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Hybridization interaction between helium and a metal surface
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In order to calculate potentials for helium-atom diffraction from surfaces it is important to in-
clude the hybridization between the hehum 1s orbital and the unoccupied states in the metal, since
this term is strongly anticorrugating. In this paper we calculate the magnitude of the hybridization
energy for helium near a jellium surface. This calculation shows that the hybridization is a large ef-
fect, and is sufficient to explain the anomalously small corrugations observed on clean metal sur-
faces. The calculation of the hybridization energy takes into account the effects of the surface im-
age potential, which provides a large perturbation of the helium 1s orbital.

The development of low-energy atom scattering as an
experimental surface probe' has stimulated a great deal
of interest in the theory of inert-gas interactions with sur-
faces. From the atom diffraction experiments it is
possible to determine with high accuracy the whole poten-
tial energy function U(r) of the atom near the surface.
The corrugation in the repulsive region of the potential
can be found from the intensities of the diffracted beams, '

and the depth and approximate shape of the attractive
well can be determined from observations of selective ad-
sorption resonances. For example, helium diffraction ex-
periments on Ni(110), Cu(110), and Ag (110) (Refs. 9—12)
have determined the corrugation, the energy dependence
of the corrugation, the softness of the repulsive wall
(U 'dU/dz), and the attractive well depth (except Ni).
The theoretical challenge is to calculate accurate atom-
surface interaction potentials and hence to test models of
surface structure with atom diffraction experiments.

There are two dominant effects that determine the
shape of the atom-surface potential U(r). At long range,
the interaction is given by the van der %aals attraction.
This arises because of the fluctuating dipole moinent of
the adatom which induces image charges in the metal sur-
face. '~ At short range, the potential U(r) becomes strong-
ly repulsive because of overlap between the occupied ada-
tom orbitals and occupied states in the metal. In order to
orthogonalize to the adatom orbitals the metal states must
increase their kinetic energy, thus giving rise to a repul-
sive energy. One can estimate this repulsive energy either
by considering the energy to embed the adatom in a uni-
form electron gas or by treating the adatom as a repulsive
pseudopotential which scatters the metal electrons. Both
of these theoretical approaches come to the conclusion
that for helium in the repulsive region the energy can be
approximated by

U(r) =up(r),
where p(r) is the unperturbed metal charge density at the
inert-gas atom position, and a is a constant. The charge
density of a surface can be found by self-consistent linear-
ized augmented-plane-wave (LAPW) calculations, ' or can

be approximated by a superposition of atomic charge den-
sities, ' and so Eq. (1) can be used to calculate the corru-
gations in helium potential. Theories differ over the exact
value of a; the embedded atom calculations within the lo-
cal density approximation ' '6 predict a —(200—300
eV)ao for helium, while the pseudopotential approach
(based on Hartree-Fock calculations) gives a —(800 eV) a o.
An alternative way to estimate a is provided by empirical
helium-inert gas pair potentials, ' ' giving a —(500
eV}ao. In general, there are also nonlocality correction
terms to Eq. (1). These can be represented by averaging
the charge density p over the adatom, gradient terms in

p,
' or by replacing ap by an integral over the local densi-

ty of states. s In practice, these corrections produce only
minor changes in the corrugations of U(r).

In the case of helium diffraction from smooth clean
metal surfaces, there appear to be large and systematic
discrepancies between the predictions of the theory and
the experimental results. For example, on Ni(110) the
helium potential corrugations calculated using Eq. (1) are
a factor of 2 larger than those found experimentally. '
This implies that the theory would predict much too large
helium diffraction intensities. Another difficulty with
Eq. (1) is that it predicts corrugations which always in-
crease with helium energy. This contradicts the observa-
tions on Ni(110), which show that the helium potential
corrugations are almost constant over a wide range of in-
cident energies (20—240 meV) and even appear to decrease
slightly at the higher energies. It is important to note that
no reasonable modification of the value of a in Eq. (1) or
of the surface charge density p(r) would account for this
observation. Another significant discrepancy is that the
theory also predicts that the corrugations observed in
neon diffraction should be smaller than those found in
helium diffraction, since the value of o. would be larger
for neon than for helium. ' Recent experimental results
have shown the Ne-Ni(110) and Ne-Cu(110) potentials to
be substantially more corrugated than the He-Ni(110} and
He-Cu(110) potentials, ' ' in contradiction to the theory.
Discrepancies between theoretical and experimental heli-
um corrugations also arise on other surfaces, for example
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on Ni(100). For Cu(110) the situation is less clear; us-

ing an LAPW charge density and a —(200 eV) a o,
Hamann and Tersoff found helium corrugations too
large, while on the other hand, using a superimposed
Clementi-Roetti atom charge density and a larger value of
o. Garcia et a/. found agreement between theory and ex-
pel 1m eIlt.

