
PHYSICAL REVIE% 8 VOLUME 34, NUMBER 10 15 NOVEMBER 1986

Consequences of crystallographic equivalence between bct and fct indium

V. Ramamurthy

Department ofPhysics, Indian Institute of Technology, ¹toDelhi 110016, India
(Received 26 August 1985; revised manuscript received 28 April 1986)

The force-constant relations involving the elastic constants and the phonon dispersion relations
for bct indium, deduced on the basis of a general tensor force (GTF) model, are compared with

those for fct indium to resolve some conflicting consequences of their crystallographic equivalence.
It is shown that the numerical values of the force constants of this model differ from bct indium to
fct indium, whereas those of other lattice-dynamical models are invariant, but the same transforma-
tion equation relates the phonon frequencies of the former with those of the latter in all cases. Fur-
ther, the relations between the GTF constants of bct indium and those of fct indium, obtained by
making use of their relations with other invariant force constants reveal their correct dependence on
coordinate axes. The basic differences between GTF and other models, the transformation proper-
ties of these force constants, and their link with the various manifestations of the crystallographic
equivalence are discussed.

I. INTRODUCTION

The atomic arrangement of indium could be viewed ei-
ther as body-centered tetragonal referred to X, I; and Z
axes, or as face-centered tetragonal referred to x, y, and z
axes, but the former configuration is related to the latter

by a coordinate-axis transformation, '

X=—,(x+y), Y= —,'(y —x), and Z=z,

which rotates the x and y axes through 45' about the Z
axis, Nevertheless, the crystallographic equivalence be-
tween bct and fct lattices has not been understood correct-
ly. For instance, several authors who treated the atomic
arrangement of indium as bct have invoked this
equivalence with regard to the elastic constants, the Bril-
louin zone, ' as well as the lattice constants and this
misinterpretation has invariably introduced serious errors
into the lattice-dynamical calculations on indium. Al-
though Ashokkumar and Sharan' were the first to recog-
nize these errors, their calculations, which are in very
good agreement with the pseudopotential calculations of
Reissland and Ese, did not reveal any of its consequences.
Further, Gunton and Saunders, Garrett and Swihart, as
well as Chulkov et al studied .the lattice dynamics of in-
dium, treating its atomic arrangement as fct, on the basis
of model potentials. However, no attempt was made to
interpret its crystallographic equivalence with bct indium.
On the contrary, the lattice dynamics of indium was in-
vestigated on the basis of the De I.aunay angular force
(DAF), the Clark-Gazis-Wallis (CGW), the modified axi-
ally symmetric (MAS), and the general tensor force (GTF)
models by Ramamurthy and Rajendraprasad, ' ' who
referred its atomic arrangement to bct axes as well as to
fct axes and exploited their equivalence to obtain results
which are free from any mathematical or numerical er-
rors. Their results are in very good agreement with the

phonon frequencies of indium deduced by Garrett and
Swiharts as well as with their experimental values, " but
differ significantly from other theoretical studies. ' ' ' In
order to understand the crystallographic equivalence and
its consequences, it is therefore essential to compare these
lattice dynamical studies on bct indium with the corre-
sponding studies on fct indium.

Detailed analysis by the present author of the lattice
dynamical data on indium published elsewhere' ' re-
veals that some of these parameters depend on the atomic
arrangement, while the others depend on the crystallo-
graphic axes. The former are invariant with respect to
coordinate-axis transformation (1) and hence are the same
for the bct lattice and the fct lattice, whereas the latter
differ from bct indium to fct indium. Further, it could be
shown that the shape and size of the atomic polyhedron
and the Brillouin zone as well as the numerical values of
the density and the atomic force constants belong to the
former category. On the other hand, the elements of the
dynamical matrix, the phonon dispersion relations along
the principal symmetry directions, as well as the numeri-
cal values of the axial ratio and the elastic constants be-
long to the latter category, but Eq. (1) ensures that the
same phonon frequency distribution function G(v), lattice
specific heat Ct, and Debye temperature OD are associat-
ed with both lattices. Nevertheless, the numerical values
of GTF constants, which differ significantly from bct in-
dium to fct indium, together with the apparent invariance,
with respect to Eq. (1), of the expressions for most elastic
constants, suggest that the above categorization of force
constants is not correct. It is therefore of utmost impor-
tance to ascertain the origin of this somewhat confusing
consequence of the crystallographic equivalence by inves-
tigating the lattice dynamics of indium using a GTF
model and by relating its force constants with those of
other models. This paper describes these investigations
which lead to the correct interpretation of the equivalence
between bct and fct lattices.
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II. THEORY III. RESULTS AND DISCUSSION

