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Quantum size effect in thin metal films
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The quantum size effect for electrical conductivity in thin metal films is studied using the Kubo
formalism. An expression for the electrical conductivity is obtained for the scattering of electrons

by randomly distributed impurity centers represented by a screened Coulomb potential. It is

sho~n that the electrical conductivity has an oscillatory dependence on the thickness. The period

of oscillation calculated for thin aluminum and copper films is in good agreement with the results

Sandomirskii obtained for semimetals.

The quantum size effect (QSE) is the oscillatory depen-
dence of the thermodynamic and kinetic characteristics of
a thin film on thickness, and it occurs when the de Broglie
wavelength becomes comparable to the film thickness.
The QSE arises from the quantization of the electron
quasimomentum. Hitherto a number of theoretical at-
tempts have been made to study the QSE in thin films. ' 's

The QSE and its practical applications have been dis-
cussed in a review article by Elinson, Volkov, Lutskii, and
Pinsker. ' These authors have indicated that the QSE is
manifested in the microscopic characteristics of the carrier
gas in films, such as the thermodynamical coefficients, the
kinetic coefficients, optical properties, and their depen-
dence on the film thickness. In the case of the degenerate
gas, these quantities are oscillatory, while in the case of
nondegenerate gas, a monotonically increasing or decreas-
ing behavior with respect to changes in film thickness may
be observed. Larson2 has reviewed the classical and the
quantum size effects and their relationship to the transport
coefficient in metals.

Even though the general condition for the observation of
the QSE is known for thin films, there is no explicit calcu-
lation for the same in the case of metallic thin films. In
this paper we study the QSE in thin metal films using the
Kubo formalism' by considering scattering of electrons by
randomly distributed static impurity centers with a
screened Coulomb potential. An expression for electrical
conductivity is obtained, and it is found that in quantum
limit the conductivity becomes an oscillatory function of
film thickness. The periods of oscillation for aluminum
and copper thin films are calculated and are found to be
one half of the de Broglie wavelength. These features are
in agreement with the results of Sandomirskii who has
studied the QSE in semimetal films, solving the
Boltzmann transport equation ~ith the 8' potential for ran-
domly distributed static impurities.

Let us consider a metallic thin film of infinite length L
along the x,y directions and a thickness d in the z direction
( ——,' d ~z ~ —,

' d ). In accordance with the assumed
model, the single-particle wave functions and the energy

spectrum are
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where m is any positive integer, p xi+yj, and K is a
two-dimensional vector
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and p is the chemical potential denoting the Fermi energy
EF of thin film at absolute zero.

The density of states D (E ) for thin film is given by

D(E) -D,(E)(E/E„)'t',

where Da(E ) L2//tt, E„—,' (n tt/d ), and (E/E„) ' is the
integer part of (E/E„)'t . The density of states D(E) is
discontinuous for energies corresponding to the bottom of
each subband characterized by quantum number n

Let us suppose that the electrons in the film are free ex-
cept for their interaction with N randomly distributed stat-
ic impurities represented by screened Coulomb potential
V, (r). Such a system in the presence of an external field

We use atomic units (e 1, 5 1, m, 1) throughout the
calculations. The equilibrium electron concentration at r
in the K,m state at temperature T is given by

(3)
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Eo can be described by a one-electron Hamiltonian, which
we write as follows:

where V, is the velocity operator. The commutator
[Fit,r&] can be replaced by's

aFk—i ' i—(Fk )'V&,
8Pp

where (Fk )' is the energy derivative. To calculate the
conductivity to lowest order in the scattering potential, we
can write

(s)0 0)+Hey,

8] 00+ V, ,

H p P2/2,
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Ht~ —Eo r and Eq. (13)becomes

(7)
I(K,m ~Fk, (Hi)

~ K,m&[-8ititb [Fk~(Eit~)]', (14)

where Ho is the kinetic energy of the electron, U, is the po-
tential energy due to ¹impurities at positions RJ, qo is the
charge of the impurity atom, ko is the screening length,
and E is the applied external electric field.

