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Effective dielectric and photoelastic tensors of superlattices in the long-wavelength regime
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The effective photoelastic constants of a superlattice made of thin alternating layers of
orthorhombic symmetry (with principal axes along the superlattice axis) are derived as a function of
dielectric, elastic, and photoelastic constants of the constituents. As a first step in this calculation
we also obtain the effective dielectric constants of the superlattice for any symmetry of the constitu-

ents.

I. INTRODUCTION

A superlattice is composed of alternating layers of two
(or more) different materials of thickness d and d’; a new
period D =d +d’' is thus created in the direction perpen-
dicular to the layers. Light and acoustic waves can propa-
gate and interact in superlattices, like in any other medi-
um.! This interaction can be schematized in the following
manner. The acoustic propagation excites periodic varia-
tions of strain which induce modifications of the dielec-
tric tensor, which in turn influence the propagation of
light waves. The dielectric tensor is related to the strain
through the photoelastic tensor. The photoelastic con-
stants are needed in order to calculate the intensity either
of the light diffused by phonons in a Brillouin scattering
experiment, or of the deflected and modulated laser beam
by ultrasound in an acousto-optical device. The purpose
of this study is to obtain the expressions of the photoelas-
tic constants in a superlattice, in the long-wavelength re-
gime, as a function of the dielectric, elastic, and photoe-
lastic properties of the individual layers. The general
method of writing the equations of propagation in the dif-
ferent media and using the boundary conditions at the in-
terfaces is rather complicated. However, in the case
where the light and acoustic wavelengths are large com-
pared to the thicknesses d and d’ (long-wavelength re-
gime), the superlattice behaves like a homogeneous effec-
tive medium whose physical properties are characterized
by effective parameters obtained by taking some particu-
lar averages over the parameters of the constituents. The
effective elastic and dielectric constants have been of in-
terest for several years;’ the effective elastic constants cal-
culated many years ago by Rytov® in the case of isotropic
layers have been recently generalized to cubic,** hexago-
nal,’ and orthorhombic® symmetries. Now we are dealing
with the effective photoelastic constants (Sec. III) but be-
fore it is necessary to determine the effective dielectric
constants (Sec. II).

In the following, all the properties are referred to ortho-
normal axes of reference, x; being normal to the layers.
The photoelastic constants are calculated for layers of
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orthorhombic symmetry with the principal axes parallel
to X, x,, x3 and the notation x =d /D, 1—x =d’'/D will
be used.

II. THE EFFECTIVE DIELECTRIC CONSTANTS

Let us call E,E’, and D,D’ the electric and displace-
ment fields in the two constituents of the superlattice and
E°¢ and DF° the corresponding fields in the effective medi-
um. We consider the limit of small d and d’, where the
variations of the fields remain small over each layer (static
fields or propagating fields with wavelengths large com-
pared to d and d'); then the boundary conditions on the
continuity of the tangential components of E and of the
normal component of D imply

E¢=E,=E}, )
ES=E,=E} , 2)
D$=D,=D} . 3)

On the other hand, the voltage variation across one period
of the superlattice results from the addition of the corre-
sponding variations across two adjacent layers. This sim-
ply gives

E$=xE;+(1—x)E} . @)

Finally by using the additivity of the electric moment, one
obtains for the polarization vector (electric moment per
unit volume) the relation

Pl=xP+(1—x)P' .

Combining this last equation with Egs. (1) and (2), one ob-
tains

DS=xD;+(1—x)D} , (5)
D3 =xD,+(1—x)D} . (6)
Equations (1)—(6) are the basic equations in the super-

lattice considered as an effective medium. The com-
ponents of the effective electric and displacement fields
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are thus either identical to the corresponding components
in the different adjacent layers, or equal to their averages.
We express Eqs. (4)—(6) as a function only of E|, E,, and
D;, using the other Egs. (1)—(3) as well as the relations
between the displacement fields and the electric fields
through the dielectric tensors

D,'Izz E:'jEf , (8)
J

Df=3 €Ef . ©)
J

D;=3 €;E;, (7)) Then, Eq. (4), for example, becomes
J
|
€ € € & € € —
E RSB 00 | 4 |22 2 002 || oDy |- |2 12X || =o0. (10)
€33 €33 33 33 €33 €33 €33 €33 €33
r
In order to satisfy Eq. (10) for all possible values of E|, duy
E,, and Dj; one should have Bejj= —€ii€j; % Piji ax; ’ (14)

1 _=x  l=x (11)
€33 €33 €33

e €; €;

B x2 (1—x)—2, i=lor2. (12)
€33 €33 €33

It is worthwhile to point out that the effective constants
€53, €53, and €33 are obtained by building some particular
averages over the parameters of the two media, that is
averages over 1/€33, €;3/€33, and €,3/€3;, each layer hav-
ing a weight equal to its relative thickness.