When the atomic interactions of bct indium are ex-

pressed in terms of general tensor forces and their range is
extended up to fourth-nearest neighbors, the elements of
the dynamical matrix are given by'

MDxx 4[k——iSx+ riSy~+2A. i(1—CxCyCz )

+~i(1—Czxcz) }+~4Sz]

MDxy =4[2vzSxSycz+ viSixSiy],

MDxz =8gzSx CySz

(2)

(3)

MD~ ——4c)S„Sy,

MD, =4fqS„S, ,

(7}

(8)

MD~ =4I cri(1 —C„Cy)+cr2[2 C,(c„+Cy)]-
+oi(S„+S»)+o4S, j, (9)

where S„=sin(q„a'), S,= sin(q, c), C = cos(q, a'), and
C, = cos(q,c), etc., 2a' and 2c are the lattice constants
along the x and z directions, respectively, and p„, g„, ~„,
g„, and o„are the nth-neighbor tensor force constants.

The 12 force constants that appear in the dynamical
matrix elements of indium are evaluated by making use of
the experimental values of five zone-boundary frequencies
and six elastic constants, in addition to the elastic incon-
sistency of this model, ' which gives rise to two different
relations for C~. The force-constant expressions for the
elastic constants of bct indium and fct indium, obtained

by comparing their secular determi. nants in the long-
wavelength limit with the elastic determinant, are listed in
Table I, while those for zone-boundary frequencies are not
given here. The experimental values of the elastic con-
stants' measured on fct indium at 78 K are included in
Table I, but those of the zone-boundary frequencies'5 are
given in Ref. 16. Corresponding experimental data on bct
indium, determined by exploiting the coordinate-axis
transformation (1) are given in Ref. 14. However, the nu-

merical values of the force constants of bct indium as well
as fct indium, which have been utilized in the calculation
of the phonon frequencies at several wave vectors and po-
larizations are listed in Table II.

MDzz 4[pi(——Sx+Sy)+2pg(1 —CxCyCz )

+pi(1-C»C»}+p~'],
where Sx ——sin(qxa ), S»——sin(2qxa ), Cx ——cos(qxa ),
and C» ——cos(2qxa ), etc. M is the mass of the ion, 2a is
the lattice constant along the X direction, and A,„,r„, v„,
g„, and p„are the n th-neighbor tensor force constants.

On the other hand, corresponding elements of the
dynamical matrix for fct indium could be written as'

MD =4[p, ,(1—C„C„)+p,,(1—C„c,)

+Xi(1—C„C,)+@AS„+XiS~+pP', ],

The phonon frequencies of fct indium deduced on the
basis of GTF model are in excellent agreement with the
corresponding experimental frequencies along all branches
except T, [g'0], the former in this region being larger
than the latter. But the softness of this mode has not been
predicted, so far, by any lattice dynamical calculations
other than that of Garrett and Swihart. The dispersion
curves of fct indium, obtained by plotting these frequen-
cies as a function of the reduced wave vector g along

[(00], [$0$], [g'0], and [00(] directions are in no way
different from those shown in Figs. 3(a}, 3(b), 3(c), and
3(d), respectively, of Ref. 13. In addition, the phonon fre-
quencies of bct indium, calculated by solving the secular
determinant of the present GTF model along the [g'0],
[g(2(], [$00], and [00(] directions are in very good
agreement with their experimental values but differ signi-
ficantly from those calculated on the basis of an earlier
GTF model using correct values of the elastic constants
and shown in Fig. 1 of Ref. 14. These frequencies are
transformed by means of Eq. (1) and are superimposed on
the corresponding dispersion curves of fct indium to facil-
itate the comparison among them. Notwithstanding the
differences in the numerical values of their force con-
stants, these figures (which are not shown here) reveal that
the transformed phonon frequencies of bct indium are
identical with those of fct indium at all wave vectors and
polarizations. Hence, the present investigations establish
the fact that the phonon dispersion relations of the GTF
model belong to the latter category. On the contrary, the
apparent similarities in the expressions for Cii and C66,
together with the differences in those for C» and C44 of
the GTF model (see Table I) clearly indicate that the force
constants do not belong to the former category.

