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Structures of clusters of monovalent metals have been calculated using the Kohn-Sham method in

the local-density approximation. The metal atoms are described by a local pseudopotential. Instead
of using any basis-set expansion, the single-electron wave functions are solved on a three-

dimensional grid using a relaxation method. Since the relaxation method is also used to solve the
Poisson equation„ the electronic structure as well as the ion positions can be relaxed simultaneously

for finding the ground-state configuration. The structures obtained for small clusters {X~ 8) agree
well with the results of earlier calculations. These structures are found to be independent of the

pseudopotential parameter and common to all alkali metals. It is shown that the geometries of these

clusters are similar to those of small clusters of electron-hole plasma, and can be understood in

terms of single-electron states in a spherical potential (jelhum model). The electric polarizabilities of
the clusters are calculated and the results agree we11 with the experimental results. For a diatomic
cluster the two-electron wave function is solved exactly in the finite grid and the results are com-

pared with those obtained using the local-density approximation.

I. INTRODUCTION

Ab initio calculations have revealed that alkali-metal
clusters have fascinating geometries. ' For up to five
atoms the lowest-energy state of the cluster has a planar
structure, and clusters of six or seven atoms have fivefold
symmetry. Even in the largest clusters studied, Nal3, the
structure. seems not to have the symmetry of the infinite
metal. The measured abundances of clusters formed in a
rare gas show "magic numbers" which coincide with the
magic Ilulllbers of llllclel and can be explained ill tefIns of
the shell structure of the single-particle energy levels in a
spherical potential. '

. The spherical jellium model thus
gives the correct magic numbers for sodium and potassi-
um clusters. '

The calculations of the cluster geometry in its ground
state are based on the minimization of the total energy
with respect to the ionic positions. This has been done us-
ing Hartree-Fock and perturbative configuration-
interaction (CI) methods for Li clusters and using the
local-density approximation for sodium clusters. The
resulting geometries are similar in all cases for clusters
containing less than eight atoms. For larger clusters a
complete search for the ground-state structure has not
been done. In all these calculations the molecular orbitals
are expressed in terms of small number of atomic basis
functions.

In the present paper we report calculations of alkali-
metal clusters using a simple pseudopotential model and
the local-density approximation. Instead of using any
basis set, the single-electron wave functions are solved nu-
merically on a finite three-dimensional grid. Using relax-
ation methods" for solving the Schrodinger equation and
the Poisson equation, rapid convergence is obtained for
the ground-state electronic structure and for the cluster
geometry. A similar relaxation method has been success-

fully applied earlier for solving the Schrodinger equation
of a localized positron' and a hydrogen atomil' in met-
als and on metal surfaces. The obtained cluster
geometries agree well with earlier calculations and it is
shown that these are common structures for all alkali-
metal clusters.

The results of the pseudopotential calculations are com-
pared with the results obtained from the spherical jellium
model and with the structures of plasma clusters. The
latter are shown to have the same geometry as the pseudo-
potential clusters and form a natural bridge in under-
standing the cluster structures in terms of the spherical
jellium model. In the case of a nondegenerate electronic
structure the cluster shape is nearly spherical and can
have a high symmetry (no Jahn-Teller distortion' ' ). In
these cases the cluster structures can be understood by
minimizing an electrostatic energy term corresponding to
the classical Madelung energy in an infinite lattice. ' The
results of all the different approaches are used to discuss
why the magic numbers can be determined by the spheri-
cal jellium model even if the actual geometries of the
small clusters are drastically nonspherical.

The present computational method allows a straightfor-
ward determination of the electronic polarizability of a
pseudopotential cluster. The polarizability is strongly
dependent on the orientation of the molecule with respect
to the direction of the electric field, but the average polar-
izability agrees well with the results obtained with the
spherical jellium model, ' and is in a good qualitative
agreement with the experimental results for sodium clus-
ters.

The plan of this paper is as follows. In Sec. II the
theory and the computational methods are presented. In
Sec. III results are given for the cluster geometries, elec-
tronic structure, total energy, and electronic polarizability.
In this section it is also discussed why the magic numbers

1986 The AIIierlCan PhyslC81 SOClety



STRUCTURES OF SMALL ALKALI-METAL CLUSTERS 6887

can be obtained from the spherical jellium model. Finally,
Sec. IV gives the discussion and conclusions.