It is known that such a system can be generally
described by a density operator p, which satisfies the Liou-
ville equation of motion. Restricting our consideration to
linear terms in the electric field we can write

p(t) -pp+pj(t),
where po is the density operator in the absence of the elec-
tric field. If the system is homogeneous with respect to the
temperature and chemical potential [T(r) and tt(r) being
constants], the density operator po implies the equilibrium
distribution function given by Eq. (3). Using the Kubo
formalism an expression for the change in distribution
function pi (t ) is obtained and it is given by

pi(t) i „—e '"'"[Fk, ,EO r]e' '"drt . (10)

The mean value of the current density is given by

V.&
—Tr(pi V.) .

We know that the current density (J,& is given by

From Eqs. (10), (11), and (12), we have the conductivity
tensor a,s equal to

a.ii- g)K,m fe' '"V,e ' '" [Fk,re] )K,m&Idrt,
K,m

(i3)

g(K,m (e' '"V.e
K,m
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To calculate the matrix element in the integrand, we use
the well known Wigner-Weisskoff damping theoretical ap-
proximation

16' q$N, 1 1

L.'d „~ (8+8,)' (8+8,)'

where 8 (K —K'(, 8~ k)+(m —m') tr/d, 82 ko
+ (m +m')ig /d2 and N, is the concentration of impurity
atoms. Transforming the sum over K',m' into an integral,
we get

8 N2 8 ' Ptl

where

i., -2~+ ((K'm'(V, (r)(K,m&)'b(E„. —E, ) .
K,nt

V, (r) is given by Eq. (7). The conductivity tensor cr,p is

given by

&Fk,
ap g V Vp (17)

The procedure used by Abrikosov' with suitable modi-

fication for thin films is followed to obtain the expression
for I it . One can write, after some algebra
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where and E';„are fixed using Eq. (2):

Ci ~k$+(2E —
EC )+(2E' —E' ),

C, -2(2E —SC') '"(2E' —Z')'",
&max

2d
, Z'';„-[2(E'—I)]'",

and p' is the angle between K' and K. The values of E',„
where I is the maximum integer square multiple of x /2d
that can be contained in E'.
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On evaluation of the integral, one gets

4xq /V P S+
, (P' 4—QR)'/' (S' —4QR)' '

(20)

40

where

P ko+4EF+2mrn'm /d, Q 2EF —(mtt/d)

R 2EF —(m tr/d)2, S k j+4EF —2mrrt ti /d2,

and (rrt+m') must always be even. Using Eqs. (20) and
(17) and after averaging over z, one can obtain the follow-
ing expression for the conductivity
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The QSE on the electrical conductivity o„is studied us-

ing Eq. (21). The dependence of cr„on d is shown in Fig.
1 for aluminum and copper thin films. As seen from Fig.
1, cr„oscillates with thickness d, and the amplitude of os-
cillation decreases with an increase of thickness and be-
comes constant at large thickness. The de Broglie wave-
lengths for aluminum and copper films are found to be
6.72 and 8.78 a.u. , respectively. From Fig. 1 the periods of
oscillation for aluminum and copper thin films are found
to be 3.56 and 4.32 a.u. , respectively. These features are
in agreement with the results of Sandomirskii who has
studied the QSE in semimetal films solving the Boltzmann
transfer equation with a b potential for the randomly dis-
tributed static impurity.

The existence of the QSE in thin metal films is explicitly
brought out using the Kubo formalism by considering the
case of scattering of electrons by a randomly distributed

d t o.u )

FIG. 1. Conductivity as a function of thickness for (a) alumi-
num and (b) copper thin films.

static impurity with screened Coulomb potential. In the
present calculation we have shown that in the damping ap-
proximation the Kubo formalism leads to oscillatory
behavior of the conductivity. This is because the density of
states exhibits quantum character, i.e., a steplike function
with respect to the energy of thin films. In order to simpli-

fy the calculation, we have used a one-electron approxima-
tion. However, the problem may be studied by replacing
the Fermi-Dirac distribution by the many-body electron
density operator.
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