It is obvious from Table II that the numerical values of
the GTF constants of bct indium differ significantly from
those of fct indium, even though the range of atomic in-
teractions is restricted to the first four neighbors in both
cases and the same set of zone-boundary frequencies and
elastic constants which are consistent with Eq. (1) were
utilized in their evaluation. In order to ascertain why
these force constants are not invariant with respect to the
coordinate axes, it is essential to compare them with those
of other lattice-dynamical models. For this purpose, the
atomic interactions of indium, extended over its unit cell,
are expressed in terms of central and angular forces or ra-
dial and tangential forces and the same electron-ion in-

teractions are incorporated into all models. The DAF,
CG%', and MAS models, so developed, would have,
respectively, 8, 11, and 13 force constants, whereas the
GTF model, which neglected the electron-ion interactions,
has only 12 force constants. These were evaluated by
making use of experimental values of zone-boundary fre-
quencies and elastic constants together with an equilibri-
um condition which must be imposed on force-constant
models explicitly to minimize the total potential energy of
the crystal. The numerical values of the force constants
so obtained in the case of the MAS model, ' the CGW
model, "' and the DAF model' for bct indium are iden-
tical with those of the corresponding constants for fct in-
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TABLE I. Expressions for the elastic constants of indium and their experimental values (in GPa)
(Ref. 17).

cC]]

cc44

bct (axial ratio, p)

(x, +x,+2x3)

2(V2+ 2V3) —(w]+ A2+2A3)

2Pk —{P~+P2+&P3)

p'(p~+ p4)

p (k2+A4)'
(p& +p2+ 2p3)

(~]+k,2+ 2A3)

fct (axial ratio, t)

(p]+p2+ 2p3)

2K] —(P 1+X2+ 2X3 )

{~~+~2+2~3)

2t ((72+04)

t'(p~+ X2+2p~)'
(o]+o2+2o3)

(p] +X2+2X3)

52.60

41.48

44.57

50.80

16.96

'Along the [00(]direction.
bAlong the [f00] direction.

d&um, but these are not reproduced here. Nevertheless,
the dispersion curves of bct indium do not match those of
fct indium in any case. Thus the invariance of these force
constants with respect to coordinate axes as well as the
transformation of their dispersion curves according to Eq.
(1) clearly indicates that the phonon dispersion relations
of a model are of no importance in the categorization of
its force constants.

The author' has shown by resolving the atomic dis-
placements along three mutually perpendicular directions
that the force constants of nonequivalent models for any
crystal could be interrelated. This procedure was adopted
by Ramamurthy and Rajendraprasad to deduce the physi-
cally meaningful relations between the force constants of
the DAF, CGW, MAS, and GTF models (which express
the same atomic interactions, extended up to fourth-
nearest neighbors, in a variety of inadequate ways) for fct
indium as well as for bct indium, and these are given in
Refs. 13 and 16. Further, the invariance of the force con-
stants of the DAF, MAS and CGW models, with respect
to the crystallographic axes, is exploited to obtain the fol-
lowing relations between the GTF constants of bct indium
and those of fct indium,

( I)xx=&) =(ju)+&))=(I) +( I)~,
( I )rr ——r) =(p) —Ir() =( I ) —( I )~,
(1)zz ——p~

—=0', =(1)

(2)xx k2= 2 (92+72)= 2 [(2) +(2)»],
(2)xr ——v2 =——,

'
()u2 —X2) = —,

' [(2) —[(2)»],
1

(2)xz =4=—
&2 ~2

(2)zz =p2=-~2=(»

(3)xx —~3= p (83+~3)= z [(3) +(3)»]
(3)xr —V3= 2 (p3 X3)= —,

' [(3) —(3)»]

(3)zz =p3—=o3=(3»
(4)xx=4=-p4=(4»

