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Variational Monte Carlo calculations of the ground states of drops containing 8—728 atoms of
~He and 20—240 atoms of 3He have been made. The variational wave functions include two- and

three-body correlations and (for the Fermi drops) Feynman-Cohen backflow. We discuss the wave

functions, their relation to modern variational wave functions for liquid He and 'He, the calcula-

tional techniques, and the results for the ground-state energies and density profiles. Our calcula-

tions indicate that 3He drops with more than 40 atoms are bound, while a drop with 20 atoms is in a
metastable state that has positive energy but negative chemical potential. The surface tensions of
both liquid He and He are obtained by liquid-drop fits to the calculated binding energies. From

0

the density profiles of the largest drops we estimate the surface thickness of liquid ~He to be 7 A
while that for liquid 'He is 8 A..

I. INTRODUCTION

In the past few years the ground-state properties of
both Bose liquid He and Fermi liquid He have been suc-
cessfully calculated from a quantum-mechanical Hamil-
tonian containing the HI~DHE2 potential of Aziz et al. '

More recently, we have calculated the ground-state prop-
erties of finite drops of these liquids from the same Ham-
iltonian, with the variational Monte Carlo (VMC} method.
A brief report of the calculations of the hquid- He drops
was published earlier; this paper presents a more com-
plete version of that work and the first results for sHe

drops. From theoretical studies it appears that any num-
ber of He atoms form a bound state; however, only those
with more than ten atoms have radii which increase ap-
proximately as N'r3, where N denotes the number of
atoms. Since we expect the radius of a liquid drop to be
proportional to N'~, we may refer to bound states of
more than ten He atoms as liquid drops. A significant
finding of the present study is that a large number of He
atoms are needed to form a bound drop with negative en-

ergy. Our calculations indicate that drops with N)40
are bound, while -20 atoms form a metastable state that
has positive energy but negative chemical potential. The
lighter mass of the He atom and its fermion nature are
responsible for this behavior. For example, eight sHe
atoms would form a bound state if they were bosons, and
eight He atoms would be bound even if they were fer-
mions, but eight He fermions do not form a bound state.

Quantum liquid drops are simple examples of inhomo-
geneous quantum systems, and are of interest in both nu-
clear and condensed-matter physics. The binding energy,
surface tension, and density of the liquid can be obtained
by fitting the energy per particle e(N) and the radius
R(N} of drops with N particles with power series in

IL VARIATIONAL THEORY OF HELIUM LIQUIDS

Liquid He has been studied with the Hamiltonian:

V; + g U(r~i),
I,J

i gj(X
using the variational wave function:

f3(r J,rjk, rk; ),

(2.1)

i,J
i «jgN

i,j,k
i &j /k'%

N'r . The thickness of the liquid surface can also be es-
timated from the density profiles of large drops. While
the helium-liquid properties are known experimentally,
the idealized nuclear matter properties can only be de-
duced in this manner. Our studies of liquid-helium drops
suggest this kind of extrapolation is valid but also indicate
difficulties with the procedure. Drops of liquid He and
He have been studied with phenomenological energy-

density functionals. ' We hope that the present micro-
scopic calculations will be useful in obtaining a better
understanding of these simpler approaches to the theory
of inhomogeneous quantum systems. Local-density ap-
proximations ' are also frequently used in the theory of
liquid-helium surfaces. Their validity can be tested with
the present microscopic calculations.

The variational wave functions used in the present
study of the drops are generalizations of those used in the
study of helium liquids. In Sec. II we give a brief re-
view of the theory of helium liquids; the variational wave
functions of the drops are given in Sec. III. The details of
the Monte Carlo calculations are given in Sec. IV, and the
results are presented in Sec. V.
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in the limit F1 +—ao at constant density. Here u(r;J ) is the
Aziz HFDHE2 interatomic potential' and we use the
3X-dimensional vector R to denote r],r2, . . . , rN. In
principle the coupled Euler-Lagrange equations

(2.3)

ly plausible, algebraic expression having a few parameters.
The functional form used in Ref. 6 is

f3(rij &rjk&rki )

