means solitons or antisolitons [(n —1)
strings or holes in the BA language]. The last term in

each of Eqs. (2.3) is the sum of the equal contributions of
both solitons and antisolitons [i.e., (n —I) strings plus
holes] —hence the factor of 2. The breather mass spec-
trum is related to the soliton mass M by '

MJ =2M sin —,j=1,2, . . . , n —2 . (2.4)
2 n —1

The functions 8(a) are the dressed phase shifts between

excitations separated by a relative dressed rapidity a, and
8'(a)—:d8/da. The breather-breather phase shifts are

given by

Hp, (a)=fjk(a), j,k =1,2, . . . , n —2

where

(2.5)

Xln[l+g, '(a')], j=1 to n —2

(2.3a)I 1
5 —2

1ng, (a)= cosha+ g f da'Hj (a' —a}S 2' I

(The form of these phase shifts and the thermodynamic
equations are discussed in Appendix A. )

Given the q's which solve (2.3), the free energy per unit
length is given by

T Pl —2

f Mjcosha ln(1+rij ')da
j=1

2T f M cosha ln(1+ri, )da
—1

2p'
(2.8)

and the local density of jth breathers per unit length is

pz(a) = ln[1+rij (a)]=T' 8 —1 (2.9)

with an identical expression for p, .

III. KLEIN-GORDON LIMIT

The analytic structure which makes it possible to
reduce Eqs. (2.3) to just two coupled equations in the clas-
sical limit is most easily seen in a related but simpler case,
the limit of noninteracting phonons. In this limit the
soliton mass M is allowed to become infinite as the cou-
pling parameter p~m, while the lightest breather's mass
M& and the temperature are held fixed. Then only
breathers with relatively small masses are thermally excit-
ed and the solitons can be neglected entirely. We choose
to take p, to m through the sequence of special values
p=(1 n')n —by letting n~co. From (2.4) as n~ao
the masses of low-lying breathers become uniformly
spaced,

fjk(a) =8(aj +k)+8(a
Ij —k

min( j,k) —1

+2 g 8(a j+k —21)
/=1

(2.6a)

~, =j~, m =Me/n (3.1)

and from (2.5) and (2.6) the breather-breather phase shifts
become step functions:

and

8(a,j)= i ln— Jsinha —i sin
2 n —1

Jsinho! + l sin
2 n —1

(2.6b)

Hp, (a ) =2m [2min( j,k) —5Jk ]H (a ),
where

0, +&0
H(a)= —,, a=0I

1, a~0.

(3.2)

(3.3)

The derivatives of the breather-soliton and soliton-soliton

phase shifts are, respectively,
Thus as n~ thaeothermodynamic equations (2.3) be-
come an algebraic set,

(HJ)=af dke

jk
cosh s1nh2n —1 2n —1

k mk
sinh — cosh

2 n —1 2

»&J =j E/T+ g [2min(j, k) —5.k]
k=1

Xln(1+gk '), j=1 to ao (3.4)

(2.7a) where
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E(a)=m cosha,

which can be solved algebraically to give

sinh'[( j+ 1)E/2T]1+q.
sinh( jE /2T)sinh[( j+2 )E/2T]

(3.5)

(3.6)

dynamic equations form an infinite set even for finite n;
however, as e~0 ail but n —1 of the equations become
algebraic and the infinite set becomes equivalent to (2.3).

As n ~ ao, the lower breather masses are approximately
uniformly spaced, as in (3.1):

g j ln(1+ i)~ ') = —ln( 1 —e ~ ) .
j=l

(3.7)

By directly using (3.6), or more simply by considering
(3 4) as j~ ao, one finds

MJ J771, J (g n (4.1)

where the phonon mass m =Mar/n vanishes as n ' since
the soliton mass M is fixed. For large n, the soliton-
soliton and breather-soliton phase shift derivatives (2.7)
take the form"

Combined with (2.8) and (3.1), this gives

F E 1 1 e
—E/T

00
(3.g)

n cosha+1
cosha —1

(4.2)

which is just the free energy of a noninteracting relativis-
tic phonon gas of mass m.

This result could have been anticipated —in this limit
the sine-Gordon equation becomes the Klein-Gordon
(KG) equation, and (3.8) describes the noninteracting KG
phonons. Frequently the lowest (j=1) breather in the
BA analysis is thought to represent a phonon, which we
call the "BA phonon. " It is important to realize that the
KG and BA phonons are different physical objects. The
KG phonons do not interact and many of them can occu-

py a single momentum state. The BA phonons do in-
teract and can bind to form the breather states; and only
one BA phonon (or any other breather type) can exist in
any momentum state. The linear mass spectrum (3.1), as
well as comparison of (3.7) and (2.9), show that in this
limit the jth breather is effectively equivalent to j KG
phonons —more precisely, the jth breather represents a
"bound state" ofj KG phonons with zero binding energy.
The multiple occupancy of a momentum state by KG
phonons is represented in the BA picture by breathers of
many different types at the same momentum. Thus in the
infinite-n and infinite-soliton mass limit, the entire ladder
of BA breathers combine to represent the KG phonons.

IV. CLASSICAL SG LIMIT:
SOLITONS AND ANHARMONIC PHONONS

The classical SG limit consists of taking p to awhile.
holding the soliton mass and the temperature fixed, in
which ease the phonon mass goes to zero. In contrast to
the related KG limit discussed in Sec. III, in the classical
limit the entire breather spectrum and also the solitons are
thermally excited and must be retained in the thermo-
dynamic analysis. In this section we mill demonstrate
that the breather spectrum can again be reduced to a sin-

gle phonon contribution in this limit, so that the thermo-
dynamic equations can be reduced to just two —for pho-
nons and solitons. The procedure we follow is quite simi-
lar to a partial analysis of this limit due to Maki.