(4)zz p4—=~4=(4)

(10a)

(10b)

(10c)

(1 la)

(1 lb)

(1 lc)

(1 ld)

(12a)

(12b)

(13a)

(13b)

T]

Pl
A2

Vp

pz
A3

V3

p3

p4

bct indium

14.690
0.273

—3.320
1.058
3.650
4.209
5.437
0.020
0.373

-0.116
—0.253
—0.082

Pl
K]
O'1

P2

4z
o'2

P3
X3
o'3

p4
o'4

fct indium

7.482
7.209

—3.320
4.708

—2.592
5.953
5.437
0.393

—0.353
—0.116
—0.253
—0.082

TABLE II. Numerical values of GTF constants (in N m ').

where (n)xx and (n), etc., are the corresponding ele-
ments of the nth-nearest-neighbor tensor force-constant
matrix and these have been denoted by equivalent Greek
letters in Eqs. (2)—(9) as well as in Tables I and II. Be-
sides, the numerical values of these constants given in
Table II are in complete agreement with these relations.

It should follow from Eqs. (10)—(13) that all GTF con-
stants of bct indium could be transformed to those of fct
indium by means of Eq. (1) and hence these investigations
establish unequivocally that they belong to the latter
category. Further, the analysis of the elastic-constant re-
lations given in Table I reveal that the invariance of C~~
and C66 expressions is destroyed, whereas that of C» and
C44 expressions is restored by the correct transformation
of these force constants. It is therefore obvious that the
phonon dispersion relations, expressions for the elastic
constants, as well as the force constants of GTF model be-
long to the same category even though the force constants
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of DAF, CGW, and MAS models belong to the other
category. Thus the force constants of indium exhibit the
most striking consequence of the crystallographic
equivalence between bct and fct lattices. It may be re-
called in ttus context that the nature of GTF constants is
basically different from that of any other force constants,
notwithstanding the degree of equivalence that exists be-
tween them. In general, the second derivative of the po-
tential energy of a crystal with respect to atomic displace-
ments, taken at the equilibrium separation between two
atoms, is a tensor of second rank which could be
represented by a 3)&3 matrix. Most lattice-dynamical
models make use of some arbitrary assumptions regarding
the nature of atomic interactions while the GTF model
exploits the symmetry elements associated with the crystal
structure, to reduce the number of independent parame-
ters associated with each set of nearest neighbors. As a
consequence, the central and angular force constants of
DAF and CGW models as well as the radial and tangen-
tial force constants of MAS model become scalar quanti-
ties whereas the GTF constants retain the characteristics
of second-rank tensor. However, the intrinsic differences
in the transformation properties of the former and the
latter manifest themselves when the crystallographic
equivalence between bct indium and fct indium is in-

voked.
The crystallographic-axis transformation which rotates

the x and y axes through 45' about the Z axis is
represented by a 3 X 3 orthogonal matrix R. In view of the
fact that this transformation corresponds to Eq. (1), the
matrix R transforms the fct lattice to the bct lattice. The
force constants of DAF, CGW, and MAS models, being
scalar quantities, are invariant with respect to R. On the

other hand, the GTF constants of bct indium are related
to those of fct indium by a similarity transformation in-

volving R. The matrices representing the corresponding
tensors associated with first-, second-, third-, and fourth-
nearest neighbors of indium are given in Ref. 16. It can
be shown by making use of R, and its inverse that the
similarity transformations reduce these matrices, respec-
tively, to Equations (10), (11), (12), and (13). Hence, the
relations between the GTF constants of bct indium and
fct indium obtained by making use of their transforma-
tion properties are identical with those deduced by ex-
ploiting their equivalence with other invariant force con-
stants. However, it is necessary to emphasize that the
lattice-dynamical studies of most solids are confined to
single set of coordinate axes which is invariably linked
with the corresponding lattice symmetry. The force con-
stants of different models for any solid could be related
with those of GTF model. ' ' Under these cir-
cumstances, crystallographic equivalence between bct lat-
tice and fct lattice has played a useful role in demonstrat-
ing the uniqueness of GTF constants. Moreover, the
correct interpretation of this equivalence is of utmost im-
portance in any lattice-dynamical study of indium and
white tin.
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