II. THEORY

A. Local-density approximation

The electronic structures of the clusters are calculated
using the density-functional Kohn-Sham method in
the local-density approximation. For the exchange-
correlation energy we have used the interpolation formula
of Perdew and Zunger' to the numerical data of Ceperley
and Alder. Only spin-independent calculations were
performed in the present work, except in the case of a di-
mer where the local-density results are compared with the
results of an exact many-body calculation. The spin-
dependent formalism would change slightly the results for
clusters with odd numbers of electrons and for open-shell
jellium clusters, but the basic conclusions of this paper
would be the same. A local pseudopotential is used to
describe the electron-ion interaction so that only valence
electrons are included in the computations. The adiabatic
Born-Oppenheimer approximation is used to separate the

ionic motion from the electronic motion.
In the case of the spherical jellium model the one elec-

tron wave functions form a shell structure related to that
of a free atom. The valence-electron states can then be
classified in terms of the angular-momentum quantum
number. The states are filled in the order ' 1s, 1p, 1d, 2s,
1f, 2p, etc. Since the resulting wave functions in the real
clusters have similar symmetries, we use the language of
the spherical jellium model. For example a p state then
means a wave function which has a p-like symmetry with
respect to the center of the cluster.

B. Relaxation method

The three-dimensional space is divided into a uniformly
spaced grid (simple cubic) and the single-particle wave
functions and the potentials are discretized in this grid.
The ion sites, however, are not restricted to be grid points.
The single-particle Schrodinger equation is solved using a
relaxation method. The Laplace operator V is approxi-
mated using only the six nearest neighbors. The equations
to be solved iteratively for each single-electron state are'
(atomic units are used throughout this paper)
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where we have used the following notation for the (re-
stricted) sum,
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p; J.'k is the single-electron wave-function value at the grid
point (ij,k) in iteration n Vis the effe.ctive potential of
the Kohn-Sham scheme (usually denoted by V,rr), c the
single-particle energy eigenvalue, and h the mesh size.
The iteration of Eqs. (1) and (2) converges if the mesh size
is small enough, " as compared to the variation in P and
V. The initial guess for the wave function has to be gen-

eral enough so that it is not linearly independent of the re-
sulting self-consistent wave function. The wave function
corresponding to the lowest. -energy eigenvalue is directly
the solution of Eqs. (1) and (2). For higher-energy states
the wave function has to be orthogonalized against each
lower-energy states. This is done in each iteration cycle of
the wave function.

The effective potential V consists of the local
exchange-correlation potential, the electrostatic potential

P, corresponding to the electron density, and the external
potential provided by the pseudopotentials. The electro-
static potential P can be integrated directly once the elec-
tron density is known. However, in the present method it
is much more effective to solve the Poisson equation using
a similar relaxation method as for the wave functions.
The iterative equation is then

(n + 1) & (n) (n) (n) (n)
4i j,k 6 ( 4 i + 1,j,k + it i —l,j,k + bij + 1,k +4ij —1, k

(n) ( n) 4'7TA (n)+4ij,k+1+Iii, k —1)+
6 Pi j,k

where p'; J'k is the electron density in the cluster at the site
(i,j,k) in iteration n Using the .relaxation method in
solving also the Poisson equation has two advantages. (i)
Close to the self-consistent solution P'"' does not change
very much from the previous one and only a few itera-
tions of Eq. (4) are needed to update the potential. This is
much faster than the direct (three-dimensional) integra-
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tion of the potential from the density. (ii) The wave func-
tions and the electrostatic potential can be relaxed simul-
taneously.

Conventionally, the self-consistent iteration goes as fol-
lows: Starting from an initial potential, the single-particle
wave functions corresponding to this potential are solved
(numerically) exactly from the Schrodinger equation.
Then a new potential is derived again corresponding ex-
actly to the electron density provided by the wave func-
tions. In the present relaxation method we also start from
an initial potential, but the Schrodinger equation is solved
only approximately [a few iterations of Eqs. (1) and (2)t
and then a new potential is derived, but again only ap-
proximately, using Eq. (4) for the electrostatic potential.
Close to self-consistency, only one iteration of Eqs. (1)
and (2) is done alternately with Eq. (4). Only when self-
consistency is achieved are the one-particle wave functions
an exact solution (within the numerical accuracy) of the
Schrodinger equation, and the electrostatic potential is an
exact solution to the Poisson equation.