It is convenient to approach the classical limit through
a sequence of the special values p =(1 n')n by takin—g
n ~ oo. Then in the classical limit the number of coupled
integral equations (2.3) becomes infinite. Since the free
energy is analytic in p, any other approach to this limit
will of course give the same result. For instance, if one
sets p=(1 n'+E)~ (e irrational), th—en the thermo-

8J,(a)=2jsecha, j«n . (4.3)

The breather-breather phase shifts are given in (2.5) in
terms of a function 8(a,j) defined, except for a choice of
branch, by Eq. (2.6b). The SG thermodynamic equations
(2.3) were derived assuming 8(a,j}continuous, and we can
choose

2 tan '(sinha/aj ) +n, j&0,8 Q&J
0, j=0

where

(4.4)

aj =sin J
2 n —1

(4.5)

and where tan ' means the principal branch:

~

tan 'x
~

&m/2. In the limit n~ 0,o8(a,j) goes to a
step function and so it is natural to write (4.4) as a sum of
two discontinuous pieces:

aj
8(a,j)=2mH (a) 2 tan —' . , j&0

sinha
(4.6)

where the step function H(a) is defined in (3.3) and again
tan ' means the principal branch. (See Sec. V for a dis-
cussion of this point. } In any integral involving 8(a,j),
the second term in (4.6) can be written as a principal part
integral as n~ao.

2 tan-' Qj

sinha
P . , j&&n.jm. 1

n sinha
' (4.7)

Finally, inserting (4.6) and (4.7) into (2.5) and (2.6) gives
the following expression for the phase shift between low-

lying breathers as n ~ ce.

8~k(a) =2n [2min( j,k) —5jk ]H (u }

2m 1—jk P, jk&&n .
n sinha

' (4.8)

In the approximations (4.1) and (4.3), the mass of the
jth breather and its phase shift with solitons are propor-
tional to j, which is consistent with interpreting the jth
breather as representing j physical phonons (as in Sec.
III). Similarly, the n ' term in (4.8) represents an in-
teraction between j physical phonons in one breather and
k in another. In Sec. III we distinguished between the
"BA phonon" (really just the lowest breather) and the
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lnrij(a) =jut (a}
Pf —2

+ g [2min( j,k) —51k ]
k=1

Xln(1+r)k '), j=1 to n —2 (4.9)

M 1 " da'
lnri, (a) = cosha+— —~ cosh a' —a

If —2

X g k ln[1+rik '(a')]
k=1

physical KG phonon which was noninteracting. Now the
physical phonons are anharmonic (i.e., they do interact
with one another), and we cali them the SG phonons. Al-
though the expressions (4.1), (4.3), and (4.8) are valid only
for j((n, we will use them for all breathers. This ap-
proximation should accurately include the contributions
of the soliton and SG phonon to the thermodynamics,

while perhaps neglecting extra nonphonon contributions
(if any exist) from the heavy breathers. This is discussed
further in Sec. VI.

If we use the equally spaced breather mass spectrum
(4.1) and the large-n approximations for the phase shifts
(4.2), (4.3), and (4.8), the BA thermodynamic equations
(2.3) become

which is solved by [cf. (3.6)]

sinh [(j+1))t,]+n.
sinhj k, sinh[( j +2)t{,]

where t{,(a) is related to ut(a) by

(4.13)

sinh( n t{,}

sinh[(n —1)t{,)
(4.14)

Notice that gk only enters (4.10) and (4.11) in a sum over
k ln(1+balk '). By considering (4.9) for j =n —2 and us-

ing (4.13), one finds

g k ln(1+gk ')= —ln(1 —e )
k=1

sinh(n t{,)

sinh[(2n —1)~]
——,'(n —1)w .

(4.15a)

terms of ut. Then, replacing the terms in (4.10) and (4.11)
that depend on gk by functions of w, we will be left with

only two coupled equations. The solution of (4.9) follows
the lines of the analysis of the noninteracting phonon lim-

it. " Subtracting Eq. (4.9) for j from that for j+1, and

repeating the process, one gets a set of difference equa-
tions,

21ngi. =in(1+gJ+, )+ln(1+ril 1), j=2 to n —3

(4.12)

where

cosh(a' —a)+ 1

cosh(a' —a) —1

Xin[l+r), '(a'}], (4.10)

In the limit n~~, ut vanishes as n ' [see (4.11) and Ap-
pe d B] hence i{ lso sh s as

ng (4.14},that {4

5 —2

g k ln(1+rlk ')= —In(1 —e )
k=1Pl da

ut (a ) =—cosha+
T —~ sinh(a' —a) Ba'

X g kln[1+rik (a'}]
k=1

1+ —1

cosh(a' —a)
The study of the classical limit per se was begun by

Maki, whose approach we have closely followed. He
used the approximations (4.1), (4.2), and (4.3), but neglect-
ed the 1 jn term in (4.8). This leads to the omission of the
second term on the right-hand side of (4.11}, which
represents the interaction between SG phonons. Maki's
analysis resulted in a gas of solitons and harmonic KG-
type phonons, whereas the present work gives the anhar-
monic SG phonons.

The structure of the breather equations (4.9) is the same
as in the noninteracting phonon limit discussed in Sec. III
[Eq. (3.4)], and we can use a similar analysis here to
reduce the n —2 breather equations to a single equation
for the SG phonons. It is important to realize that this
structure depends crucially upon having the jth breather's
mass and phase shifts proportional to j, which, as dis-
cussed above, is consistent with interpreting it as j SG
phonons.

We proceed by formally solving Eqs. (4.9) for gi in

+0(
—tt/t

) +0 ( n i
) (4.15b)

+, » &+Iscosh(a' —a)
M 1 ~ da'

lnq, (a)= cosha ——
T ~ — cosh(a' —a )

X in[1 —r)~ '(a'}]

cosh(a' —a)+ 1da'ln
cosh(a' —a) —1

X in[1+g, (a')], (4.16b)

where t =T/M is a reduced temperature. The e ' term
in (4.15b) is an artifact, a consequence of linearizing the
breather mass spectrum as in (4.1) so that heavy breathers
have masses approaching mM rather than 2M. %e shaH

neglect this term (see Sect. VI}.
Plugging (4.15b) into (4.10) and (4.11) we get, for large

n, the two coupled equations

m 1 da'
inriz (a ) =—cosha —I'—

T n —~ sinh(a' —a)

X, in[1 —gq '(a')]
Ba
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Ing~(a) =ic(a) (4.17)

and the subscript p means phonons. Thus the infinite set
of BA thermodynamic equations in the classical limit has
been reduced to just two equations, for interacting pho-
nons and solitons. It is interesting to note that the form
of Eqs. (4.16) is exactly what one would expect from a gas
phenomenology (see Sec. V).