=exp ——,
' g g gi(r~ g((rk')rjrkP((cos8;)

perm I

(2.4)

should be solved to deterxnine the pair and triplet correla-
tions f2 and f3. However, this has not yet been achieved
with sufficient accuracy. By setting f3 ——1 (Jastrow ap-
proximation), and using the lowest-order hypernetted-
chain (HNC/0) expression for (,H) with the Jackson-
Feenberg kinetic energy (we denote this set of approxima-
tions by J-HNC/O-JF), Eq. (2.3) has been solved by
Campbell and Feenberg, ' and more recently by I.antto
and Siemens. " In this approximation they obtain an
equation for the pair distribution function g (r),

iri
V +u(r)+co(r) Mg (r)=0 . (2.5)

mca=
2m2

(2.7)

This asymptotic behavior of f2 is obtained by choosing a
matching radius d and taking f2(r ~ d) from Eq. (2.6). A
constant A, is added to the induced potential, so that Eq.
(2.5) becomes

The g(r) is a functional of f2 and the liquid density p,
and the induced potential co(r) is a known functional of
g (r) and fz. Equation (2.5) can thus be solved iteratively.
Unfortunately, the J-HNC/0-JF approximation is rather
poor; one obtains, with it and the Aziz potential, the ener-

gy eo ———5.35 K per atom at an equilibrium density

po ——0.017 A . The experimental value is —7.14 K at
0.0219 A, while the value obtained with the Aziz poten-
tial and the exact Green's-function Monte Carlo (GFMC)
method' is —7.11 K at 0.022 A

The variational procedure of Refs. 13 and 6 makes use
of very general arguments'4 that relate the long-range
behavior of f2 to the speed of sound, c, in the liquid:

(2.6)

gu(r) =(Ag )'~ (r —r~ )expI —[(r rg )/c—o~ ] j,
i(r)='(Ag, )'~2expt —[(r rg—)/cog, ] j,

(2.10)

(2.11)

and the A,
&,, r~, , and cog, are varied to minimize the ener-

gy. The f3 influences the compressibility of the liquid,
and thus the iz [Eq. (2.7)]. Hence in Ref. 6 the f2 and f3
are determined together consistently. These variational
calculations give eo ———6.89 K at po ——0.0217 A

Modern variational calculations ' of liquid 3He use the
wave function:

i)J
i &j&N

i,j,k
i &j &k&N

x g f (ij)@(R),
I)J

i &j&N

(2.12)

in the limit %~00 at constant density. Here 4 is the
Fermi-gas wave function

4(R) =11(();(rj)11, (2.13)

(2.14)P;(ri) exp=(ik; rj ),
where we have suppressed the spin functions for brevity.
The fbf(ij ) are Feynman-Cohen backflow' correlations,
and their effect is most conveniently expressed as

(2.9)

where g contains the three cyclic permutations of i,
j, and k, and 8; is the angle between r;J and re. The 1=1
term of f3 is the most important, and it lowers eo by —1

K. The 1=0 and 2 terms have been included in the calcu-
lations of Ref. 6; they have small effects. The 1=0 and 1

gi(r) are parametrized as follows:

(2.8)

ff fbf(V)@(R)=@(R')=114 «')
l l

l)j
i &j&N

(2.15)

and A,„is chosen to obtain an fi continuous at r =d. The
A.„is meant to correct the errors in the calculation of co(r)
with the J-HNC/0-JF approximation. Equations (2.6)
and (2.8) and the J-HNC/0-JF equations define a family
of pair correlation functions f2 with parameters p and a.
In Ref. 6, these parameters are fixed by consistency; the
physical density of the liquid gives the p, and a is taken
from Eq. (2.7).