A similar procedure applied to Egs. (5) and (6) leads to
three new relations giving €}, €3,, and €},. These relations
can be summarized as

e _e
e €i3€j53 €;3€;3
T T e =X €T
€33 €33
€i3€)3
+(1—x) | —— (13)
€33

for ij =11, 22, or 12; they express that we have taken the
averages of the following three combinations of the dielec-
tric constants:

2 2
€13 €23 €13€23
€1——, €3p——, and €;— .
€33 €33 €33

Table I summarizes the six combinations of the elements
of the effective dielectric tensor which are the averages of
the corresponding combinations in the two constituents.
These relations enable us to obtain the six independent
components €;; for all symmetries of the layers. Now if
the layers are orthorhombic with their principal axes
parallel to x,, x,, x3, the effective medium is also
orthorhombic, the nondiagonal elements of the dielectric
tensors vanish, and the diagonal elements €j; of the effec-
tive tensor are obtained by writing that €{,, €3;, and 1/€3;
are respectively equal to the averages of the corresponding
quantities.

III. THE PHOTOELASTIC TENSOR

The components Py of the photoelastic tensor are de-
fined as’

where the 8¢;; give the variations of the dielectric tensor
in presence of gradients of the mechanical displacement
u. One can notice that the P, are symmetrical with
respect to the two indices i/ and j (P =Pjis), but not
with respect to k and /, contrary to the generally admitted
definition,® since Pockel, where the elements Sy, of the de-
formation tensor were used in Eq. (14) instead of the dis-
placement gradients. Thus for orthorombic layers there
are 15 different components Plllb P1122’ P|133, PZZ]I!
P22, P33, Pysins Pizns Pissyy Pasas, Pz, Paians Panss
P51, and Pjy;;. Actually, the six last components (also
called transverse photoelastic components because they
are involved in the interaction of light with transverse
acoustic waves propagating along the principal axes) are
not independent, since

1 1
Pij — Pijie = |E— -
77

ii

(Siksﬂ_ailsjk) ) (15)

where §;; is the Kroenecker symbol.

The displacement gradients du;/0x; in the effective
medium and in the layers of the superlattice satisfy the
following equations (i =1, 2, or 3)

au[ € au,' aui ' f . 1.2 (16)
| == |5 forj=12,

an an ax]

Bup |°_ B | 2u | (17)
aX3 —an3+ - 8x3 ’

In particular, the components Sj;,

sy=L |24, %)
2 | 0x;  Ox;
of the deformation tensors are related by
S;=S,;=S; forij=11,22, or 12, (18)
S =x8;;+(1—x)S;; for ij =13, 23, or 33 . (19)

Combining the last equations with those relating the ele-
ments T;; of the stress tensors

T;=T;=Tj forij=13, 23, or 33, (20)
T§=xT;+(1—x)T}; forij=11,22,0r12, (1)
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and using the Hooke’s law, Grimsditch® was able to find
the nine effective elastic constants of the superlattice.’
Table I indicates the nine combinations of the effective
elastic constants which are averages of the corresponding
quantities in the two layers.