Given the solutions i)z and rl, of (4.16), the free energy
can be written, using (2.8), (4.1), (4.15b), and (4.17),

I'(r)= I dacoshaln(1 —i)~ ')

MT —1da cosh+ ln 1+q, . 4.18

The solution of Eqs. (4.16) as n ~ ao, for T &&M, takes
the form of a double series in e '~' and r, where

t=TjM. (4.19)
The calculation is somewhat lengthy, and is summarized
in Appendix B. We find the following free energy (per
unit length) in the classical limit:

' 1/2

~~e —2/f 4
4 t

——t ln +1 — t2 131n ~ +2 +0(r ) +0(e i~')4r & 4y
32 7 (4.20)

where I'„,„ is the free energy of noninteracting phonons
given in (3.8) and C=lny=0. 57721566. . . is Euler's
constant.

Our results for the free energy agree nearly exactly with
the classical transfer integral work of Sasaki and
Tsuzuki. ' ' The noninteracting phonon term F«„ in
our work results from taking an infinite cutoff in momen-
tum space, which leaves some phonon modes unoccupied
at any finite temperature even in the classical limit; in the
transfer-integral work, a finite cutoff results in a Dulong-
Petit term. All of the higher-order terms in (4.20) result
from nonlinear behavior —solitons and interactions among
phonons and solitons —and agree exactly with the
transfer-integral results, except for the t e ~' term,
where in large square brackets Sasaki' gets 131n(4y/
t)+4 (see Sec. VI).

The second-quantized form of the above is the nonlinear
Schrodinger model,

8x ~ ~+c (5.2)

The ground state and excitations of this model were found
using the BA by Lieb and Liniger, ' and this was the
system analyzed by Yang and Yang in their classic pa-
per introducing the inethods of BA thermodynamics. The
point of Wadati's work is to emphasize that in the BA
solution there is an ambiguity (a choice of branch) in the
definition of the phase shift in two-particle scattering, and
that it is this choice of branch which leads to either a bo-
sonic or fermionic description of the same physical sys-
tem. 4'

In the 5-functions Bose gas case, if one chooses the fol-
lowing continuous branch of the phase shift,

V. FERMIONIC AND BOSONIC PICTURES h(k)=n 2tan '(k/c), —0&6, (2m. (5.3)

g2
A = —g i +2c +5(x;—xj),

Bx) (J
(5.1)

where c ~0 (repulsive) and N is the number of bosons.

Although the physical quantum SG Hamiltonian is a
boson system, in the BA formalism, its excitation, the
breathers, are quasifermionic —they obey a kind of ex-
clusion principle in that no two breathers of a given size
can have the same rapidity. Our above analysis shows
that in the classical limit (to the extent that the lineariza-
tion procedure is accurate), the ladder of quasifermionic
breathers can be replaced by interacting bosons. It is il-
luminating to connect this to a related type of fermionic-
bosonic duality which, as was recently pointed out by
Wadati, is exhibited by the well-known 5-function Bose
gas.

A gas of bosons in one dimension interacting via repul-
sive 5-function potentials is described by the Hamiltonian

the quasimomenta kj in the many-particle wave function
satisfy the boundary condition equation

(5.4)

6(k)=2tan '(c/k)=b(k) —2irH( —k),
~

5
~

&vr (5 5)

k,L =2~IJ+ g h(k, —k, ), J =1,2, . . . ,~
I+J

where the quantum numbers Iz are integers. Given a set
of IJ's, the kj's are uniquely determined. The BA wave
function vanishes when any two kj's are equal, and the
choice of the continuous phase shift (5.3) results in the re-
quirement that all of the I~ 's be distinct (as th.ey would be
for a system of noninteracting fermions). The ground
state is given by a fermionic distribution of the quantum
numbers: IJ.+i I/=1. This fermi—onic description of the
Bose gas is the choice usually made.

On the other hand, as was emphasized by %'adati, one
could equally well have chosen the following discontinu-
ous branch of the phase shift (introduced by Thacker ),
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whe~e H(k) is the step function defined in (3.3). The
boundary condition gives In&(k) =—(k' —p, ) JT 2p

k L=. 2mI + gb, (k. —k;) . (5.6)
X in[ 1 —i) '(q)] . (5.9)

lng(k) =—(k —p, )+ J dqh'(k —q)in[1+ ri '(q)],T 2p'

(5.7)

where p is the chemical potential. The free energy per
unit length can then be written as

F=VD — dkln 1+~ 1 (5.8)

where D =X/L.
In the bosonic picture (analyzed by Wadati '), more

than one kj can share the same quantum number, and one
can define the number of available states in a range dk to
be the number of distinct I's which correspond to (one or
more) k's in dk. In the thermodynamic limit there will be
a density f of available states and a density p of occupied
k's. An analysis very similar to Yang and Yang's, but
with a bosonic entropy term, gives the following equation
for g= 1+flp:

With the discontinuous choice of branch, quantum nurn-

bers IJ are allowed to be equal, which is the behavior ex-
pected for a system of bosons; and in fact the ground state
is given by the bosonic description I&

——0. It is easy to see
how this comes about —for each i ~ j, b, (kj —k;) adds an
extra —2m onto the right-hand side of (5.6) compared
with (5.5); thus Iz must be greater than IJ by on. e for each
filled i greater than j, and for IJ's sequential integers, the
Iz's will all be equal.