If the ion sites are to be relaxed to the equilibrium posi-
tions, that is also done simultaneously with the
electronic-structure calculation. In each self-consistency
cycle the Hellmann-Feynman forces for each ion are de-
rived and the ions are relaxed in the direction of the force.
Again it is not effective to solve for the equilibrium sites
corresponding to a given electron density in the middle of
the self-consistency iteration. Instead, we do only a few
(usually one or two) iterations of the ion positions before
doing the next self-consistency cycle. This simultaneous
relaxation is closely related to the unified approach to the
molecular-dynamics and density-functional theory
developed by Car and Parrinello.

Vp, (r) = ~

z
1f 7+re

3Z
r —— ifr&r3 C 3 C

r,

which is the electrostatic potential of a homogeneously
charged sphere of radius r, . This pseudopotential does
not, however, mean that our clusters are the same as in-
teracting jellium spheres, since the pseudopotential is only
used for the electron-ion interaction, whereas the ion-ion
interaction is kept to be Z /r at all distances.

The equilibrium densities of bulk metal corresponding
to different parameter values of the model pseudopoten-
tial have been estimated by minimizing the total energy
per electron (in first-order perturbation theory),

C. Electron-ion pseudopotential

The pseudopotential describing the ions has to be a
smoothly varying local function. Any discontinuity of the
total potential would require special care in choosing the
grid points or restrict the ion sites to be in similar posi-
tions on the grid. The widely used discontinuous Heine-
Abarenkov —type potentials are thus not applicable in
the present method. We have chosen to use the following
model potential,

rs (a.u. )

//
I
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FIG. 1. The equilibrium density of a metal described with the

pseudopotential of Eq. (5) as a function of the parameter r, .
The density is expressed in terms of the density parameter
7, =(3/4m. no)'~', where no is the valence-electron density.

Z'"0,
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where co is the energy per electron in a homogeneous elec-
tron gas of density no, and a~ is the Madelung constant
for the lattice in question. The relation of the pseudopo-
tential parameter r, to the electron-density parameter r,
of the homogeneous electron gas is shown in Fig. 1. The
difference between fcc and bcc structures (arising from
the different Madelung constant) is negligible (less than
the thickness of the line in the figure).

D. Mesh size and test calculations

The benefit of the relaxation method, that no basis
functions are needed, brings in the drawback that one has
to use a finite and smail number of mesh points in
describing the electron density, potentials, and the wave
functions. For testing what the minimum number of lat-
tice points is for describing the electronic structure of the
cluster, several computations were first performed for
spherical jellium clusters of different sizes. For a cluster
with up to ten electrons, it was found that the resulting
electronic structure and the total energy, as well as the
electronic polarizability of the cluster, were accurate
enough by using 12 && 12 )& 12 points in the three-
dimensional lattice with mesh size 2r, /3. The error in the
single-electron energy eigenvalues and in the total energies
of the clusters was less than I mRy, and the relative error
in the polarizability was less than 5'.

If a one-electron jellium cluster was moved around in
this mesh, the variation in the total energy was less than 1

mRy. This variation comes from the fact that the total
energy depends on the relation of the center of the cluster
(external potential) to the mesh points. The interatomic



STRUCTURES OF SMALL ALKALI-METAL CLUSTERS 6889

interaction in a diatomic pseudopotential cluster was cal-
culated at different orientations of the cluster with respect
to the mesh points. The variation in the binding energy of
the dimer was less than 1 mRy and the variation in the
bond length about 0.2 a.u. For the purpose of the present
model calculation this accuracy was considered to be sa-
tisfactory and all the results shown for the pseudopoten-
tial clusters are calculated using 12X 12& 12 mesh points
with the mesh size h =2r, /3. The small number of mesh

points needed is a result of the smoothness of the pseudo-
potential chosen.

E. Two-electron wave function

In the case of only two electrons, the ground state of
the molecule is a spin triplet and has a symmetric spatial
wave function. In that case it is straightforward to diago-
nalize the many-body wave function without making the
local-density approximation. In the present model calcu-
lation this is done in a slightly smaller grid of only
SX 8 X 12 points. This does not decrease the accuracy in
the case of a diatomic cluster. The relaxation method is a
generalization of Eqs. (1) and (2):
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Herel(, ~ p is shorthand notation for g(r~, rp), where r
and rp are grid points and g& p&[

. ] means, as in Eq.
(3), summation over the nearest-neighbor points. V'"p is
the external potential provided by the electron-ion pseudo-
potentials. The energy expression contains singular terms

