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Theory of the microwave-soliton or antisoliton interaction in Josephson tunnel junctions
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Recently, microwave-induced harmonic and subharmonic structures were observed on the resis-

tive branches associated with soliton or antisoliton propagations in a long Josephson tunnel junction.
We have calculated the microwave-power dependence of the induced step-structure heights using a

perturbation method. It is found that for different steps, the power dependences are different.

Furthermore, for a given step, the height as a function of the microwave power also depends upon

the nature of the coupling of the microwaves to the junction which can be either electric or magnet-

1c.

I. INTRODUCTION

Microwave-induced current steps in the current-voltage
(I-V) characteristics of short Josephson junctions have
been observed in experiments as well as computer simula-
tions. ' A recent experiment2 has also revealed step struc-
tures on the resistive branches of the I- V curves in long
Josephson tunnel junctions. They occur at voltages given
by

n hv
V„g

2e'

with v being the microwave frequency, h the Planck con-
stant, e the magnitude of the electronic charge, and n and
m positive integers. It is well known that in long junc-
tions, the resistive branches are associated with soliton or
antisoliton (vortex or antivortex) propagations. For short
junctions in zero applied magnetic field, these branches do
not appear because a soliton has a finite size of order
2JAJ, with Aq being the Josephson penetration depth typ-
ically one-tenth of a millimeter and J the critical current
density Therefore. , the physical mechanism leading to the
step structures in long and short junctions are different.
It was suggested that for long junctions, these steps are
due to the synchronous coupling between the oscillatory
soliton or antisoliton and the microwaves. This can be
understood as follows. Synchronous coupling occurs
when the soliton or antisoliton makes n' round trips
across the junction during the time interval the mi-
crowaves oscillate trt times, thus the condition mv„=n'v
Since the dc voltage of the first resistive branch (associat-
ed with the motion of a single soliton or antisoliton) is re-
lated to the frequency of the soliton or antisoliton v„by

suit because the largest structure does not correspond to
the resonant condition. Furthermore, there are subhar-
monic as well as harmonic structures. To gain insight
into the coupling process and to check the validity of the
synchronous-coupling idea, we have calculated the power
dependence of the step heights for several steps. We use
the model first developed by McLaughlin and Scott to
describe the soliton or antisoliton propagations and per-
form perturbative calculation using the microwave power
as the expansion parameter. It is found that for different
steps the power dependences of the step heights are dif-
ferent. Furthermore, for a given step, the height depends
on the nature of the microwave-soliton coupling. Wher-
ever a comparison between theory and experiment is pos-
sible, the agreement is good.

II. CALCULATION

We consider long overlap junctions shown in Fig. 1

with length L &&AJ. The microwave frequency is taken
to be much smaller than the plasma frequency
vy ——/c(2 sAr)J. Here c is the speed of the electromagnetic
wave in the junction. Therefore, the electromagnetic field
of the microwaves cannot penetrate deeply into the junc-
tion, and the soliton- or antisoliton-microwave interaction
occurs only near the junction edges. Due to the Meissner
effect, the interaction of soliton or antisoliton and the dc
bias current also occurs near the edges as has been sub-
stantiated by recent theoretical and experimental studies.

Following Ref. 6, we treat the soliton or antisoliton as a
point particle and use the equation of motion

V = (2v„),
2e

(2)

the relationship between V and v is given by Eq. (1) except
for the replacement of n by 2n' on the right-hand side.

In addition to the positions of the step structure, the
dependences of the step heights on the microwave power
for some of the steps have also been measured. The larg-
est step structure is found for the v„=—,

' v step. It has a
square-root power dependence. This is an interesting re-

to describe its propagation inside the junction. Here cz is a
damping parameter representing the energy loss associated
with the quasiparticle current, and P =8Uy( U) is the sol-
iton or antisoliton momentum normalized by (i'/2e)
J)q/ (wchere U is the soliton or antisoliton speed in units
of c and y(U)=(1 —U ) '~ is the Lorentz factor. Mov-
ing inside the junction, the soliton or antisoliton loses its
speed and energy. However, they are replenished at the
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Sy{U, ) —Sy( U, ) =4m(2I+H) for (i,j)= (1„4),(3,2) .

junction edges. A periodic steady state can be established
and an example is shown schematically in Fig. 2 for the
case without microwaves. To obtain the junction voltage,
one calculates the frequency of the soliton v„=[(t2—t, )

+ (t4 —ti)] '. The time of flights can be obtained from
Eq. (3). One has

sinha;
a(tj t;)= ——,'ln . for (i j)=(1,2), (3,4)

sinhoj
(4)

with a=—cosh '[y(U)]. The four unknown a's can be
calculated from the boundary conditions which take into
account the junction length:

aL =o; —oj for (i,j)=(1,2),{3,4)

and the energy input at the edges:

FIG. 1. Schematic drawings of the overlap junctions and
their couplings with the microwave field. (a) Electric coupling.
(b} Magnetic coupling.