Chang and Campbell' have attempted to solve Eq.
(2.4) for the correlation f3. However, in Refs. 6, 7, and
13, the correlation f3 is described by a simple, theoretical-

r';=r;+ g)1(r/)(r; —rj) .
J

(2.16)

In Ref. 8 the f2 is taken from the He Bose liquid, and
only the 1=1 term of the f3 [Eq. (2.9)] is retained. The
)1(r) is taken as

g(r)=k„expI —[(r ,r„)/co„] j—, (2.17)

and A,~, , r~, u~, kz, r„, and co& are varied to minimize

the energy. The calculations use Fermi hypernetted-chain
(FHNC) summation methods, which are expected to have
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an accuracy of -0.1 K, and give an equilibrium point
having eo ——2.36 K at po

——0.0174 A . The experimen-
tal value is —2.47 K at 0.0165 A . Recent VMC and
GFMC calculations have been done only at p=0.0165
A . The variational calculations, ' using a wave func-
tion similar to that used in Ref. 8, give e = —2. 15+0.05
K. GFMC calculations with fixed nodes' give
e = —2.33 K, while transient estimates' give
e = —2.44+0.04 K. Exact fermion GFMC calculations
are not yet possible.

The effects of several simplifications of the variational
wave function have been studied in Ref. 8. If backflow is
neglected [il(r) =0], the energy at p=0.0166 A goes up
from —2.36 to —1.83 K. If both fbf and f3 are neglected
(Jastrow approximation) it goes up to —1.28 K. Lowest-
order FHNC calculations using Jastrow wave functions
and the Jackson-Feenberg kinetic energy (the J-FHNC/0-
JF approximation) give e = —0.52 K at p=0.0166 A

'2

has to be subtracted from (H ). We find that '0„ is varia-
tionally better for drops with N& 70 atoms, while %z is
better for drops having 20(%&70 atoms. We cannot
determine which is better for N=70. The translationally
invariant wave function

3 &IJ rj k &k; (3.6)

gives lower binding energies for systems with less than ten
atoms. The f2(r) in 0'c has the asymptotic behavior:

f (r ) —e "~r (3.7)

appropriate for a bound system. ' The f2 is taken to be
the solution of

III. VARIATIONAL %'AVE FUNCTIONS
FOR LIQUID-HELIUM DROPS 7 +u(r)+A(r) f~(r)=0, (3.8)

Three different parametrizations, denoted +z, +z, and
of the variational wave function were used for

liquid-~He drops. Both ql„and ql~ have the form
(x =A,B):

3 ~ij& jk& kl

tiA(r)= — ~ —2
N —2 a j. W —2
N —1 r N —1 X—1 r2

(3.1)

&& I 1 —exp[ —(r/C) ] I

+ Yi. I 1+exp[(r —ri. ) /coi. ] I (3.9)

(3.2)

(3.3)

U(r) = V~ I 1+exp[(r r~)lcm~] I— (3.4)

while f& e is taken as the Fermi function,

f~ ~(r) = t 1+exp[(r r~)/co~]I—(3.5)

The fi z is taken as the ground-state wave function of a
particle in a Woods-Saxon potential well:

and the parameters s, ri, coi, and C are varied while yi is
fixed by requiring the f2 to be finite at r =0. The f3 in

%c has the same form as that in %z or %'q.
The main simplifying assumption in these variational

wave functions is that the f2 and f3 are functions of in-
terparticle distances only. In general, the pair correlation
f2 in an inhomogeneous system, like a liquid drop, can
depend on r; and r~, and not just the distance r;~. How-
ever, this approximation should be good at small r;J where
the f2 is dominated by the strong two-body potential
u(r J ). It is well known that the liquid energy is insensi-
tive to how one lets f2 go to unity at r,j & 3 A. For exam-
ple, the McMillan f2,

f2(r) =exp[ ——,
' (b/r) ], (3.10)

The parameters r& and co& (and V& of f& „)are varied to
minimize the energy. The Bose liquid f2(a,pL ) obtained
from Eqs. (2.6) and (2.8) is used; however, the a and pz
are treated strictly as variational parameters to minimize
the energy, and they have no physical significance. The
fi has the functional form (2.9), and only the l=0 and 1

terms are retained. The gI(r) are given by Eqs. (2.10) and
(2.11), and the A,l and Al are varied to minimize the ener-

gy. We attempted to vary rl and col also, but found that

these parameters have equilibrium values close to those in
the extended liquid.