In a previously written paper we showed that these
discrepancies for helium diffraction could be explained by
assuming that, in addition to the van der %aals and over-
lap repulsion terms in the potential, a hybridization in-
teraction was also taking place. This term mould arise be-
cause of overlap between the occupied helium ls orbital
and unoccupied states in the metal. Hybridization, or
charge transfer, between the helium and these metal states
would give an additional attractive term in the potential.
%e showed that this hybridization energy would be larger
at a top site than at a hollow site on the surface (because
the unoccupied metal surfaces are predominantly anti-
bonding in character and hence have nodes between atom-
ic sites). This implies that the hybridization term would
have an anticorrugating effect, i.e., would tend to reduce
the surface corrugations, and hence would reconcile
theory and experiment. Using a simple one parameter
model for the hybridization, we showed that it was possi-
ble to obtain good agreement between theory and experi-
ment, assuming reasonable values for the hybridization
energy.

In this paper we shall calculate the hybridization energy
of helium near a metal surface from first principles. This
calculation is necessary since there has been some contro-
versy over whether the hybridization would be as large
an effect as assumed in Ref. 26. The results of this paper
show that the hybridization is indeed a large contribution
to the energy and hence that it will have a significant an-
ticorrugating effect on the potential. We shall show
belom that the large hybridization energy is a consequence
of the image potential of the surface, which provides a
substantial perturbation of the helium 1 s orbital.

In the following sections of this paper we shall firstly
define the hybridization energy, and show how it is relat-
ed to the overlap repulsion and van der %aals attraction
terms in the energy. Secondly, we shall derive a model for
the electronic potential of the atom-surface system which
includes the effects of the surface image potential. Using
this model potential and accurate wave functions for the
helium atom and the metal surface (treated in a jellium

approximation we calculate the hybridization energy. The
results of this calculation demonstrate that the hybridiza-
tion is a large effect, supporting the conclusions of Ref.
26. Finally, as an example of how these results may be
used to make parameter-free prediction of helium diffrac-
tion potentials, we present calculation of the leading cor-
rugation coefficient of the Ag (110) surface.

CONTRIBUTIONS TO THE HELIUM ENERGY

In order to define the hybridization energy and to relate
it to the other terms in the helium potential we shall dis-
cuss the density functional theory of the helium-surface
interaction. Let us start from the single-particle Kohn-
Sham equations of density-functional theory

Here, the potential V is the sum of ionic, Hartree, and
exchange-correlati. on contributions. The energy of the
system is given by the sum of the one electron eigenvalues,
c.;, together with "double counting" terms due to the
electron-electron interactions,

~ j j' P(r)P(r ) d3 d3
/r —r'/

—I V„,pd r+E„,[p] .

Here, p(r) is the charge density, E„,[p] is the exchange-
correlation functional, and V„, is the exchange-correlation
potential, defined as the functional derivative
5E„,[p]/5P(r). Since the functional E„, is not known in
general, it is necessary to find some approximation for
Exc and hence for V„. Below we shall discuss various
approximations that might be used for V„, for the case of
an atom near a surface, such as the local density approxi-
mation with or without self-consistency, Hartree-Fock ex-
change, or an image potential approximation. First we
shall show how the energy changes due to the atom-
surface interaction arise from the above equations.

Since the helium ls eigenvalue lies below the bottom of
the metal band, the eigenfunctions of 2 will consist of one
localized solution, a perturbed helium ls orbital

~

H),
and a continuum of perturbed metal states

~

k ). We can
separate the calculation of the interaction energy into two
distinct steps: Firstly, we freeze the helium orbital H)
in its unperturbed wave function

~
Ho) giving an energy

Ui, and secondly we can relax the helium wave function
into its perturbed state

~

H ) with a change of energy U2.
This relaxation of the helium ls orbital corresponds to the
hybridization energy suggested in Ref. 26 and discussed
above. To carry out this relaxation, we introduce projec-
tion operators onto and orthogonal to the unperturbed
helium ls, P~ ——

~
Ho) (Ho

~

and 1 —P~, respectively
This separates the basis into two subspaces:

~
Ho ) and

orthogonal states. The Hamiltonian can then be parti-
tioned into terms which do not couple the two subspaces,
1.e.,

Hi ——(1 P~)( ——,V + V—)(1 P~)—
+Pa( —i ~'+ V)Pa

and into terms which couple the two subspaces, i.e.,

Hq P~( ——,V' + V)(——1 P~)—
+(1 P~)( ——,1 +V)P—yg .