Here I is the injection current at each junction edge mea-
sured in units of 2JA,z. By symmetry, the injection
current at the x=O edge has the same value as that at
x =L and is equal to Iz, /2, one-half of the total dc bias
current. Here the superscript 0 represents the case of mi-
crowave power being zero. H is the applied magnetic
Geld in units of (4m/c)JAz. In the presence of the mi-
crowaves, parameters I and H may be modified different-
ly for the edges at x=0 and L, and will be represented by
Iol and Hol, respectively. How these parameters are
modified depends upon the orientation and the position of
the junction in the microwave cavity. We consider here
two situations. General situations can be obtained as a
combination of these two. The calculation is greatly siin-
plified by observing the fact that the period of the mi-
crowave oscillation is much longer than the time spent by
the soliton or antisoliton at the junction edges where the
interaction takes place. This means that the soliton or an-
tisoliton experiences an effective dc field, although the
magnitude of the field can be different at the two edges.
As soon as we have calculated the effective field, we can
use the results obtained previously to extract the I-V
characteristics and hence the induced-current step heights.

A. Electric coupling

As shown in Fig. 1(a), this is the situation where the
microwaves contribute an ac electric field across the junc-
tion edges. The junction is small compared with the
wavelength of the microwaves so that the ac fields at the
two edges are in phase. There is no magnetic field affect-
ing the soliton motion. The electric field induces an ac
current to flow, which then modifies the energy gain of
the soliton or antisoliton when it collides with the junction
edges. This changes the I Vcharacter-istics and current
steps appear. In the foBowings, we consider various steps
separately. For simplicity, the dc applied magnetic field
is set to zero and hence Ho L

——0.

The Vt step (v„= z v and n/m =1)

For voltage set at Vi ——hv/2e, the fundamental fre-
quency of the combined microwaves and soliton or an-
tisoliton system is v„=—,v. The motion of the soliton or
antisoliton during the time interval of one period is sho~n
in Fig. 3(a), essentially the same as Fig. 2. Using the no-
tation in Fig. 3(a), one has

Ig,
It.,o= +i sin(2vti 4+go) .

FIG. 2. The spatial dependence of the soliton or antisoliton
speed for the periodic motion of the soliton or antisoliton in a
Josephson junction of length I.. At time tI a soliton moves
from x=o to the right (solid curve) and reaches x =L at t2. It
is then reflected from the junction edge as an antisoliton at
t 3 —t2 and moves to the left (dashed curve). After reaching
x=0 at time t@ 1t 18 reflected aga1n as a sol1ton to start a ne%
cycle.

Here I4, is the dc bias current of the junction and can be
different from the unperturbed value I~,. We emphasize
that in one penod ac currents affect the soliton motion only
at times ti and t4. These values depend on phase (()o. As
an example, they are indicated by arrows in Fig. 3(b).
Evidently vt4 2 Therefore w——e ne. ed to solve the same set
of equations [Eqs. (4)—(6)] using (Io,HO) to replace (I,H)
in Eq. (6) for (i,j)=(1,4) For (ij ).=(3,2) we use
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(IL,HL ). The situation seems complicated. However, we
can put the right-hand side into the form:

2IO+Ho ——2I +H
and

2II —HL ——2I —H
with

2I =Id, +i~ [sin(2n'vt2+Pp)+ singe]

(Sb)

(Sc}

{c)

H =—i~ [sin(2n vt2+ Pp) —sinPp] .

Thus the situation is as if the junction were not in an ac
microwave field but an effective dc magnetic field H and
were biased at an effective current 2I. Note that Is, is
the actual (measured) dc bias current and can be different
from the unperturbed value Id, . It is evident that the
leading term of correction for 2I is O((i ) ) while that
for H is O((i~)2) because vt2 ——1+O((i )'). Therefore
to order (i~)', the magnetic field can be ignored and
2I =Id, . We obtain from Eq. (Sc)

Id, Ia —2tmsin——ko .