The wave functions %'z and %'z are not translationally
invariant, and the kinetic energy associated with the
center-of-mass motion,

has the correct behavior at small r when the Lennard-
Jones potential is used. It does not have the 1 a/r tail-
of the optimum f2. However, the liquid energies obtained
for the Lennard-Jones potential at p=0.0217 A, with
the McMillan and the optiinum f2 are, respectively, —5.7
and —5.85 K per atom when f3 ——1. We can hope that
the gross properties of the drops are also relatively insens-
itive to the long-range behavior offz.

We have recently studied the frequencies of compres-
sion (breathing mode), and the surface (ripplon) vibrations
of liquid- He drops with variational wave functions of the
type used by Chang and Cohen, based on the ground-
state 4'& and +~. Reasonable results are obtained when
the vibrational energies are «2 K; however, the very-
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low-energy surface modes are not properly described. The
frequencies of these modes are determined by very-long-
range correlations among surface particles, which these
wave functions do not appear to simulate correctly.

Recently, Krotscheck, gian, and Kohn~' have
developed a theory of inhomogeneous quantum systems
based on a variational wave function in which f3 ——1 and

f2 is a function of r; and rJ. In essence, they generalize
the J-HNC/0-& method to inhomogeneous systems. Due
to the approximations in this method, the gross results
they obtain are not very accurate; the calculated surface
tension (0.14 KA ) is approximately half the correct
value, and the liquid binding energy and density are also
wrong by -30%. However, pursuit of such semianalytic
approaches may give new insight into the large-distance
behavior of f2 in inhomogeneous systems which can be
incorporated into the variational wave functions.

The variational wave function of the Fcami-liquid- He
drops is taken to be

II f&(rj "jk r'k } II f2(r'j)@
I,j

i &jan%

@t( i ~ rN/2)@i(rB/2+1 ~ rN

4,= i iP;(rI )
i iX,(1) X,(N/2),

4,= [)P;(rI)((X,(N/2+1) X,(N) .

(3.11)

(3.12)

(3.13)

(3.14)

g( r) =A„peIx—[(r ,r„)/co„]2)+A,„'—/r 3 . (3.15)

We found the lowest energies for A.„=O and A,„'&0; how-
ever, the difference from the energy obtained with A,&&0
and A,„'=0 is much smaller than the total effect of the
backflow correlations on the energy.

The determinants 4„and 4, are of order N/2 with
1&i &N/2 in both cases and 1&j &N/2 in 4, and
N/2+1 &j&N in 4,. The I,, , are spin functions which
we will omit for brevity. The P;(r) are the lowest N/2
states of a particle of mass m(N —1)/N in the Woods-
Saxon potential well given by Eq. (3.4). The r~, c0~, and
V~ are varied to minimize the energy.

It is well known in nuclear physics that Fermi-liquid
drops can have intrinsic deformations due to shell ef-
fects. ~ We want to avoid these complications at this
stage, and hence use the above wave function for only the
"closed shell" values N=8, 20, 40, 70, 112, 168, and 240.
At these values of N the Fermi energy in a spherically
symmetric Woods-Saxon well has large gaps, and hence
the choice of single-particle levels to be included in the 4
1s unaHlblguous.

The fz and f& are parametrized as for the He drops,
and the r,' are related to the r; by Eq. (2.16). The back-
fiow function g(r) should in principle have a I/ri tail, '6

and in the study of elementary excitations of liquid He
this long-range rj(r) is found to be variationally superior.
However, only short-range rj(r) [Eq. (2.17)] have been
used in the calculations of extended liquid He due to
technical difficulties. There is no difficulty in using
long-range rj(r) in the finite drops, and hence the rj(r) is
parametrized as

IV. THE MONTE CARLO CALCULATIONS

Z=(e iH i e)/(q
i
e),

= f dRP(R)H(R),

(4.1)

(4.2)

P(R}=
I
+«}I' f dR

I
+«}I', (4.3)

H ( R) = H%'(R) .
j.