The energy U] is defined to be the energy of the system
when these latter coupling terms are set to zero. %"e can
then reintroduce the couplings in H2 as a perturbation,
giving an energy change U2 due to relaxation of the heli-
um 15 orbital. %'e have therefore separated the total in-
teraction energy into two contributions, U], which is the
helium potential without hybridization and U2, which is
the hybridization energy. It is the latter of these terms,
Uz that we wish to calculate in this paper.
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The "frozen-core" energy U& contains the overlap
repulsion energy and the attractive well depth of the atom
near the surface as we can see by the following argument.
Denote by

~
k& ) the eigenstates of H, in the space

orthogonal to the helium 1s. In this subspace the helium
atom will form a weak perturbation, as in pseudopotential
theory, and we can take a zeroth-order approximation to
the wave function as

i kg ) =(1—
[ Ho) {Ho

f
)

i ko) in», (4)

where b, V~ = V—V~, 6 VH ——V —VH, and s» ——{Hp
f

kp ).
This expression is essentially the same as the repulsive en-
ergy derived by Harris and Liebsch. ' The energy change
given by Eq. (5) is proportional to the square of the unper-
turbed metal wave function at the helium position, hence
leading to a repulsive energy approximately of the form
ap is in Eq. (1). It is possible to improve on the basic
orthogonalized metal wave functions of Eq. (4) in various
ways, for example, by including the coupling of the occu-
pied metal states to the unoccupied ones or to the affinity
levels of the adatom. However, these improvement make
little difference to the basic form U=ap of the potential
since the interaction energy still depends primarily on the
local density of occupied metal states at the helium-atom
position. For example, the calculations of Nordlander,
Zaremba and Kohn, and Takada and Kohn ' all im-
proved on the basic orthogonalized wave functions of Eq.
(4) but gave repulsion energies within 20% accuracy of
the Harris-Liebsch result analogous to Eq. (5).

There will in general also be other contributions to the
energy U~ without hybridization: from the first-order
shift in the helium eigenvalue,

(6)

and from the changes in the double counting terms.
%hether these terms are important wil) depend on the ap-
proximation made for the exchange correlation potential
V„,. For example, it can be shown that in the Hartree-
Fock approximation the leading order changes in the heli-
um eigenvalue and in the double counting terms cancel.
On the other hand, Lang and N@rskov showed that in the
local density approximation most of the attractive well en-
ergy could be obtained with a frozen helium ls wave

with
~
kp ) is an eigenstate of the unperturbed metal satis-

fying I
——,

' V'+ V~ IIko) =e»
~
ko), and ~Ho) is the un-

perturbed helium 1 s state satisfying
+ VH I ~

Hp ) =eH
~
Hp ). n» is a normalizing con-

stant. This wave function is just the unperturbed metal
state, orthogonalized to the helium 1s core, as in the
orthogonalized plane wave (OPW} method of band-
structure calculations. Using this approximation to the
wave function, the shift in the eigenvalue is then found to
be

a,e»={k,
~

——,'V'+ V~ k, ) —eo»

={ko
~

blV
~
kp)

+~»(E» —eH+ {Ho
f

&VH fHo))

—2S»{ko
/
b VH

/
Ho),

M» ={k,
~

—!V'+ V
~
Ho )

M» ——{k p ~

6VH —{6 VH )
~

H o ),
(8a)

(Sb)

with {b,vH) ={Ho
~

b, V& ~Hp). Equation (Sa) is exact
since the states

~
k, ) and

~
Hp ) are the eigenstates of the

Hamiltonian H& before the coupling H2 is included.
Equation (8b) is obtained by substituting the approximate
wave functions of Eq. (4) into Eqs. (Sa). The hybridiza-
tion energy can therefore be evaluated from the unper-
turbed wave functions

~
kp) and

~
Ho), once the perturb-

ing potential 6 VH is known.
The only significant approximation made in writing the

hybridization energy in Eqs. (7) and (Sb) is the use of the
OPW metal wave functions k&) of Eq. 4. These wave
functions should be a good approximation for most of the
unoccupied metal states, the only exception being when
the energy eA. is close to that of an excited helium energy
level, in which case resonances can occur. At these ener-
gies the eigenstates

~
k& ) will have a large component of

the excited helium atomic wave function, which is not in-
cluded in the approximation of Eq. (4). Since relatively
few metal states will be resonant, these effects will not sig-
nificantly alter hybridization calculated using Eq. (Sb).
Furthermore, since resonances would increase the ampli-
tude of the metal wave function in the vicinity of the heli-
um atom and hence increase

~
M» ~, our calculation give

a lower bound on the hybridization energy.