/r which are an artifact of the finite mesh.
These have been approximated by
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F. Madelung energy in spherical clusters

In the ease of a weak pseudopotential, the total energy
of a cluster can be approximated by applying first-order
perturbation theory to the result for a spherical jellium
cluster' ' (in the same way that the jellium model has
been used to describe, for example, surfaces and vacancies
in simple metals ' ). The total energy can then be ex-

pressed as

JelllUI + I+ ps (10)

where E&,~~;„ is the total energy of the jellium cluster, F~
is the Madelung energy of the cluster (defined below), and

bE~ is an energy term which depends on the form of the
pseudopotential. The jellium energy is independent of the
structure of the molecule. The Madelung energy is the
electrostatic energy of a cluster consisting of point charges
(ions) and a homogeneously charged sphere of density no
(electrons). This term is strongly dependent on the struc-
ture, and determines the structure of the molecule. The
last term is a correction arising from the fact that the

which is the electrostatic interaction energy between a
point charge and a homogeneously charged sphere of
volume h .

pseudopotentials are not potentials of point ions and that
the electron density is not homogeneous. This term does
not depend as much on the structure as the Madelung en-

ergy, and in an earlier paper it was then argued that the
structures of the closed-shell clusters (spherical electron
density) can be determined simply by minimizing the
Madelung energy (no electronic-structure calculation is
needed). "

III. RESULTS

A. Cluster geometry

The calculated ground-state structures of clusters with
two to eight atoms are shown in Fig. 2. These results are
for a monovalent metal with the pseudopotential parame-
ter r, =4 a.u. which would correspond to a bulk metal
with r, =4 1 a u. This is slightly larger than the
electron-density parameter for sodium, r, =3.93 a.u. The
structures of the clusters were found to be independent of
the pseudopotential parameter when it was varied between
2 and 6, which corresponds to r, values from 2.6 to 5.6
a.u. This range includes all alkali metals, and the results
therefore suggest that the geometrical structure of small
clusters is similar in all alkali metals.

The clusters of up to five atoms are planar, the six- and
seven-atom clusters have fivefold symmetry, and the
eight-atom cluster consists of two squares rotated by 45'
with respect to each other. The structures for up to seven
atoms are in excellent agreement with the results of CI
calculations of Rao et aI. ' for Li clusters and pseudopo-
tential local-density-approximation (LDA) calculations of
Martins et al. ' for Na. The eight-atom cluster has the
most compact nearly spherical structure. It has been
shown earlier that the structures of small alkali-metal
clusters are dominated by the filling of the single-particle
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and gives further support to the idea that the structures of
alkali-metal clusters with a magic number of atoms can be
predicted by minimizing the classical Madelung energy of
a spherical cluster. The resulting clusters have fascinating
structures which are very different from the lattice struc-
ture of the bulk metal. ' ' "

FIG. 2. The calculated structures of the pseudopotential clus-
ters for r, =4 a.u. The sphere radii describing the atoms are
equal to r, . The cluster with two to five atoms are planar. In
the six- and seven-atom clusters the fifth atom of the fivefold
ring cannot be seen. The eight-atom cluster consists of the
squares of atoms rotated 45' with respect to each other.
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FIG. 3. Electron-energy levels as a function of the cluster
size. (a) shows the results for the pseudopotential clusters with

r, =4 a.u. (solid points) and for the spherical jellium model with

r, =4 a.u. (open points}. The results for the plasma clusters
(solid points) and spherical plasma clusters (open points) are
shown in (b).

energy levels of different syinmetries. ' The energy levels
as a function of the cluster size are shown in Fig. 3. In
the cases where the nearly degenerate energy levels are
filled the cluster prefers to take a spherical shape. This is
expected to happen at the magic numbers determined by
the jellium model (these numbers, are 2, 8, 18, 20, 34, 40,
. . . ). In addition to the trivial case of the dimer, the
eight-atom cluster is magic. In that case the structure
agrees exactly with the prediction of a simple considera-
tion of the electrostatic Madelung energy of the cluster, '

B. Plasma clusters

The electronic structure of a two-component electron-
hole plasma can be calculated from Kohn-Sham equations
which are similar to those for the electronic structure of
the pseudopotential clusters. If the electrons and the
holes have same mass, then the resulting cluster, in the
local-density approximation, does not have nonzero
charge density any~here. The hole density exactly cancels
the electron density. The effective potential consists only
of the local exchange-correlation potential