Let us come back to the variations of the dielectric con-
stants 8¢; in presence of a general deformation [Eq. (4)],
and consider first the diagonal elements &¢;. It is
worthwhile to express them as a function of S, S,, and
T;3, rather than S;;, S5, and S3; which appear in Eq.
(14), because the first quantities remain invariant over a
period of the superlattice according to (18) and (20). Thus
we obtain

86‘,‘,‘ P P Cl3 S
G,g,‘ - i1l ii33 C33 11
Cx
+ |Pix Pu33‘c‘“ S»
33
33 .
+Pii33_-_ (l=1y273) . (22)
Cs

The nondiagonal elements 8€,~j with ij =12, 13, 23, can be
obtained from (14) as a function of du;/9x; and du; /3x;
which are not all invariant over the superlattice period.
Using Hooke’s law and Eq. (15) we obtain

5612 au] P 8u2 (23)
€€ 1212 ax, + P22 ax,
Se T ou

- 2o 1313 - = . ) ) (24)
€11€33 Cs € €3 | Ox,
Se T 1 du

S py B | Lo LS gy
€22€33 C €7 €3 |0x;

Equations similar to (22)—(25) hold for the second con-
stituent of the superlattice as well as for the effective

medium. We now consider particular elastic deformations
compatible with the orthorhombic symmetry and combine
these last equations with (11)—(13) in order to obtain the
effective photoelastic constants.

The propagation along x; of an acoustic wave polarized
along x, (which means OJu;/dx,=0; Ju,/dx;
=28,3="T,3/C4) induces [Eq. (25)] a component 8¢,3 of
the dielectric tensor in an orthorhomic medium; in the su-
perlattice (12) gives

e ’
20 _ 2 12 (26)
€33 €33 €33

Combination of (26) and (25) together with the invariance
of T,; over the superlattice period leads to

€5,P5 €,P €y,P;
2Py | eoPun L Enfan 27

Clu Cu Ciu

Likewise combining (24) and (12) we obtain that
€51P%33/C%s is the average of the corresponding quanti-
ties in the two constituents. Once the expressions of Pj;
(ij =13,23) are known, those of Pjj; result from the ana-
log of Eq. (15) for the effective medium.

The propagation along x, of an acoustic wave polarized

along x; gives rise to d€;,. According to (13)

def, =x 865+ (1—x)8€], (28)
which combined with (23) gives

€11€5:P 1212 =x€11€P 1 +(1—X)€11€5,P 11, - (29)
The interchange of the indices 1 and 2 also gives

€11€5:P 1221 =X €11€P 1231 + (1 —X)€11€0P 101 - (30)

In order to calculate the components P;;; of the photoe-
lastic tensor, let us first consider a longitudinal wave
along x3; which induces variations 8¢; (i =1,2,3) through
(22), where SII=S22 =0 but T33§£0. Wrmng these 85,’,‘

TABLE 1. Effective constants of superlattices in the long-wavelength regime. The effective elastic,
dielectric, and photoelastic constants can be obtained by equating for each of the quantity A, its value
A° in the effective medium with its average over the two constituents of the superlattice, i.e.,

A¢=xA +(1—x)A’, where x =d /D.

Dielectric tensor Elastic constants

(all symmetries)

Photoelastic tensor components

(orthorhombic layers with principal axes parallel to x;,x;,x3)

1/633 1/C33

€13/€33 Ci3/C33
€23/€33 Cy3/Cy;
€1—€13/€33 C1—Ch/Cy

€2—€33/€33
€12—€13€23/€33

Cp—C33/Cy
C1;—C13Cy/Cy
1/Cy

1/Css
Ces

P3333/C3;3

€1P1133/Cs

€P233/Cx3

P33y —P3333C13/C33
5%1(1’1111 —P133C13/C33)
€3(Py1y — Py Ci3 /Cy3)
P332 —P3333C23/Ca3
e31(1’1122 —Py133C53/Cx3)
€22( P32 — P33C23 /Ca3)
€1€2P1212

€11€22P 122

€11P1313/Css

€11P 1331 /Css + €11 /(€33Css)
€22P2323/Cas

€22P133: /Cas + €23 /(€33C4s)
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from Eqgs. (11) and (13) we obtain

2
o2pe P, (€;)2P;
i 81:332 ii47ii 33 +(1—-x)‘L,“ﬁ3* (i=12),
33 C33 C33
(31)
P§333 P3333 P1’:333
——=x— 4 (l—x)——
e Cy3 Ci

These equations give the constants P;3;. We now consid-
er the more general case of a sagittal wave polarized in the
xx3 plane (S, and T33£0). It results that the follow-
ing quantities
CE
Py —Pj 33‘"%l
3

2 .
€5 fori=1or2

and
Cis
P —Pii—-
33
are averages of the corresponding quantities in the two
layers. In the same way the consideration of a saggital
wave polarized in the x,x3 plane leads to a similar result
for the quantities
€

Pi,'zz—‘Pﬁ:;?,'E,‘j’z— fori=1or2

and

Cyu
Pi35; —Piaz3 T
33

Table I summarizes all the combinations of the elastic,
dielectric, and photoelastic constants which have to be
averaged in order to obtain the effective photoelastic con-
stants of the superlattice.