THE ELECTRONIC POTENTIAL

In order to calculate the hybridization energy using Eq.
(7), it is necessary to approximate the perturbing potential
AV~. This is defined as the difference between the full
potential V of the atom-surface system, and the potential
of the isolated helium atom, VH. For example, one could
use the local density approximation (LDA} to give the ex-
change correlation part of the potential, V„„either with a
self-consistent charge density or with an approximate one.
The LDA should be a good description when the helium
is close to the surface but would break down at larger
separations, since the LDA does not reproduce the correct
asymptotic form of the surface potential. Instead of the

function. We shall see below that if V„, includes the
asymptotic image potential of the surface then Eq. (6)
gives the Lennard-Jones van der %'aals potential.

The energy U~ without hybridization has been exten-

sively studied by other authors; in this paper we wish to
concentrate on the contribution to the energy from relaxa-
tion of the helium ls orbital, U2. This energy can be ob-
tained by reintroducing the terms in the Hamiltonian cou-

pling the helium orbital
~
Hp) to orthogonal states, Hz.

Since the coupling will be weak we can find the eigenvalue
change using straightforward perturbation theory. The
energy change is given by:

I
M»

I

'
U2=X o o

k ~k —~H

where the sum is taken over the unoccupied states of the
metal. The matrix element Mk is taken by:
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LDA, we shall derive an expression for the potential b, VH

which is valid in the limit of the helium being far from
the surface. In this limit AVz can be found using classi-
cal image charge arguments.

When the hehum atom is far from the surface, the per-
turbation in electronic potential b, VH arises because of the
formation of image charges in the metal. Consider a He+
ion at a distance zH from the surface image plane. This
induces a negative image charge at (0,0,—zH}, where we
have taken the origin at the image plane and the z axis
normal to the surface. If we now bring an electron from
infinity to a point r=(x,y,z) the work done in the field of
the image charges of the electron and the ion is

—1 1+ 2 2 2 1/24z [x +y + (z +zH )-1
(9)

in Hartree atomic units. The effective potential of the
electron thus arises from both the image of the electron it-
self and from the image of the positive nuclear charge.
Note that the first term has a factor of —,

' which arises be-

cause the first image is induced by the electron itself.
Equation (9) gives the extra potential energy of the elec-
tron due to the presence of the surface, which is therefore
the perturbing potential 6 VH that we require.

We can confirm that Eq. (9) gives the physically correct
perturbing potential by a Taylor expansion for
r~(0, 0,zH) = rH. We find,

x'+y +2(z —zH )'
i) VH(r)=

3 + )
4zH 16zH

(10)

H= g I
——,V; —2V(r;, rH)+ —, IV(r;, r;) —2IV(r;, rH)(

+ V(r, ,r2)+ W(r&, ri)+2%'(rH, rH ), (12)

where V(r, r') = 1/
~

r —r'
~

. If we were to treat this Ham-
iltonian within the Hartree-Pock approximation we would
find the single-particle potential,

confirming that there is no force on the electron when the
two image charges are superimposed, since V[6 VH(r)] =0
at r = rH. We can also see that the first-order energy shift
of the adatom due to presence of the surface is given by

(11)
12z@

since the first term in Eq. (10) is exactly canceled by the
energy —1/4zH to bring the He+ ion up to the surface.
The interaction energy of Eq. (11) exactly corresponds to
the van der Waals energy evaluated by Lennard-Jones. '

We can also derive the result of Eq. (9) by a quantum-
mechanical method. When the helium is far from the sur-
face, the image charges induced in the surface ean be
represented by a two-particle interaction between the
charges of the helium atom. This interaction is

IV(r, r')= —[(x —x') +(y —y') +(z+z') ]'

The many-body Hamiltonian for the helium atom can
then be written as:

—,
'

IV(r, r) —2W(r, rH)+ I 8'(r, r')
~

(bH(r')
~

d'r', (13)

in addition to the Hartree-Pock potential of the isolated
helium atom. To a good approximation, the last term in
Eq. (13) is equal to IV(r, rH) and hence we recover the
perturbation b, VH of Eq. (9). Clearly, for a hydrogen
atom outside a metal surface Eq. (9) would be exact.

To go beyond the approximation of Eq. (9), we could
include the frequency dependence of the metal surface
response, giving W(r, r', co), and arrive at the effective po-
tential via a calculation of the self-energy. In an appendix
to this paper we show how the self-energy expression
reduces to the image potential result of Eq. (9) under cer-
tain simplifying assumptions. The exact self-energy ex-
pression would give the exact van der %'aals energy rather
than the Lennard-Jones result of Eq. (11). In the present
paper we shall use the approximation given by Eq. (9),
which is exact in the limit of large surface-plasmon fre-
quency. Including the details of the surface response
would not qualitatively alter our results which establish
the large magnitude of the hybridization energy, although
the exact numerical value we obtain may be altered some-
what.