V(r) = V„,(n (r))+ V,',"„(n(r)),
where V„, is the usual exchange-correlation potential for
the electrons and V'„„is the additional correlation energy
arising from the electron-hole correlation. This local po-
tential can be calculated (as can V„,) for the homogeneous
system. ' In the present study, however, since we mere-
ly want to compare the results of the plasma model with
those of the jellium and pseudopotential models, the
electron-hole correlation has been totally neglected. One
way to think of this model is then a completely relaxable
jellium, i.e., the rigid positive background density of the
normal jellium is replaced with a relaxable density which
always minimizes the electrostatic energy by taking exact-
ly the same density distribution as the electron density.

The resulting one- and two-electron clusters are spheri-
cally symmetric since the one or two electrons occupy the
ls state. The following clusters from three to seven elec-
trons, however, are not spherical. The electrons from
three to eight occupy the p states, and the resulting elec-
tron density and the effective potential are not spherically
symmetric until the p shell is full in the case of the eight-
electron cluster. To maximize the local exchange-
correlation energy, the four-electron cluster has the two p
electrons in the same state, say p„, and similarly the four

p electrons in the six-electron cluster occupy the two p
states p„and p&. Thus the clusters with three or four
electrons have a cigar shape, whereas five- and six-
electron clusters are planar disklike in shape, in the same
way (and for the same reason) as the pseudopotential clus-
ters. In the density-functional Kohn-Sham formalism the
electron states, in principle, can also be partially filled,
and a spherical cluster can be formed for any number of
electrons. However, these clusters are always higher in

energy as compared to the clusters where the local elec-
tron density is maximizmi by fully occupying a state
whenever it is possible. The filling of the electron states
in the (local-density) plasma clusters is then different
from that of free atoms. In the plasina clusters there is no
direct Coulomb repulsion between the two electrons in the
same state (this is compensated for by the hole density).
In atoms the direct Coulomb repulsion makes it energeti-
cally favorable to fill the levels according to the Hund's
rules.
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The ground state of the plasma clusters have qualita-
tively the same geometries and electronic structures as the
pseudopotential clusters. For three- to six-electron clus-
ters the geometries are planar (or cigar shaped), the
seven-electron cluster starts to be spherical, and finally the
eight-electron cluster is a sphere. The plasma clusters are
expected to have the same magic numbers as the pseudo-
potential clusters, i.e., those determined by the spherical
shell model. The inclusion of the electron-hole correlation
mould not change the results qualitatively. It only in-
creases the local potential and changes the equilibrium
density of the plasma slightly, but not the conclusions of
the shape of the clusters or the filling of the single-
particle energy levels.

C. Comparison of the structures of the jellium, plasma,
and pseudopotential clusters

The one-electron energy eigenvalues of the occupied
states of different clusters are shown in Fig. 3. The eigen-
values for the spherical jellium clusters (r, =4 a.u. ) and
for the pseudopotential clusters (r, =4 a.u. ) are given in
Fig. 3(a) and the eigenvalues for the plasma clusters are
given in Fig. 3(b). The lowest state in each case is an s
state and all the higher states are p-like, It is interesting
to see that the qualitative behavior of the eigenvalues as a
function of the cluster size is very similar for the pseudo-
potential clusters and for the plasma clusters. In the six-
atom pseudopotential cluster the two p states do not have
exactly the same energy eigenvalue since in the finite grid
the cluster does not have exact fivefold symmetry. For
the same reason the two lowest p states in the seven-atom
clusters are not exactly degenerate. The results show once
again that in a metal with a weak pseudopotential it is the
electron-density distribution of the shell model which
determines the cluster structure. The electron-density dis-
tribution takes the form which minimizes the kinetic ener-

gy and the exchange-correlation energy, whereas the elec-
trostatic Hartree energy is minimized by relaxing the ions
to compensate for the charge density of the electron dis-
tribution. In the case of a plasma cluster the positive
charge density exactly cancels the electron density. Both
in the plasma clusters and in the pseudopotential clusters
the variation of the total energy of the cluster as a func-
tion of the cluster size is dominated by the electronic shell
structure in a spherically symmetric potential and this
leads to the magic numbers found experimentally. For
closed-shell clusters the electron-density distribution is
spherical and thus the resulting ionic configuration is as
spherical as possible, and ean be estimated by minimizing
the classical Madelung energy, mhich is the most
structure-dependent energy term in the pseudopotential
clusters.