It should be emphasized that the two approaches give
identical states of the system (S.l)—the sets of k's which
solve (5.4) and (5.6) are the same, and can be labeled by a
set of either IJ's or I~'s. In particular, in the bosonic
ground state where all bosons have the same quantum
number It =0, they still all have different kj's provided
the interaction strength is nonzero. The choice of descrip-
tion is just a matter of convenience. In the weakly in-
te:acting limit (c =0), the bosonic (discontinuous phase
shift) picture is more natural —as c~0, b, vanishes but b,

goes to a step function. On the other hand, in the limit of
impenetrable bosons (c—+ ao ), the fermionic description is
simpler —the wave function in that limit is identical to
that for noninteracting fermions except of course for the
( —1) factors on permuting particles. Essentially this
same analysis of the choice of branch was given for the
XXZ spin chain by des Cloizeaux and Gaudin many years
ago.

Either description —fermionic or bosonic —can also be
used to derive the thermodynamics. In the fermionic pic-
ture (used by Yang and Yang ), each kj (or equivalently
each IJ ) is considered a particle state, and in the thermo-
dynamic limit one defines a local density of occupied
[p(k)] and unoccupied [P(k)] states. The density of avail-
able states is p+p. Minimizing the free-energy functional
with respect to variations in p, subject to the BA boun-
dary condition equation (5.4), yields an equation for

The free energy per unit length is

F =pD+ f dk ln(1 ri—') . (5.10)

The two approaches give the same free energy and the
same local density of bosons p. Notice that the bosonic
thermodynamic equations (5.9) and (5.10) can be derived
from the fermionic equations (5.7) and (S.8) by writing 5
in terms of b, in the latter, using (5.5), and we find
7/=1+8.

We now turn to the thermodynamics of the quantum
sine-Gordon model, and examine the similarities and
differences between this case and Wadati's boson gas. In
the language developed above, the SG thermodynamic
equations (2.3) are based on a fermionic picture —no two
jth breathers can have the same quantum number. As
was mentioned in Sec. IV, the thermodynamics derivation
was based on the choice of a continuous branch of the
phase-shift function 8(a,j) [Eq. (2.6b)]. For analysis of
the classical limit this is an unnatural choice, since as
n —& ao, 8(a,j) goes to a step function. Like Wadati, we
choose a new phase shift branch by subtracting off the
step function [cf. (4.6)]:

8( ja) =8(a,j)—2mH(a) = —2 tan
aj

sinha

(5.11)

This gives a phase shift discontinuous at the origin but
vanishing in the limit of zero coupling. In Sec. IV we
transformed the SG thermodynamic equations (2.3) into a
bosonic form by writing 8(a,j) in terms of 8(a,j), much
as (5.7) can be transformed into (5.9) by using (5.5).

Although there is a pleasing similarity between the bo-
sonizations of these two systems, there is also a very im-
portant difference: whereas the repulsive 5-function Bose
gas can be bosonized for any Ualue of the coupling by
choosing the discontinuous branch, the bosonization of
the SG requires the extra step of taking the classical
(zero-coupling) limit. As we shall see, this is because in
the SG system the interaction is attractive.

The regime of the SG most closely analogous to
%adati s analysis is given by taking the weak-coupling
and nonrelativistic limits of the SG. Then with a fixed
number of bosons, the SG Hamiltonian (2.1) becomes, to
leading order in the interaction, identical to the P Hamil-
tonian (5.2) except that now we have a system of attractiue
bosons (c = —rng /8 ~ 0). (The temperature range we are
ultimately interested in is far greater than the phonon
mass, but the discussion of phase shifts given belo~ gen-
eralizes to the physical case. ) In the thermodynainic lim-
it, it is well known that such a gas collapses into a single
bound state. In the case of the SG, however, higher-order
terms in the interaction prevent this from happening, and
so the mixed gas of free bosons and bound states occur-
ring at low temperatures is stable for the SG system even
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though it would be only metastable for the attractive P
system. There are several important differences between
the attractive boson gss and %'adati's repulsive boson gas.

Consider first the phase shift. For the repulsive case, in
the limit of weak coupling the continuous branch becomes
a step function. Wadati bosonized by subtracting off this
step function. In the attractive case (a limit of the SG, as
described above), the phase shift again goes to a step func-
tion at zero coupling, but in the opposite direction, and
there is a zero-energy bound state. [Note that in this limit
b,(k)=8(a,2).] The existence of bound states makes the
attractive case more complicated.

The relationship between kj values and I~ or IJ. quan-
tum numbers is tricky in the attractive case, because it de-
pends on phase-shift sheet conventions and everything is
singular in the limit of zero coupling. On varying the
coupling from repulsive to attractive, the two-boson state
with the lowest possible center-of-mass energy goes from
two bosons with slightly different real moments ki, ki for
c p 0 (repulsive) to identical momenta at c =0 to complex
conjugate momenta k+ic for c &0 (attractive). For c at-
tractive, it is not possible for different real kj to have the
same IJ (or IJ ), but we can take complex conjugate mo-
ments k+ic to have the same quantum number. A simi-
lar analysis works for three or more bosons.

In the Bethe ansatz formulation of quantum sine-
Gordon thermodynamics, one does not use the individual
boson quantum numbers, but quantum numbers for the
breathers, or j strings, which are treated quasifermionical-
ly. The content of our transformation in Sec. IV is that in
the limit g~O (c~O, attractive case), we can work in
terms of the constituent bosons —the members of a string
correspond to multiple occupation of a single boson quan-
tum number. It is crucial to realize the further point that
the bosonic entropy term we find is equivalent to assum-
ing that in a small region of momentum space b,k all ar-
rangements of bosons in available states are equivalent.
This means we cannot distinguish between bosons in
strings of different lengths, so our entropy expression is
only good in the limit of zero binding energy for strings,
that is, the zero coupling limit. This is what is different
between the bosonizations for the repulsive and attractive
cases—for the repulsive case„ the bosonization is valid for
any value of the coupling strength, in the sense that the
thermodynamic analysis using the boson entropy term,
etc., is exact. For the attractive case (or actually the
weak-coupling limit of the sine-Gordon), the bosonization
is only true in limit c—+0 (g~O), and a thermodynamic
analysis using the boson entropy term can only be approx-
imately correct for a finite coupling strength. The classi-
cal sine-Gordon limit is limit g~0, and we conclude that
finding quantum corrections (finite g) by these techniques
will be difficult.