Equation (9) provides the perturbation on the helium
atom when it is far from the image plane. When the heli-
um is close to the image plane we must replace the classi-
cal image potential, which diverges at z =0, with the true
quantum-mechanical surface potential V; (z), which
remains finite at the image plane. The potential V; (z) is
imagelike at large z and tends smoothly to the bulk densi-
ty functional potential given by the LDA at small and
negative z. We shall also correct the second term in Eq.
(9), since the classical expression is discontinuous if either
z~0 or zH~O. We remove this discontinuity by intro-
ducing a screemng function 8(z), which gives the effec-
tive image charge as a function of z, i.e.,
8(z) = —4z V; (z) if z & 0 and 8(z) =0 if z g 0. We there-
fore take the perturbing potential b, VH to be:

0'(z)O(z~ )
b VH ——V; (z)+ [x'+y'+(z+zH)']' ' (14)

CALCULATION OF THE HYBRIDIZATION ENERGY

where r=(R,z) with the z axis normal to the surface and
k=(K,ki). The wave function is matched onto a sine
wave with wave vector k in the bulk. %'e take the unper-
turbed helium Is wave function, PH, from the Herman-
Skillman tables. ' The surface barrier potential V; (z) is
approximated with a smooth interpolation between the
image potential calculation of Appelbaum and Hamann

It is straightforward to calculate the hybridization ener-
gy given by Eq. (7} using the image potential perturbation
derived above. Treating the metal as a semi-infinite jelli-
um we can explicitly construct the unperturbed wave
functions and thus evaluate the hybridization energy
directly. First we numerically solve the Schrodinger equa-
tion for the metal electrons at the surface:

[ ——,
' V'+ V; (z)jyk (z)exp(iK R}=e„yk (z)exp(iK R),



for large z and the self-consistent local density approxi-
mation potential of Lang and Kahn for small and nega-
tive z. The image plane position was also taken from Ap-
pelbaum and Harnann. This defines all the quantities
needed to calculate the matrix elements Mq of Eq. (&b),

Mz ——f 1 r Pk (z)exp(iK. R)AVH(r)PH(r),

which we evaluate by a two-dimensional numerical in-

tegration (exploiting cylindrical symmetry). Finally, the
hybridization energy can be evaluated by integrating over
the unoccupied part of k space,

dk, g21(; lMg l2
U2 ———2

(2m)' ek —sH

which amounts to a further two-dimensional integration.
The factor of 2 is due to spin degeneracy.

In these calculations we only include the contribution to
the k-space integral arising from the metal states which
decay exponentially away from the surface. This is be-
cause any hybridization energy due to the unbound states
will vary as an inverse power law with distance, and is
thus a contribution to the van der %'aals energy. On the
other hand, the hybridization with bound states which are
evanescent outside the surface gives an energy which
varies exponentially with the atom-surface separation,
which is not included in the van der %aals energy. It is
this latter energy that resolve the discrepancies in the cal-
culated corrugations for helium diffraction.

w E
Q)
L

100—

40—

helium clistance
(,'units o1' a '~

FIG. 1. Calculated hybridization energy for r, =2 and r, =3
jellium surfaces as a function of distance of the helium from the
jellium edge,

RESULTS

Our results for the hybridization energy are shown in
Fig. 1 for r, =2 and r, =3 jellium surfaces. These results
demonstrate that the hybridization energy is a large effect,
comparable in magnitude to other terms in the helium po-
tential. For example, on r, =3 jellium (corresponding to a
silver surface) at a distance where the metal charge densi-
ty is 5X10 a.u. (corresponding to the classical turning
point a 100 meV helium atom), the hybridization energy
is 77 meV. Clearly, if the hybridization were neglected,
the helium potential would be significantly more repulsive
than if it were included. If the hybridization energy were
not included, the laterally averaged potential would be
more repulsive by a change of (154 eV)ao in the effective
Esbjerg-N@rskov parameter a. This is consistent with the
larger values of a obtained by theories which neglect hy-
bridization (such as Refs. 3 and 5) compared to calcula-
tions which do include some hybridization (e.g. , Refs. 4
and 6).

%e can compare the results of this calculation with the
estimated values of the hybridization obtained in Ref. 26.
In. Ref. 26 the magnitude of the hybridization energy was
parametrized with a single number y for each surface.
The values of y were determined by fitting the calculated
helium potential corrugations to experimental results; for
example, for Ag(110) the hybridization parameter y was
estimated to have a value of (550 eV)ao. We shall see
below that the results shown in Fig. 1 give a prediction
for the value of y of (348 eV)ao for Ag(110). The calcula-
tion is within 40'% accuracy of the original estimate,
which is a good agreement given the simplicity of the

model of the surfaces density of states used in Ref. 26.
The calculation of Ref. 26 assumed metal wave functions
which all decay into the vacuum at the same rate, deter-
mined by the Fermi level. The calculation here includes
the full energy dependence of the wave functions and so
gives a far more reliable estimate of the hybridization en-

ergy. The importance of the calculation presented here is
that it shows that the hybridization has a large magnitude
which will have a significant effect on the helium diffrac-
tion intensities.