(4.4)

Equation (4.2) has the form of a probability integral with
the probability function P(R). We use the method of
Metropolis to evaluate this integral. In this method, a
random walk, governed by P(R), is made in the space R.
At each step of the walk, the function H(R) is evaluated
and the average of these values is an estimate of the in-
tegral (4.2).

To make one step of the random walk, one can attempt
to move all the particles at once, or one can move them
one at a time. The very strong short-range repulsion of
the interatomic potential creates a significant volume in
which P(R) is essentially zero, and hence the probability
of accepting a move in which all the particles change po-
sition decreases as N [only one pair of particles has to
get close together to make P(R) small]. This problem
can be avoided by using molecular dynamics to move the
particles; however, we simply move one particle at a time
with an average step size (1.2—2 A) chosen to give an ac-
ceptance rate of 50%%uo. Typically, 5N one-particle moves
are used to generate one step of the random walk.

If the values of H(R) obtained in this random walk
have a normal distribution, the standard deviation of the
mean of the values

5=o/(N„, )'/

where

(4.5}

o'= g [H(R;)/N —E/N]2 +step ~ (4.6)

is an estimate of the statistical error in the evaluation of
the integral. (The 5 and o are defined in terms of the en-

ergy per atom for later convenience. ) We find that the
distribution of the H(R) is not normal, but rather is
sharply peaked with long tails (Fig. 1). A normal distri-
bution may be produced by averaging groups (of about 50
each) of the H (R)'s and these partial averages can be used
to compute the standard deviation. However, it turns out
that the resulting standard deviation is not substantially
different from the simple standard deviation of the
H(R}'s.

The kinetic-energy part, T(R), of H (R) can be
evaluated in different ways by performing integrations by
parts. ' The commonly used forms are the
Pandharipande-Bethe form,

A. Metropohs random walk

The variational estimate of the bound-state energy for a
given trial wave function is given by
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FIG. 1. Histogram {on a logarithmic scale) of 110000 values

of H(R)/N for the 20-atom He drop. The solid curve is the
Gaussian with the same mean value and standard deviation.
The dashed curve is the corresponding Gaussian for a calcula-
tion in which the triplet correlation is eliminated.

Table I shows the CPU time required to do the present
calculations using one processor of a Cray XMP-2 com-
puter. We express all functions of r; and r,z, i.e., fi, f2,
g&, rl, and P;, in terms of the cubic splines, and use the
splines to evaluate the functions as needed. The Cray that
was used does not have the hardware gather feature, and
hence the time required to fetch the cubic-spline coeffi-
cients dominates the calculations of the Bose liquid drops.
Evaluating the determinants 4, and 4, is the most
time-consuming part of the He calculations. The last
column of Table I shows the number of values of H(R)
needed to calculate the energy (per atom) with an error of
-0.01 K. This number decreases with N since each
H(R) is an average of the kinetic and potential energies
of N particles. It is obvious from Table I that calcula-
tions of drops containing several hundreds of bosons or up
to 200 fermions are quite practical, whereas those drops
with several hundreds of fermions are rather difficult with
present-day computers.

B. The variational search

Tpn(R)= g 1
Vi %(R}, (4.7}

the Clark-Westhaus form,

1
Tcw(R)= g , V, q"(R) V;%(R),

, 2m ~%(R) ~i

and the Jackson-Feenberg form,

(4.8)

Tip(R) = —,
' [2Tcw(R)+ Tpn(R)+ Tpa(R)] . (4.9)

We find that the smallest standard deviation is obtained
by using Tpn(R) because if %(R) is an eigenstate of H,
then all the values of H(R) obtained with the Tps(R)
would equal the eigenvalue E, and there would be no devi-
ation. The integration by parts used in Tcw and TiF des-
troys this eigenvalue property. The statistical error in the
evaluation of the integral is typically larger by a factor of
5.5 (11) when TiF ( Tcw) is used instead of Tpn. All the
results reported here are obtained with Tpn. In order to
avoid the extensive algebra that would be involved in cal-
culating V;4 in terms of the derivatives of f~, f2, f3, rl,
and the P s, the V;%' are computed numerically by
evaluating differences of %(R) for small displacements of
the particles.