Finally, let us compare our analysis to the approach of
gas phenomenology. If we adopt this approach, and sim-
ply assume that the breather ladder can somehow be re-
placed by a physical phonon, and that the phonons snd
solitons obey BA-type boundary condition equations with
phase shifts 8~&, 8&„and 8, it is not difficult to follow a
Yang-Yang —type procedure to get coupled ferrnionic and
bosonic thermodynamic equations:

m
intel (a)=—cosha — da'8' (a' —a)T 2m.

X in[1 —il~ '(a')]

+ Gfcx op~ A' —A ln I +V/~ Q,'

27T

M oo

luis, (a ) = cosha — da'8», (a' a)—
T 2%

X in[1 —i)~ '(a')] .

(5.12a)

+ f da'8~(a' —a)in[1+i), '(a')] .

(5.12b)

It is interesting that the two equations we derived from
the BA [Eqs. (4.16)] are very nearly of this form. We for-
mally integrate the first integral in (5.12a) by parts and
compare with (4.16) to identify the phase shifts

8~~(a)= — P .
2~ 1

n sinha
'

8&,(a) =2 tan '(sinha),

to go along with 8„given in (4.2).

(5.13)

VI. DISCUSSION

It is somewhat surprising that our method has given the
classical sine-Gordon specific heat so accurately. After
sll, the classical system does have breather solutions, and
even near the classical limit the ladder of allowed breather
rest masses is not uniformly spaced over its whole range,
ss we have taken it to be. Yet our result is apparently ac-
curate for temperatures of order the soliton mass, where
we certainly expect the nonlinearities in the mass spec-
trum to be making an important contribution. That is to
say, our basic integral equations give correct results in a
temperature range where they cannot be physically inter-
preted in the obvious fashion —where there are nonvanish-
ing densities of breathers with finite (phonon) binding en-
ergies, and the system cannot be physically understood in
terms of soliton and phonon densities alone.

Let us review the approximations made in this paper,
when we expect them to fail, and possible reasons why
they don' t. The basic approximation is that we have
neglected the contribution of the phonon-phonon interac-
tion to the breather energies (although these interactions
were included in the phase shifts). That is to say, we have
taken the breathers to represent bound states of phonons,
but with the mass of the jth breather equal to jm (where
m -n ' is the phonon mass). Thus we have dropped the
0 (j /n ) binding energy contribution. Similarly we have
retained only the O(n ') terms in the breather-breather
phase shifts, which gives a phase shiA between a j breath-
er and k breather equal to jk times an O(n ') phonon-
phonon phase shift. These approximations —linearization
of the breather mass spectrum and phase shifts —are con-
sistent with interpreting the jth breather as j barely bound
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phonons, and they yield a pair of integral equations (4.16)
for the soliton and anharmonic phonon densities which
correctly reproduce the classical SG free energy to high
order (4.20).

Let us focus on the anharmonic phonon contribution to
the free energy. It seems at first sight very reasonable to
include only the 0(n ') term in the breather mass spec-
trum and phase shifts, since the phonon density is of or-

der n in the classical limit. Ho~ever, as one takes n ~ ao

at fixed t = T/M, the important breather contributions to
the free energy should come from those breathers with

j -tn. These breathers have a binding energy of order

j In -t, and it is not obvious why we can compute the
phonon free energy correct to t, say, with the breather
binding energy neglected. The reason is not trivial —for
example, if one computes the free energy using the nonun-

iform breather masses but (inconsistently) using the
breather densities derived from our approximations, it
turns out that there are nonvanishing contributions from
the breather binding energies [i.e., from the 0(j /n )

terms in the mass spectrum]. Of course, consistently in-

cluding these binding energy terms in the masses and

phase shifts need not affect the free energy to this order,
because the distribution and hence entropy terms would

adjust to minimize the free energy. (Once the binding en-

ergy terms are included, the bosonic entropy form is no
longer valid, as discussed in Sec. V.)

Evidently, the approximations we have made —equally
spaced breather mass spectrum and j-breather —k-breather

phase shift proportional to jk, which lead to the bosonic
expression for the entropy —are logically consistent, and
correct in the classical limit at the bottom of the breather
spectrum. Since the anharmonic phonon specific heat we
calculate using these approximations is correct over a
wide temperature range, the binding energy corrections
must somehow cancel when retained in both the breather
masses and phase shifts. It is interesting to note that in
the sine-Gordon model, which is very similar to the repul-
sive boson gas, there are no phonon bound states so the
phonon density gives the complete picture at all tempera-
ture. The classical sine-Gordon specific heat has been cal-
culated and it is found that if one "analytically continues"
the coupling to the classical sine-Gordon system one gets
exactly the phonon series we have described above
(4.20). s Thus we note that in this approach the forma-
tion of multiphonon bound states —breathers —does not
affect the phonon specific-heat term.