DISCUSSION

It is useful to compare these results for the hybridiza-
tion energy with calculations which make different as-
sumptions about the electronic potential 6Vz. For exam-
ple, rather than using the image potential approximation
of Eq. (9), one could use the local density approximation
(LDA) for the exchange-correlation potential. In the
LDA the perturbing potential 6V~ is essentially given by

~ VH= I'.,(c;)—V..(i H»
where V„,(p) is the exchange-correlation potential of a
uniform electron gas, p„ is the self-consistently obtained
charge density of the atom-surface system, and pH is the
charge density of the isolated helium atom. Lang and
N~rskov have carried out self-consistent LDA calcula-
tions for helium on r, =3 jellium. They observed that at
the equilibrium separation (z =5ao) about 1 meV of the
energy was due to relaxation of the helium 1s orbital.
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From Fig. 1, at z =5ao the hybridization energy we calcu-
late is also about 1 meV. This suggests that the two cal-
culations are roughly in agreement, despite the different
approximations used for the electronic potential.

Rather than a full self-consistent LDA calculation, one
could make a further approximation by taking a charge
density which is a superposition of the atom and surface
densities. This gives the following form for the potential:

where p is the charge density of the metal surface. Us-
ing this potential we have calculated the hybridization en-

ergy given by Eq. (Sb) using numerically generated surface
wave functions as described above. This calculation gave
0.29-meV energy for helium 5ao from r, =3 jellium.
Harris and Zaremba also estimated the hybridization en-

ergy using this non-self-consistent LDS potential; at a
charge density of 2.6 &c 10 a 0 (corresponding to
z =5ao), their estimates give a hybridization energy of or-
der 0.2 meV, which is smaller than both our calculations
and those of Lang and Ndrskov. The discrepancy with
the results shown in Fig. 1 can be attributed to the poor
basis set in the calculation of Harris and Zaremba (con-
sisting of only the helium Is and 2p states) and to the lack
of either self-consistency or the surface image potential in
their calculation. We note that both self-consistency and
the surface image potential allow for the response of the
surface under the perturbation from the helium atom,
which is not included in the non-self-consistent calcula-
tion.

It had been thought that in calculations using the
Hartree-Fock approximation, any hybridization energy
would be of a strictly smaller magnitude than other terms
in the energy. In an appendix to this paper we show that
in fact this is not the case; within the Hartree-Fock ap-
proximation the hybridization energy is of the same order
of magnitude as the other terms in the potential.

Our results for the hybridization energy are in qualita-
tive agreement with the model Hamiltonian calculation of
Drakova, Doyen, and Terentini, who find significant
terms in the helium potential due to interactions of the
helium 1 s with both the occupied and unoccupied states
of the metal. They also find that the surface image poten-
tial plays an important role in determining these effects.
However, the model of the metal surface that they use to
calculate the helium corrugations is quite different from
ours. For example, in our calculations the largest contri-
bution to the corrugation in the helium potential is due to
the metal sp band charge density, while in the calculation
of Drakova, Doyen, and Terrentini the corrugations is due
to the metal d band, the metal sp band being uncorrugat-
ed. If experimental helium corrugations could be ob-
served on nearly free electron substrates, this would dis-
tinguish between the two theories.

CORRUGATION OF Ag( j 10)

To demonstrate how this hybridization energy influ-
ences the Fourier components of the helium potential, we
have calculated the leading corrugation coefficient of the
Ag (110) surface. The model helium potential that we use

has been described elsewhere, and is given by

U(r) =E(p)+PV p y—p„. (15)

where S;~ = (i
~ j ), I =5;J, and H =S 'M with

M~~
——(i

~

——,
' 7 + V

~
j). The overlap integrals are com-

puted from the atomic orbitals, and the Hamiltonian M is
assumed to consist of nearest-neighbor interactions only.
The local density of states a point r is given by:

p(e, r) = Im[U G;J(E)v, j, (16)

where

U;=(S ');, (j
~

5(r)) .

The density of states in Eq. (16) can be efficiently evaluat-
ed using the recursion method, which gives a continued
fraction expansion for diagonal elements of the Green
function G. We evaluate the recursion to five levels and
terminate the continued fraction using standard methods.
Finally, the unoccupied state density p„ is given by the in-
tegral of p(e, r) from the Fermi level to the top of the
band. As we have explained elsewhere, p„(r) is signifi-
cantly less at a center site on the surface than at a top site,
this is because the unoccupied states are essentially of an-
tibonding character and hence have little weight between
the surface atoms. This point explains why the hybridiza-
tion energy has such a strong anticorrugating effect on the
helium-surface potential.