~~
C

4

(e)

{g)

The difference of the maximum and minimum values
of Id, can be calculated from Eq. (9) to give the step
height of the Vi step:

(Md, )i 4i -——V P . (10)

It has a square-root power dependence. Furthermore, the
unperturbed I- V curve wiB pass through the center of the
current step.

For the case of large microwave power, one cannot use
the perturbative method. However, from Eqs. (4}—(8),
one obtains the following equations relating Vi, I, and H:

FIG. 3. Left-hand figures: the spatial dependences of the
soliton or antisoliton speed in the time interval of one period for
steps of n/m=1, 2, 4, and —,. Solid (dashed) curves represent

soliton (antisoliton) propagations. Right-hand figures:
microwave-induced ac current at the junction edges. The ar-
rows and the associated number E indicate the current value at
time t& when the soliton or antisoliton reaches one of the junc-
tion edges. We have arbitrarily chosen Pp so that
2nvt)+Pp=n /2.

[&A —8 cosh(aL /2) +&1+A —8 sinh(aL /2) ]~—8/( A —8)
[v'A —8 cosh(aL /2) —v'1+ A —8 sinh(aL /2)]i —8/(A —8)

with

3 = [—I/2 sinh(aL /2) ]

8 = [AH /4 cosh—(aL /2) ]
To obtain the current-voltage relationship, one has to find tz which can be shown to satisfy

at, [(V 2 —v8 )/(&A —8 )]'(v'3 —8+&1+3—8 )' —e-
[(~~ —~a) j(&~ —8 )]2(V'~ —8 —v'1+ ~ —8 )'e-"—1

It is easy to show that the unperturbed values of tz v-—
and H=O satisfy Eqs. (11) and (12) as well as Eq. (Sb)
provided we choose ZI =Id, . This means that Eq. (10) is
valid even for strong microwave power as long as the as-
sumption that the soliton or antisoliton experiences a dc
field holds.

2. The Vs step (v„=v and nmj= )2

In th1s case, the sollton or ant1sollton Blotlon 1S 1n Mso-
nance with the microwave oscillation. The variation of

the speed and the ac currents experienced by the soliton or
antisoliton in one period are shown schematically in Figs.
3(c} and 3(d}. Since, as shown, the soliton or antisoliton
experiences a current of dif'ferent directions at the two
edges of the junction, the symmetry of the soliton or an-
tisoliton propagation is broken. To calculate the step
height we can still use Eqs. (11) and (12) except for the re-
placement of Vi by V2=(h/2e)(2v). The parameters 2I
and H are still given by Eq. (Sb). However, in this cases
the period is t4 v' and hence ——vtz ———,+O((i )'). This
gives I=Id, /2+O((i ) ) and H=2i simp. Therefore,
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the dominant effect of the ac microwave electric field is to
give an effective dc magnetic field. Since a small dc mag-
netic field is known to give the current of the resistive
branch a modification proportional to H, one expects the

induced step height to be of the same order and hence to
have a linear power dependence.

We have calculated the modified current at V2 to the
leading order (i ) and find

2(1+20)
2I =2I&, +xi v5t2cogo+ —,[H tanh (aL/2)] 1+ 2 +O((i ) )

Aocosh (aL/2) —(1+30)sinh (aL/2)
(13)

with

1/2

5t2 ——
i sinpo

i „[1+(1+I/3 )' ]

x +O((1' )') .
[(g )1/2+(1+g )1/2]2 e

—aL [(g )1/2+(1+g )1/2]2 eaL
(14)

Here Ao is the unperturbed value for A. The second term
is due to the modified t2 and contributes a leading correc-
tion to 2I of the form (i )

~
sin(()0

~
cosgo. This term, act-

ing alone, would induce a current step with the unper-
turbed I- V curve passing through the center of the step as
in the previous case. On the other hand, the third term,
associated with the effective dc magnetic field, contributes
a leading correction proportional to (i sin(()0) . There-
fore, the modification of the junction current due to this
term alone, can be either positive or negative depending
on the sign of the term within large parentheses in Eq.
(13). Hence, in general, the current steps above and below
the unperturbed current value are not the same as long as
the contribution of the effective field is significant. How-
ever, the step size should have a linear power (i ) depen-
dence for low microwave power.