The other approximation made in the above is dropping
the e "~' term in (4.15b). This is an upper end contribu-
tion from the sum over breather states, which becomes an
integral in the classical limit. The m has no physical
significance —it arises because we have taken an evenly
spaced breather mass spectrum MJ ——jlm. /n so the heavi-
est breather is assigned a mass mM rather than its actua1
value of 2M. Hence the upper end contribution should
really be of order e ~'. However, we have also taken
phase shift values in deriving (4.15b) which are invalid at
the upper end of the breather spectrum. In fact, our
analysis is correct at least for the leading e ' term even
with this upper end contribution neglected. The equations
(4.16) (in which the e ' has been dropInxl) generate

e ' terms arising from soliton-soliton and soliton-
antisoliton interactions. Since the heavy breathers are
very loosely bound soliton-antiso1iton pairs, perhaps their
contribution to the free energy is automatically included
in the e ~' terms generated, at least to some order. In
our earlier publication, we suggested that heavy breather
terms might be one explanation for the discrepancy be-

tween our work and the transfer matrix results of Sasaki.
More recently, however, Timonen et al. ' have rechecked
the transfer matrix method and find complete agreement
with the Bethe ansatz results.
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APPENDIX A: BREATHER-SOLITON AND
SOLITON-SOLITON PHASE SHIFTS

When p=(1 n')m—, the soliton-breather and soliton-
soliton phase shifts (2.7) can be written equivalently as

81,(a) = ,
'
fj„,(a), —j& n —2

8 (a)= ,'f„ i „ i(a—),

(Ala)

(A lb)

X ln(1+ i)„'),

j=1,2, . . . , n —1 (A2)

where the subscript n —1 replaces s in (2.3) and
M„1—=2M. It is important to note that M„1 is not the
mass of an (n —1)-string (which is actually M), and

fz „ i is not the phase shift with an (n —1)-string [these
are given by (A. l)]. For p=(1 n'Hr, 8jk =fjk only for-
j,k & n —2. The thermodynamic equations were present-

where fjt, is defined in (2.6). When p=(1 n')ir, an-
(n —1)-string represents a soliton (s) and a hole in the
Dirac sea is an antisoliton (s). Thus the phase shift 81, is,
in BA language, the phase shift of a j string (j &n —2)
with either an (n —1)-string or a hole (these phase shifts
are equal). Similarly, 8„ is the phase shift between two
holes or two (n —1)-strings or a hole and an (n —1)-
string (all of which are equal); i.e., when p —(1—n ')ir,
the soliton-antisoliton scattering is refiectionless and
8„=8-=8~.

Using (Al), Eqs. (2.3) can be written equivalently in the
succinct form

MJ. n —1

(1+5J„,)lnqj = cosha+ g da'f~k(a' a)—
27K k=1
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ed in Refs. 38 and 39 in the form (A2), although in both
papers the I+5J „ i term was inadvertently omitted in

print.
This paper is based entirely on the case p, =(1—n ')m

exactly, but it may be helpful to consider as an aside the
limiting case p =(1 n —)m+e as e~O. In this limit, the
lowest n —2 strings still represent DHN breathers, but the
{n —1)-string also becomes a breather (of zero binding en-

ergy); and the holes in the Dirac sea combine with longer
strings [not present in the case p=(1 n—'Hr exactly] to
represent the unbound solitons and antisolitons. Call
the phase shifts in this limiting case 8tk, and define a
function fjk of the form (2.6) but with the substitution

APPENDIX 8: LO%'-TEMPERATURE EXPANSION
OF THE FREE ENERGY

1ng~(a)=(m/T)u(a), rt, '(a)=(m/T)g(a), (81)

Here we summarize the solution of equations (4.16) for

il~ and g, and substitute the results into (4.18) to get the
free energy. We expand in a double series in e '~' and t,
where t =T/M is the reduced temperature. In the fol-
lowing, consider t small but fixed as n ~ oo. Our expan-
sion follows the approach of Maki.

The first two terms on the right-hand side of (4.16a) are
of order m/T =mint =0(n '), so we are let to put

8'(a,j)= i l—n

. n(n p, )—sinha —i sin j
2p

. m(n p-
sinha+ i sin j

2p

(A3)

where we expect to find u and g of order unity. Then
Eqs. (4.16) become

t ~ da'
u (a) =cosha — P——~ sinh(a' —a) Ba'

&& In f 1 —exp[ —(m /T)u (a')] }

2 ~ da+ g(a'),—~ cosh(a' —a)
(82a)

1 1 a
lng (a ) = ——cosha+- lnu (a')—~ cosh(a' —a)

1 ~, cosh(a' —a)+ 1a'ln g a'
~t —~ cosh a' —a —1

(82b)

plus terms which vanish as n ~ ao. In the first integral in

(82a) the limit m/T~O must be taken with some care, as
we shall show. Separate the free energy (4.18) into direct
contributions from the breather and soliton terms and
then expand in powers of e '~', then

F F(b)+F(s) F +F +F
F' '= acoshaln 1 —exp —m T g a

2'lT'

F(b) +F(b) +F(b) + (83)

in place of (2.6b), with p=(1 n')n—+e. Then, for
j,k =1 to n —1, 8jk fj'k. N——otice the inclusion of the
(n —1)-string here —this is to be contrasted with the case
It, =(1 n')n —exactly, for which 81k fjk onl—y—for
j,k (n —2. As e~O, 8'(a,j)~8(a,j) except when

j=2n —2, in which case 8'(a, 2n —2)~2nH(a) (step
function) but 8(a,2n —2)=O. As a result, fjk fjk, ——
j,k =1 to n —1, except when j =k =n —1, for which
f„' i „&(a) =f„&„&(a)+2m'H (a). The step-function
piece is a consequence of the fact that, when

p, =(1—n ')m+e, a new zero-binding-energy ss bound
state is formed.

Since when p=(1 n')m—+e the (n —1)-string
represents a barely bound ss pair, one should expect to
find 8J'„~——81, +8 , =281, (j(-n —2); and in fact as
e~O, fj'„ i

—fj „ i and this i—s statement (Ala). Sinii-
larly, one might expect that 8'„ i „ i is the sum of four
phase shifts ( ss ss, ss, and ss and thus that
8'„i„~——48„. However, because of the new ss bound
state [compared with p, =(1 n')n—], the picture is a bit
more complicated, and it turns out that

8'„ i „ i(a)=f„' i „ i(a)=f„)„ i(a)+2irH(a) F"=— dacoshag a =F&"+F2"+
00

=48~(a)+2nH (a),
plus terms which vanish as n~oo. Our problem is to
solve (82) for u and g in order to calculate the free energy
(83).