%e can determine the parameter y using the calculated
values of the hybridization energy shown in Fig. 1. To do
this we adjust the value of y is to give a hybridization en-
ergy of 77 meV in the laterally averaged potential at the
distance from the surface where the laterally averaged
charge density is 5/10 a.u. This procedure gave a
value of y of (348 eV)ao for Ag (110). We are therefore
using quantities calculated from the helium-jellium in-
teraction in order to predict the Fourier components of
the potential for a corrugated surface.

Our results for the Ag(110) corrugations are shown in
Fig. 2. The three potentials shown are the following: the
Esbjerg Nbrskov potential of Eq. (1) with a=(176 eV)ao,
the potential of Eq. (15) with no hybridization (y =0), and

Here, p(r) is the charge density of the unperturbed surface
and p„(r) is the density of unoccupied s-band states. The
first two terms in Eq. (15) are derived from empirical
helium-inert-gas pair-potential data and thus represent the
helium potential without hybridization. ' The last term
in Eq. (15) gives the hybridization energy.

To calculate the helium potential it is necessary to cal-
culate both the charge density p and the unoccupied state
density p„ for a corrugated surface. The charge density p
can be adequately approximated by a superposition of
atomic charge densities. To calculate the unoccupied
state density of the surface we introduce a tight-binding
model for the local density of states. We adopt a basis
consisting of a single atomic s orbital at each site,

~

i ) at
site i In . terms of this basis the Green-function matrix
for the surface is given by:

G(e) =S(eI 0)—



JAMES F. ANNETT AND ROGER HAYDOCK 34

possible to make parameter-free calculations of the helium
potential which fully includes the anticorrugating effect
of the hybridization. We illustrate this by a calculation of
the leading corrugation coefficient of the Ag(110) surface,
which is in excellent agreement with experiment. Al-
though the hybridization is an added term in the theory of
the helium potential, it should not make comparison of
theory and experiment much more difficult.

Ag(110,'1

I

60

helium energy i', meV)
FIG. 2. Calculated and experimental corrugations of

Ag(110). The corrugation shown in the leading Fourier coeffi-
cient $~0 of the helium isopotential surface, taken in the direc-
tion across the close packed atomic rows. (,o is normalized so
that it corresponds to the maximum corrugation height if higher
coefficients are negligible. The theoretical corrugations shown
are calculated with the Esbjerg Nyrskov potential U=ap with
a=176 eV)ao (dashed line), the model potential of Eq. (15) with
no hybridization, i.e., with y=0 (dotted line)„and the potential
of Eq. (15) including hybridization with y=(348 eV)ao (solid
line). The experimental points are taken from Luntz et aI."

the potential of Eq. (15) including the hybridization [with
y=(348 CV)ao]. The experimental points are takerl from
the work of Luntz et al. ,

" and were determined from a
soft wall fit to the experimental helium diffraction inten-
sities. Clearly, Fig. 2 shows an excellent agreemcnt be-
tween the calculated potential and the experiment, while
the other theories give corrugations that are too large. We
have also calculated the corrugation coefficient along the
close packed rows goi, and we find a maximum corruga-
tion height of a 0.02 A in this direction at typical ener-
g1CS.

We have therefore shown that by including the calculat-
ed hybridization energy we can obtain good agreement
with experimental corrugations, while if the hybridization
is neglected, the corrugations obtained are substantially
larger.

To conclude, wc have shown that. thc hybr1dlzatlon en-

ergy is a large effect which should certainly be included in
calculations of potentials for helium diffraction. The size
of the hybridization energy is a consequence of the long-
ranged nature of the surface image potential which pro-
vides a large perturbation of the hehum ls orbital. We
have explicitly calculated the hybridization energy as a
function of helium position outside r2 =2 and r, =3 jelli-
um surfaces. These calculations are in agreement with
othcI' estimates of thc hybndization energy obtained by
fitting the experimental helium corrugations. Using the
llybfldlzatloII cIlclgy calculated for )cilium surfaces, It ls
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APPENDIX A

In this appendix we show how the electronic potential
b, VH may be defined from the self-energy, and how this
definition reduces to the straightforward image potential
results under the usual decomposition of the self-energy
into Coulomb hole and screened exchange contributions.