and direction at the two edges. If k is odd, we have a sit-
uation similar to case (ii) where the directions are dif-
ferent and the symmetry of the soliton or antisoliton
motion is broken [see, for example, Figs. 3(g) and 3(h)].
The step heights therefore haue the same power depen-
dence as those calculated before; namely (i )' for steps
with even k's and (i~) for those with odd k's. These are
subharmonic steps. Here a word of caution is in order.
When k is large, the motion of the soliton or antisoliton is
very slow, the time it spends near the junction edge may
be comparable with the period of the microwave oscilla-
tion. If this is the case, the assumption of the soliton or
antisoliton experiencing a time-independent field during
its collision with the neiges is no longer valid, and the re-
sult given above has to be modified.

3. The Vq step (v„=2v and n /ni =4)

In this case the fundamental frequency of the combined
system of the soliton or antisoliton and the microwaves is
v. During one period, the vortex makes two round trips
across the junction and one has to consider the complicat-
ed soliton or antisoliton motion shown in Figs. 3(e) an
3(f). A perturbation method similar to that for the previ-
ous cases can be employed, although the calculation be-
comes very complicated. It was found that the dc current
of the junction is modified by a value proportional to
(i~) . However, the current-step height has a dependence
of (i ) and hence a P / power dependence.

4. The Vq/k ste~s (v„=v/k and n/m=2jk)

B. Magnetic coupling

We now discuss the junction configuration shown in
Fig. 1(b). The junction is coupled to the microwaves
through the oscillatory magnetic field. Again, because of
the long microwave wavelength, the ac magnetic field is
uniform over the junction. No electric field is present to
affect the soliton or antisoliton motion. Therefore, we
have I11 L

——Ig, /2.

The V1 step (v„=I'v and n Im =I)

%e remind ourselves that in this case the soliton makes
one round trip across the junction while the microwaves
oscillate twice during the time interval of one period. The
effective magnetic field is given by

It is possible to obtain information about other steps
with the results obtained above. For exam@/e, consider
steps resulted from soliton or antisoliton moving slowly so
that the synchronous coupling condition v„=k 'v holds
(n/m =2/k). Here k is an integer. If k is even, we have
a situation similar to case (i), where the soliton or antisoli-
ton experiences a microwave field of the same strength

HL 0=h~ sin(2irvt2 g+ $0)

with h~ and $0 being the amplitude and phase of the ac
field, respectively, and vt4 ——2. Again, the relevant quan-
tities are 2IO+Ho and 2IL —HL and they can be put into
the forms given by Eqs. (Sa) and (Sb) with the effective
junction current and applied magnetic field given by
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2I =Id, +—,
'

h [sin/0 —sin(2mvt2+$0)]

H = —,
'

h [sin/0+sin(2~t2+$0)] .

For low microwave powers, vt2 ——1+0 (h ) thus

2I =Id, +O((h ) ) and H =h sinPo+O((h ) ). The
situation is similar to case (ii) of the electric couplings
where the junction is as if in an effective dc magnetic
field. ' Therefore we anticipate a (h ) dependence of the
step height. The perturbation calculation gives

(Md, )i ——(2I —2Ie, }i

2(1+30)= [(n /2)h~ v5t2]co+0+ —,
' [H tanh(aL /2)] 1+ z +O((h ) ) (17)

Aocosh (aL/2) —(1+Ho)sinh (aL/2)

with H =h sin/0 and 5t2 given by Eq. (14) except for the
replacement of i by h /2. Therefore (ddd, )i has a
linear power dependence and the unperturbed resistive
branch should not pass the center of the microwave-
induced current step at V~ in general.

2. The Vs step (v„=v and n/m=2)

This is the resonance case. When the microwaves oscil-
late once, the soliton or antisoliton makes one round trip.
Equations (15) and (16a) again apply. However, we have
vts 1 and——thus for low microwave powers (where
vt2= —,

' }

and

2I =I&,+h singo+O((h~ ) )

H=O((h } ) .

(18a)

(18b)

We there have a means to measure the local amplitude of
the microwave fleld at the junction edges.

9. The Vg step (v„=2v and n/m=4)

Again, for this step we found that the junction current
is modified by the microwaves by a value proportional to
(h } and the step height is proportional to (h }i. Prop-
erties of this step do not depend on the nature of the cou-
pling.