Separate u (a) into pimes:

(84)u (a) =cosha —h (a)t +u, (a),
where

I' " da'
h(a)=—,, b(a'),

7T ~ Slllh( a —a ) Ba

2 ~ da
u, (a)=- g (a'),—~ cosh(a' —a)8'„ i s(a) =28 (a)+ZnH(a),

81',l, (e) =8„(a) . (AS~ and

where 8„ is the p=(1 n')n ho—le-hole (or ss) phase
shift (Alb). One can think of {Alb) by saying (loosely)
that f„ i „ i (no e) represents the scattering between two
barely bound ss pairs [i.e., two p = (1 n')n-
+e (n —1)-strings] with the step-function terms neglect-
ed.

For completeness, here are the phase shifts between
( n —1)-strings and holes, and just holes, when

p =(1 n')n+e:.—

In this limit the phase shifts involving longer strings
(length & n —1) become step functions.

b ( )a=lnI I —exp[ —(m /T)u (a)]} .

Now expand in powers of e '~' and t:
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b(a)= y b„(a)= y y b„(a)t
n =Ong =0

h(a)= g h„(a)= g g h„(a)t
n =0m =O

g(a)= g g„(a)= g g g„(a)t
n =1m ={)

1 da'—f ln(cosha') =ln(1+cosha) . (814)
m — cosh(a' —a)

For each value of n (i.e., order in e ' '), Eqs. (810) and
(Bll) are used to compute h„and b„alternately; then
with (812) and (86) these give g„+i and u„+i. From
(83), (87), and (88), the order e " ' (so-called n-soliton)
contributions to F can be written as

u, (a)= y u„(a)= y y u„(a)t
n =1'=0

F„' '= da coshab„(a), n & 0
2'fT

(815a)

where the lone or first subscript refers to the order in
e '~' and the second subscript to the power of t. Then an
order-by-order comparison of the identity [87) and (84)]

b (a)= In I 1 —exp[ —(m IT)cosha] I
T

exp[(m IT)(h t —u, ) ]—1
+ln 1—

exp[(m /T)cosha] 1—

=lnI 1 —exp[ —(m /T)cosha] }
T

u, —ht
+ln 1+ +O(n ')

cosha

F„' = — dacoshag„(a), n &1 .(,) mM
00

(815b)

In principle, this iterative procedure can be used to give F
to all orders.

1. Phonon contribution (n =0)

The n =0 or phonon contribution to the free energy is,
from (815a) and (88),

Fp ——Fp ' —— da cosha g bp~(a)t +' . (816)2' m=0

Equation (810a) gives
leads to

hot
bp(a) =lnI 1 —exp[ —(m/T)cosha] }+ln 1—

cosha

(Bloa}

bpp = ln I 1 —exp[ —( m /T) cosha] },
bo&

———h oosecha,

bpt = —hpi secha ——,(bpi )

(817a)

(817b)

(817c)

ui —h)t
bi(a) =

cosha —hot
'

u2 —h2t
b2(a) = ——,(bi)',

cosha —hot

Equating terms of equal order in (85) gives

h„~(a)=—,, b„~(a') .
P ~ da' 8
1T ~ slllh a —a Ba

Finally, from (82b), (84), and (88) we find that

g (a) =(1+cosha)exp[ —(1/t)cosha]

X exp(Ip+I i +I2+. . . ),
where

1 ~ da' hot
Ip(a) =- ln 1—

m — cosh(a' —a ) cosha'

(Blob)

(810c)

(811)

(812)

(813a)

The alternating solution of (Bl 1) and (817) hinges on the
evaluation of hpp as m/T~O. From (Bl1) and (817a) it
is easy to show that

hpp(a) =secha,
~

a
~

&&ln(Tlm) (818)

bo] ———sech a,2

ho] ——2 sech a —secha,

b02 ————', sech a+sech a,
ho2

——10sech a —7 sech a —
4 secha,

(819)

plus finite corrections for a of order ln(T/m). Nearly
everywhere boo is used, the large-a corrections are
suppressed by another factor [e.g. , hpp is divided by cosha
in (817b}] and hence vanish as n ~ ao. The exception is
the m = 1 term in the free energy (816), which needs spe-
cial attention (see Appendix C).

Using hpp from (818), now (811) and (817) can be used
to compute b, and h, alternately. We find

1 ~ da'
I„(a)=- b„(a')

cosh(a' —a)
1 ~, cosh(a' —a)+ 1da ln gn a

m.t —~ cosh a' —a —1

Substituting bp from (819}and (817a) into (816) (expect
for the m =1 term, which is computed in Appendix C),
the phonon contribution to the free energy becomes

n &0 (813b) (820)

and where we have used the result where
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Pal TF„,„= f da cosha lnI 1 —exp[ —(tn /T)cosha] I
2'1T

(821)

is the noninteracting phonon free energy found in Sec. III.

I'1 ——I'1 +F1(s) (b)

' 1/2
2t= —2mM
7T

e
—1/t

2. One-soliton contribution {n =1)

The order e '~' (i.e., n =1) contribution to F, the so-
called one-soliton contribution, consists of two pieces:
F1" directly from soiitons, and F'1 ' from breathers. First
we will compute F1" (815b). Expanding (813a) in powers
of t and using h0 from (818) and (819), we find from
(812) that

3. Two-soliton contribution {n =2)

The order e ', or two-soliton, contribution is similar-
ly the sum of a soliton and a breather contribution (83),
and we first compute the former [Eq. (815b)]. From
(812) and (822),

( —1/t)cosha I0
g1(a) =(1+cosha)e'

t t( —1/t)cosha cosh2 +
2 2 16

g, (a)=g, (a)I1(a) .
Using (813b) we put

I1 =I]b+I1s

(828)

(829)

3sech —+2 +~a
2

(822) where

F'1" in Eq. (815b) can be evaluated using (822) and the
change of variables 2 sinh(a/2) =t '~ x to give