Because of the eigenvalue property of H(R) evaluated
with Tpa(R), the width (2.35cr) of the distribution of the
H(R)/N values is a measure of the quality of the varia-
tional wave function. In Fig. 1 we compare the distribu-
tions of the H(R)/N obtained for an %=20 drop of
liquid He with the wave function %a [Eq. (3.1}],with
and without the thrm-body correlation f&. The inclusion
of the fi in the wave function reduces the energy by a
small amount, but it also reduces the width of the distri-
bution by -40%. Typically, the difference between the
exact GFMC energies' and the variational energies of
liquid- He drops is reduced by a factor of 4 by including
three-body correlations in the wave function.

TABLE I. Typical calculation times and rates. The listed
CPU time, and average rate [in millions of floating point opera-
tions per second (MFLOP}] is for one step of the random walk.
It includes 5X one-atom moves and an evaluation of H (8) with
Tpa. These values are for a single processor of a Cray XMP-2
without hardware gather. The last column gives the number of
steps needed to calculate E/N with a statistical error of 0.01 K.

System

4He
'He
'He
3He

70
240

70
240

CPU time
{sec)

0.13
1.0
1.7

68.0

Rate
(MFLOP)

19
26
30
90

1700
1000
1000
700

Minimizing the energy by varying the numerous pa-
rameters of the variational wave function is a major prob-
lem that is compounded by the fact that Monte Carlo
evaluations have statistical errors. Furthermore, several
pairs of parameters give correlated variations of the ener-

gy. For example, the effect of either increasing the a in

fz or A,„' in the backflow il, or of decreasing the depth V&

of the Woods-Saxon well, is to increase the radius of the
drop, and these parameters are strongly correlated. Simi-
larly, variations of energy due to changes in r~ and co~ are
also correlated. The variational search procedure adopted
was as follows. An initial guess of all the parameters was
made, and two parameters were selected for study. About
a dozen short calculations (with statistical error of 0.03 to
0.05 K in E/E) were done with various values of these
parameters. A least-squares fit was used to approximate
the results by a two-dimensional polynomial and obtain
the best pair of parameter values. Another pair of param-
eters (possibly including one of the previous pair) would
then be selected and the procedure repeated.

The smaller drops, which require less computing, were
studied first, and more extensively, to establish the N-
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dependence of the variational par:imeters. The variational
search was much more limited for the larger drops; the
parameters that had little N dependence mere not varied.
The parameters r&, and co&, were found to have little N
dependence, and their values, listed in Table II, are identi-
cal to those in the extended liquid. '

The wave functions that gave the lowest energies of the
liquid- He drops are given in Table III. Both 4'q and %a
give similar binding energies for the N= 70 drop. The pa-
rameters of fi and P; are given in Tables IV and V, and
those of f2 are given in Table VI. We note that the a and

pL, for the f2 in extended liquid He at equilibrium are
respectively, 3.46 A and 0.0219 A . Thus, it appears
that the long-range part of fz in drops with a few hun-
dred atoms is significantly different from that in the
liquid. This result also implies that f2 should be treated
as a function of r; and rJ. Due to the strong correlations
in the parameters of fi and f2, and the limited accuracy
of the present calculation, it is difficult to learn about the
N dependence of a and p. Not much significance should
be attached to the variations in a and p with N in Table
VI. The parameters of f2 for the N=8 Ne system are

x=0.0645 A ', C =2.8 A,
(4.10)

ri =2.8 A, cubi =0.95 A .