The total energies of the clusters are shown in Fig. 4.
For the pseudopotential clusters, the variation of the total
energy as a function of the cluster size is qualitatively in-
dependent of ihe pseudopotential parameter r, . The re-
sults for the plasma clusters are very similar to those for
the pseudopotential clusters with r, =4 a.u. This is a
consequence of the fact that the total energy of a jellium
has a minimum at. the density corresponding to about
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FIG. 4. The total energies of pseudopotential clusters with

r, =2 and 4 a.u. , for jellium clusters with r, =2 and 4 a.u. , for
the plasma clusters (open points), and for the spherical plasma
clusters (dashed line). The electrostatic self-energy of the pseu-
dopotential core (homogeneously charge sphere) is added to the
results of the pseudopotential model to make the comparisons of
different results easier.

r, =4.8 a.u. , which is only slightly larger than the equili-
brium bulk density corresponding to the pseudopotential
metal with r, =4 a.u. The results for the clusters with an
odd number of electrons mould be decreased slightly if the
spin-dependent formalism would be used. This would de-
crease the odd-even variation seen clearly in the ease of
the plasma clusters.

Figure 4 shoms that the strong size dependence of the
total energy of the spherical jellium model is reduced in
the pseudopotential model. However, the pseudopotential
results still show the same basic shape arising from the
shell structure of the jellium model. This indicates that
the energy term that varies mostly as a function of the
cluster size is the kinetic energy of the electrons. This re-
sult is in agreement with the earlier model calculation for
spherical clusters, ' which shows that the variation of the
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Madelung energy (the dominating structure-dependent
term) is slightly smaller than the variation of the total en-

ergy of the spherical jellium model. This means that in
monovalent pseudopotential clusters and in plasma clus-
ters it is the kinetic energy of (independent) electrons {in a
spherical potential) which determines the magic numbers.
The resulting cluster structure is not necessarily spherical
in shape since the ions relax according to the nonspherical
electron-density distribution to minimize the electrostatic
energy. Thus both the magic numbers and the geometry
of small clusters can be understood in studying the energy
levels of independent electrons in a spherical potential. In
metals with higher valency, the direct ion-ion as well as
electron-ion interaction becomes stronger and the simple
shell model is not necessarily applicable any longer as
shown by Upton.

D. Electric polarizability

The electric polarizability a of the pseudopotential clus-
ters of r, =4 a.u. was calculated by applying a small static
electric field F to the cluster and calculating the change in
the total energy:

hE= —za[F f

The ion positions were kept fixed in the sites of the
ground state (in the zero field). The contribution of the
ionic relaxation was therefore not included in the polari-
zability (this could be done only in the principal directions
since otherwise the ion would turn towards the field to
maximize the polarizability). For each cluster the polari-

I I 3

200—

zability was calculated by directing the electric field along
the three principal axes of the molecules. The results are
shown in Fig. 5. The average polarizability agrees well
with the spherical jellium results (not shown), whereas in-
dividual polarizability components show large variations
for clusters with a nonspherical shape.

The results are in good qualitative agreement with the
measured polarizabilities for small sodium clusters. The
agreement of the absolute values with the experimental
ones does not have so much meaning since the pseudopo-
tential parameter r, =4 a.u. is slightly too large for sodi-
um. It has been shown earlier' that at least part of the
discrepancy between the experimental and theoretical re-
sults is due to the use of the local-density approximation
for the exchange-correlation energy.

E. Exact model calculation for the dimer

The six-dimensional Schrodinger equation (7) for the
spatially symmetric two-electron wave function was
solved exactly using an 8 X 8 X 12 grid with a mesh size of
2.67 a.u. and r, =4 a.u. The result for the interatomic po-
tential is shown in Fig. 6, and compared to the results of
the local-density (LDA) and local-spin-density approxi-
mations (LSDA). These were calculated using the same
mesh size. The LSDA gives a good estimate for the bind-
ing energy, whereas the LDA strongly overestimates the
binding. The difference between the LSDA and LDA
comes solely from the different total energy values for the
free atom in these two approximations: the one-electron
atom is totally spin polarized and thus the LSDA gives a
much lower total energy for it. At the distances shown
the dimer is always totally spin compensated, the two
electrons occupying the same state, and the LSDA and
LDA give exactly the same result. At larger distances it
becomes preferential for the two electrons to occupy spa-
tially orthogonal states to create a spin density and de-
crease the exchange-correlation energy.