1 /P

F1 —— 27nM —— e (1+ , t —„,t-(s) 1/t 1 43

oo a'
I1b=- b1(a'),—~ cosh(a' —a)

a}+1
7rt —~ cosh(a' —a) —1

(830)

601 3 42525
1024 t 32768 + )

(823)

Similarly, from (86) and (822), we can calculate

u, (a) =A secha[1 —t(sech a ——,
'

)

+t (3 sech a ——", sech a —,",, )+ ],
(824)

where A =4(2t/7r)' e ' '. As in the n =0 case, now
(810b) and (811}are used to compute b1 and h3~ alter-
nately:

and b1 and g1 are given by (825) and (822), respectively.
We ftnd

I1b ——3 —sech —+ t —sech —+—sech —+1 gQ 1 PCX

X+ t [—,', ——,', ln(2/t}+ + ,'K4(x)—
——,

' K2(x)+ —,
' K0(x)]+ (833)

(832)

To compute I„,change variables to x =(2t) ' a and
expand the integrand of (831) in powers of t; the result is

I14
—At 'I [—,

' ln(2/——t) —K(3(x}]

b1o ——A sech a,
h, 0=A ( —2sech a+secha),

b11 ——A (2 sech a ——,sech a),
h11 ——A ( —8 sech a+ —", sech a+ —,

' secha),

where

oo

K2„(x)—= dt t "e ' ln
~

t —x
~

and where we have used

1 ~
d 2„,2 (2n —1)!!tt "e

2"

(834)

(835)

I, =2mm-2t
m'

e (t + t + 1211 t

1013 t4+ ) (826)

and the total one-sohton free energy is the sum of (823)
and (826}:

The n =1 breather contribution is computed by putting
(825) into (815a):

1/2

We next rewrite K2„ in a simpler form. Divide the in-
tegral in (834) into two pieces which define two functions
h1 and h~.

f = f + f =h, (x)+h, (x) . (836)

By putting

h;(x)=h;(0)+ f h (y)dy,
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g&„(x)= dt t'"e e lnt

f"dye f" dt
' e-". (837)

Fz„(x)= f dye ~y "f dte' (840)

and Euler's constant C =lny=0. 57721566. . . . In terms
of F's, (833) becomes

Two integral representations of the error function give

F f" dt' =2v~e "-f'e"dt,
—oo Jp —t 0

which, together with (837), yields

I), ———At —ln
1 8y
2

+t ——„ln +—x — + Fo(x}Sy 3, x4

t 8 24

Ko(x) = ——,
' ln(4y)+2FO(x),

Kz(x) = ——,
' in(4y)+ —,

' ——,
' x'+2'(x),

E&(x)= ——', ln(4y)+1 ——,(x'+x )+2F4(x),

where

(839)
F&(x—)+ , F&(x—) +1

The direct-soliton contribution F'z' is found by insert-
ing gz from (828} into (815b) [using (822), (829), (832),
and (841)], changing variables in (815b) to x =(2t) '~ a,
and expanding in t, we find

F~* —— mMe ' —ln —26 (0,0) + t — ——ln +26 (0,0)—6 (0,2)(g) 16 2/, 1 Sy 11 1 Sy
2 t

'
32 S t

+ —6 (0,4) —36 (2,0)+—6 (4,0)
1 1

(842)

where

Co
5 —X6(n, m): — dxx "e "F (x) . (843)

(844)

Finally we turn to the computation of the breather term F'z '. First uz is computed by inserting gz into (86) to give an
integral similar in structure to F'2" above, which yields:

T

By changing variables in Fz„(x) (840) to g=x y and a =y t and performing the x integral in (843) first, it is a simple
although tedious matter to compute 6(n, m) This p. rocedure gives

T

F'= —mMe ' ln ' —t —ln ' +——t ln ' + +.(g) 8 —2/'r 4y 1 4y 5 2 21 4y 5

t 4 t 4 32 t 16

16 2/, 4y 1 4y 4ye /' ln . secha —t —ln +5 secha+ ln
1T 4 t

—1 sech a .+3
(845)

Then (810c) and (Bl1) can be solved for bz~ and hz~
alternately:

b20 ——— e ln sech a,16 2/, 4y

F2 ———rnMe —t ln(b) S —2/r y

ln +1 + . . (847)
4

h&0 —— e ~'In (2 sech a —secha),16

16 e-2/t ln y +1

(846} The sum of (844) and (847) is the total two-soliton
( n =2) contribution to F:

X (2 sech a ——,
' sech a),

~~e —2/f ln
8 S 4y——t ln

4 t

13 4y 1
ln + + ~ ~ ~

32 t 16

and inserting the bq into (815a) gives
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APPENDIX C: COMPUTATION OF S,'", '

In the computation of Fq&' (the lowest nonlinear pho-
non contribution to the free energy), the limit m/T~O
must be taken carefully. The expression (B17b) must be
replaced by the exact value

f (x)= — da cos(ax)
ao ecosha

ecosha

ao e sinhcx
g (x)=— da sin(ax)

e cosha

In the limit a~0, use of

(C6a)

(C6b)

choo(a)
bo)(a) =— (Cl)

6 cosh&

e
E' coslla 1+—,

' 6 coshcx
(C7)

where @=m /T; then from (B16), (Cl), (B1 1), and (B17a), in (C6) accurately gives I; this yields

2
+~b) mMt

01 2m.

where

(C2)

(C3)

f(x)=cothP .
sinhmx

1 1g(x)=—
2 . Kx

sinh"2
cospx

slnh&x
(Cgb)

1 ao d a' e sinhu'
hoo(a) = I'—

—~ sinh(a' —a) e" "~

By Fourier transformation (C3) becomes
r

(C4)
I = lim

P~ ao
+ + 2

2p ~ 2 p'
sinhP 2 ~ sinh2p

(C9)

where coshp= 2/e. Then inserting (C8) into (C5) gives

I = lim 4m x tanh — x g x
p~O —ao 2

where

(C5)
so that (C2) becomes

Eoi = —4~Mt(b) (C10)
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