IV. CONCLUSIONS

In this paper it is shown that the components of the
dielectric, elastic and photoelastic tensors of a superlattice

are involved into expressions which have to be averaged
over the constitutive layers. To each layer corresponds a
weight in the summation equal to its relative thickness.
Though one generally deals with superlattices composed
of two different media, this summation is obviously valid
irrespective of the number of layers contained in a period.

Besides, the results reported in Table I apply also to su-
perlattices with layers of higher symmetry. Hexagonal
622 (Dg), 6mm (Cg,), 6m2 (D3p), and 6/mmm (Dgp),
tetragonal 422 (D,), 4mm (Cy,), 42m (D,y), 4/mmm
(Dgy), cubic and isotropic layers give the same expressions
as is Table I provided that minor changes in the tensors
components are carried out.?

The intensity of the light scattered in a Brillouin line!®
is proportional to the product n®p2/C; here C is the elas-
tic constant, n the refractive index (n =\/E), and p the
photoelastic constant corresponding to the geometry of
the scattering process where a photon and a phonon are
involved. Besides, the intensity of a laser beam which is
deflected at Bragg incidence in an acousto-optical cell,! is
proportional to the so-called ‘“figure of merit”
M,=n%?/pv® (p is the density and v the acoustic veloci-
ty). In order to calculate M, in a superlattice, one has to
use the effective values reported in Table I, in addition to
the obvious equation p°*=xp+x'p’.

The procedure shown in this paper to obtain the expres-
sions of the effective elastic, dielectric, and photoelastic
constants is quite general and can be extended to other
physical properties (piezoelectricity, ferroelectricity, con-
ductivity, etc.) in the limit where they undergo small vari-
ations in the scale of one superlattice period (the super-
periods range between 10 and 1000 A in usual microstruc-
tures).

Note added. After the submission of this study, anoth-
er paper [M. Grimsditch and F. Nizzoli, Phys. Rev. B 33,
5891 (1986)] has appeared which gives a formal generali-
zation of the Grimsditch theory and enables the calcula-
tion of the effective elastic constants for any symmetry of
the layers in the superlattice. This result, together with
the fact that the dielectric tensor calculated in the present
paper, is valid for any symmetry of the layers, may make
it possible to also calculate (at least numerically) the P,
for any symmetry.

13. Sarpiel, Acousto-Optics (Wiley, New York, 1979).

2See, for example, L. M. Brekhovskikh, Waves in Layered
Media (Academic, New York, 1960).

3S. Rytov, Akust. Zh. 2, 71 (1956) [Sov. Phys.—Acoust. 2, 68
(1956)].

4F. Nizzoli, in Proceedings of the International Conference on
the Physics of Semiconductors, San Francisco, 1984, edited by
J. D. Chadi and W. A. Harrison (Springer-Verlag, New York,
1985).

SB. Djafari Rouhani, J. Sapriel, A. Nougaoui, and L. Dobrzyn-
ski, Proceedings of the Second International Conference on
Phonon Physics, Budapest (World Scientific, 1985), p. 555.

6M. Grimsditch, Phys. Rev. B 31, 6818 (1985).

’D. F. Nelson and M. Lax, Phys. Rev. Lett. 25, 1187 (1970).

8). F. Nye, Physical Properties of Crystals (Clarendon, Oxford,
1957).

9The effective elastic constants in superlattices composed of iso-
tropic (Ref. 3), hexagonal (Ref. 5), or cubic (Refs. 4 and 5)
layers were obtained by a different method. The dispersion
relations of the acoustic waves in the superlattice were taken
in the limit of long wavelengths (with respect to the superlat-
tice period) and compared to those of the effective medium.

10R. Vacher and L. Boyer, Phys. Rev. B 6, 639 (1972).