4. The Vq~q steps (v„=v/k and n/m=2/k)

Since v„tq ——1, we have v„t2 ———,'+O(h ) and thus

vt2 ——k/2+0(h~ ). Therefore if k is even, the situation is
similar to that of n /m =1, and the junction is as if in a dc
magnetic field. The step height has a linear power depen-
dence [i.e., ddd, -(h ) ]. On the other hand, if k is odd,
the situation is similar to that of n /m =2, and the junc-
tion is as if biased by an additional current of h sin/0.
The step height therefore has a square-root power depen-
dence (i.e., Md, —h —v I' ).

This case is similar to case (i) of electric couplings. We
therefore anticipate a large step with a square-root power
dependence of the step height. Detailed calculation shows
that this is indeed the case and the step height is given by

III. DISCUSSION AND CONCLUSION

The model for the soliton or antisoliton propagation in
Josephson junctions developed by McLaughlin and Scott
has been extended to investigate the microwave-induced
harmonic and subharmonic current steps in the current-
voltage characteristics. It was shown that because of the
fact that the microwave-soliton or -antisoliton interaction
occurs at the junction edges, the effect of the ac mi-
crowave field can be represented by a dc perturbation if
the soliton or antisoliton moves fast enough so that the
time it spends near the junction edges is smaller than the
microwave period. This observation simplifies the calcu-
lation greatly.

Before we compare our results with the experimental
observation, we briefly summarize our findings. We
found that the size of the microwave-induced current step
depends upon the nature of the coupling. For electric
couplings and low microwave power, we found the follow-
1ng.

(i) The v„=—,
' v (n/m= 1) step is the largest; its height

has a square-root power dependence, and the unperturbed
I- V curve passes through the center of the step.

(ii) The v„=v (n/m=2) step has a linear power depen-
dence, and the unperturbed curve, in general, does not go
through the center of the step.

(iii) The v, =2v (n/m=4) step has a p ~~ power depen-
dence for the step height. However, the step is shifted
from the unperturbed current value by an amount propor-
tional to I'.

(iv) The subharmonic steps of v, =v/k are similar to
that of (ii) if k is an odd integer and (i) if k is an even in-
teger.

For magnetic couplings, the situation is different. In
the cases of low microwave power, we found the follow-
1ng.

(i) The v„=—,v step has a linear power dependence, and
the unperturbed I-V curves does not, in general, pass
through the center of the step in a way similar to case (ii)
of the electric coupling.

(ii) The v, =v step is the largest, its height has a
square-root power dependence, and the unperturbed I- V
curve passes through the center of the step in a way simi-
lar to case (i) of the electric coupling.

(iii) The v, =2v step has the same behavior regardless
of the nature of the coupling.

(iv) The v, =v/k steps have a square-root power depen-
dence for the step height if k is an odd integer. When k
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is an even integer, the step height depends on power
linearly with properties similar to that of case (i).

Experiments mere done on junctions in the electric-
coupling situation only. All the features of the v, = —,

' v
(n/rn= 1) step listed agree excellently with the observa-
tion, except for the cases of high microwave powers. In
these cases, the microwaves induce an instability at the
lower end of the current step leading to a switch causing
the step size below the unperturbed curve to be smaller
than that above the unperturbed curve. This instability is
not considered in our model and should be interesting to
investigate. As for the v, =v (n/m=2) step, experiment
shows that the unperturbed I- V curve passes through the
lower end of the current step, in agreement with our result
for a junction with A »1. There is no detailed power
dependence recorded for this step. The v„=v/3
(n/rn = —,

'
) step shows features similar to that of the

v„=v step as expected. Finally, the only other step
covered by our calculation and studied experimentally is
the v, =v/4 step (n/rn = —,

' ). Unfortunately, this step is

not sharp. It also appears to suffer from the same prema-
tured switch induced by the strong microwave power dis-
cussed above. We believe that these features are indica-
tions that the soliton or antisoliton is no longer affected
by dc-field representation of the microwaves. A compar-
ison with the calculated result is therefore unwarranted.

In summary, we have found that the microwave-
induced current steps on the resistive branch of a long
junction can be understood by the synchronous couplings
of the soliton or antisoliton motion and the microwave os-
cillation. The properties of the current steps depends on
the nature of the coupling. Furthermore, using mi-
crowave coupling, one can obtain the local amplitude of
the microwave at the junction edges by measuring the
microwave-induced current-step height at voltage
V~

——It v/e.
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