The differences between the exact result and the LSDA
result is less than 10% both in the binding energy and in
the bond length. Note that the LDA gives exactly the
same bond length as the LSDA. The difference between

lOO—
0.04-

0.02—

0-

-0.04—

4
d (o.u. )

FIG. 5. The polarizability per electron of the pseudopotential
clusters as a function of the cluster size. The solid points are
the calculated average polarizability for r, =4 a.u. , the open
points with the error bars are the experimental results for sodi-
um clusters {Ref. 7), and the crosses are the principal polariza-
bility components.

FIG. 6. The interatomic potential of a diatomic pseudopoten-
tial cluster ( r, =4 a.u.). The solid line is the (numerically) exact
result of the two-electron calculation, the upper dashed line is
the result of the local-spin-density approximation, and the lower
dashed line is the result of the local-density approximation.
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the exact result and the LSDA is qualitatively similar to
that obtained for the hydrogen molecule and for alkali-
metal dimers. The exact calculation gives a slightly
shorter bond length and slightly larger binding energy.
The LSDA is successful only in calculating the binding
energy of the molecule, but not in calculating its total en-

ergy or that of a monoatom. As discussed often earlier,
the cancellation of errors result good results for the bind-
ing energies.

IV. DISCUSSION AND CONCLUSIONS

The relaxation method for solving the one-electron
Schrodinger equation is straightforward if the potential is
smoothly varying function. The use of variable mesh
sizes would make additional comphcations for the present
calculations. If, for example, there were to be more points
near the core of the pseudopotential, the mesh would have
to be changed when the atom is relaxed toward its equili-
brium site. This would make the simultaneous relaxation
of the electronic structure and ion sites awkward.
Nevertheless, the relaxation method has been used lately
successfully in quantum chemistry in applications where
all electrons are included ' (but the nuclear positions are
kept fixed). In the case of simple pseudopotential clusters
as in the present study, the relaxation method is especially
attractive, since it overcomes any difficulties of choosing
a large enough basis set (since no basis sets are used) and
allows simultaneous relaxation of the single-particle wave
functions, self-consistent potential, and atomic sites in the
cluster.

The results show that the structures of the alkali-metal
clusters are governed by the filling of single-electron ener-

gy shells in a spherical potential. The fact that the result-
ing self-consistent potentials is not spherical is due to the
nonspherical charge distribution of the partially filled
shell and to the relaxation of the ions to compensate for
the charge density provided by the electrons. A conse-
quence of this is the nearly planar geometries for clusters
containing less than seven atoms. It is also expected that
the shell structure dominates the structures of larger
alkali-metal clusters, containing several tens of atoms.
This can be predicted both from the experimentally found

magic numbers and from the theoretical consideration of
the cluster-size dependence of different energy terms. As
sho~n by Upton, however, the shel1 model cannot ex-
plain the structures of clusters of polyvalent metals, like
aluminum.

Of the alkali metals, sodium has an electron density
which is close to the equilibrium value of a homogeneous
electron gas. This makes sodium the metal which is best
described by the simple jellium model. It gives reasonable
results for the surface energy and vacancy-formation en-
ergy of the bulk metal, as well as for the properties of
the clusters. However, the jellium model cannot, of
course, give information on the geometry of the cluster,
except by letting the background density relax to an arbi-
trary shape. An ultimate limit of this is the plasma model
where the background density totally balances the
charge-density distribution of the electrons. This model
indeed results in cluster geometries which are in agree-
ment with the pseudopotential calculations. The struc-
tures of the plasma clusters as well as the magic numbers
are again in accord with the spherical shell model.

The results for the average electric polarizability are in
good qualitative agreement with the experimental results
and with the results of the spherical jellium model. There
is a large variation in the different components of the po-
larizability tensor as a function of the cluster size, but the
average polarizability is a sinooth function showing mini-
ma at the magic numbers.

In conclusion, the structures of small alkali-metal clus-
ters differ drastically from the structures of the bulk met-
als. The magic numbers and the cluster structures are
dominated by the electronic shell model applied to the
nearly free valence electron. The variation of the kinetic
energy of the electrons as a function of the cluster size
gives the magic numbers. The ions relax according to the
electron-density distribution to minimize the electrostatic
energy.
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