In the self-energy formalism the effective single-particle
potential b, VH may be defined as follows:

bVH(r)PH(r) = f. d'r' X(r, r', CH )PH(r'), (Al)

where PH is the unperturbed helium orbital with energy
This definition of the effective potential has been

used in many calculation of the van der Waals energy.
The self-energy is given by the GIV approximation of

Hedin and Lundqvist:

X(r, r', co) = G(r, r', co+co') W(r, r', co')e' "de',
2m

(A2)

where G is the single-particle Green function and 8' is
the screened interaction. 5 is a positive infinitesimal. As
shown by Hedin and Ludqvist, this expression can be ap-
proximately divided into two types of terms. Firstly the
poles of IV give a Coulomb hole term and secondly the
poles of G give a screened exchange energy. In our case
these two terms give

X(r, r', EH ) = —, W(r, r', 0)5(r—r')

4H(r 4bH(r') IV(r,—r', 0) .

Substituting into the expression for the effective potential
wc find, to a good approximation,

6 VH(r) = —,
' 8'(r, r, 0)—8'(r, rH, O),

and this is precisely the result found by image potential
afglllYlcIlts as glvcll 111 Eq. (9).

There are three points that confirm the physical validi-
ty of this potential: Firstly, the leading change in the ada-
tom energy gives the Lennard-Jones-van der %aals poten-
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tial. Secondly, there is no net force on the electron when

the two image charges are superimposed, since
V(b VH)=0 at r=rH. Thirdly, the adatom eigenvalue is
shifted upwards by an amount + ll4zH+ . [see Eq.
(IO)] implying that the energy to remove an electron from
the atom to infinity is given by —c~ —1/4zB +
This is the correct electron removal energy since there is a
positive ion left behind at z@.

APPENDIX 8
In this appendix we shall discuss the hybridization en-

ergy that would be obtained in the Hartree-Fock approxi-
mation. Zaremba and Kohn argued that within the
Hartree-Fock approximation the perturbation of the heli-

um Is wave function would be of order S( —
~
Pq(zH)

~
),

and hence that any hybridization energy would be of or-
der 5, negligible compared to the other terms. Here we
shall reexamine this question, and come to the conclusion
that in fact the perturbation in the helium wave function
is of order S' and hence tHe hybridization energy is of
order S, which is the same order as the overlap repulsion
energy.

Let us start with a basis of an unperturbed helium 1s
orbital (()H, and orthogonalized metal states, (t)» —skPH, as
in Eq. (4) (sk =(Pk

~ PH ) ). The perturbation in the heli-
um wave function is of order Mi„where Mk is defined by
Eq. (Sb), and the energy change is of order Mk, as in Eq.
(7). In the Hartree-Fock approximation, the perturbing
potential b, V~ is given by the exchange potential of the
metal states. To leading order in the overlap this gives

summed over all the occupied metal states tI)q. Consider first the r integral in Eq. (Bl); this is dominated by the region
inside the metal and is therefore of order S . On the other hand, the r integral is dominated by the region near the heli-
um atom (because PH is strongly localized) and is of order S'~ . To prove this we can make a multipole expansion of

~

r —r'
~

for
~

r'
~

&&
~

r ~, taking the helium nucleus as the origin. The first nonzero term in the integral is then:

q(r)rP, cos(8) H(r)
(B2)(r')' (r')'

which is of order S'~ for any q~O. We have therefore
shown that the hybridization matrix element Mk is of or-
der S' and hence that the hybridization energy is of or-
der S in the Hartree-Fock approximation.

Our proof differs from that of Zaremba and Kohn
only in the choice of basis set used to expand the pertur-
bation of the helium wave function. But clearly the order

I

of magnitude of the hybridization energy cannot depend
on the basis set; therefore let us reconsider our derivation
using the basis set of Zaremba and Kohn. Zaremba and
Kohn expanded the perturbation of the helium ls in
terms of the excited orbitals of the helium atom, PH . In
this basis set the relevant matrix element is M&, which is
given by

$0 (r') ((yq(r') sqyH(r') I I
—yq(r) sqyH(r)) yH(—r)

Mp —— d rd r
/r —r'f

(83)

Clearly the r integral in this expression gives a result of
order S' by the same reasoning as above. It would ap-
pear at first sight that the r' integral is also of order S'~
by the same argument and hence that MH is of order S;
however this is not correct. This is because the r' integral
is not dominated by the region inside the helium atom as
the r integral was. To see this note that PH is localized
like e ' near the helium, where —

2 b = Ez, while the
IIletal state behaves like e near the helium, with

2 q =W and with N the work function of the metal.
Thus the integral over r' behave like

exp( —qz')exp( —br')d r'

I

near the helium. This integral will only be dominated by
the region near the helium if b & q, or if Ez & 4; a con-—
dition which is not satisfied since each excited state of the
helium lies above the metal work function. Therefore in
Eq. (83) the r' integral is of order S, and the r integral
of order S', giving an overall matrix element of order
S' and thus an energy shift of order S. We can con-
clude therefore that even in the Hartree-Fock approxima-
tion there is a large contribution to the helium energy due
to relaxation of the helium 1s orbital under the perturba-
tion of the surface.
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