The values of A,~, in liquid- He drops are given in Table

VII. They have an insignificant variation with ¹ The
values of A,~, and A,g in liquid He are —0.165 and 0.0067

A . [It should be pointed out here that there is a typo-
graphical error in Ref. 6. The value of Q (which is A,~, in

the present notation) given in Table IV of Ref. .6 should be
+ 0.088cr instead of —0.0.~~ j. We note that the

main l=l term in f3 is similar in the liquid and the
drops. The sign of the 1=0 term in drops is opposite to
that in the liquid, and this may be associated with the
large difference in the long-range behavior of fq. Only
the 1=1 term is kept in the f3 of hquid- He drops. We

TABLE II. Values of r~

andean~

in A.
I

System

4He

48e

4He

4He

'He

3He

Parameter

r~

COg

fg

Gag

1.05

2.81

1.66

2.17

1.15

N

%q ——exp g ui(r;)
l =1

(4.11)

a+bx+cx
cosh(x)

(4.12)

x =(r —y )I2.

The u i allows the fi to be varied in the region of r =y in
an essentially arbitrary manner. The parameters of u~
were searched by computing the gradient of (H ):

neglect its N dependence, and take A,~ equal to its value
0 1

( —0.115 A ) in the liquid. The lowest energies were ob-
tained with the long-range backflow function [Eq. (3.15)]
having Az ——0 and Az ——5.0 A, and the r1(r) has little N
dependence. Most calculations of the liquid use the
short-range r1(r).

More-refined calculations of liquid- He drops having
N &70 were attempted by modifying the wave function
% g as follows:

(H)= 2(W g «, (r;) H 4—
Bp 2fJl

a
V; ui(r;)+2V; ui(r;).

«, (r, ) Wj
(4.13)

Type rp (A)

TABLE IV. Parameters of f, in 4q and %c.

cop (A) Vp (K)
TABLE III. Best wave functions for liquid He drops.

%ave function

8
20, 40, 70

70, 240
112, 728

20
40
70

112
240
728

3.83
5.11
6.65
7.92
9.46

12.78
17.89

1.53
1.28
1.34
1.66
1.58
1.53
1.53

—3.42
—3.30
—3.14
—3.12
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TABLE V. Parameters of %oods-Saxon wells for liquid-'He

drops.
(A )

TABLE VII. A,~, for liquid- He drops.

A,, {A )

20
40
70

112
168
240

7.2
7.7
9.0

10.2
11.5
12.8

1.33
1.33
1.33
1.46
1.46
1.46

—3.8
—6.8
—8.1
—9.8

—11.7
—14.6

—0.165
—0.171
—0.171
—0.194
—0.184
—0.168
—0.168

—0.0067
—0.0052
—0.0052
—0.0052
—0.0052
—0.0052
—0.0052

where p denotes a parameter of ui(r). Formulas similar
to Eq. (4.13) may be written for the second derivative of
(H) with respect to the parameters and for derivatives
with respect to the other parameters of %. All of the re-

quired expectatian values may be evaluated in the same
random walk as is used to compute (H ). We evaluated
both the first and second derivatives for the parameters of
ui and then used the second derivatives as a guide for
how far to mave in the direction indicated by the first
derivatives. This %'z gave lower energies for N =70 and
240; the parameters of ui for these drops are given in
Table VIII. The analagous procedure could not be used
when varying f2 because our solutions of Eqs. (2.6) and
(2.8) are not accurate enough to allow subsequent numeri-
cal differentiatiori with respect to the parameters a and

PI.

V. RESULTS

TABLE VI. Parameters of fz.

a {A)
He He

p~ (A ')
'He He

The lowest variational bounds obtained in this work are
listed in Tables IX and X. The columns T/N and V/N
in these tables give the kinetic and potential energies per
atom; 5 is the statistical error in E/N [Eq. (4.5)], and cr is
the standard deviation of the H(R)/N [Eq. (4.6)]. The
%=20 He drop is in a metastable state. Even though its
energy is positive, we estimate from hquid-drop fits dis-
cussed later that its chemical potential is negative. The
energy of this system goes through the minimum listed in
Table X as r~ is increased, and thus the central density of
the drop is decreased. There obviously is another, some-
what uninteresting, minimum with E/N=O in the limit
r&~oo, which corresponds to a gas of vanishingly small
density. We note that there is an enormous cancellation
between the kinetic and potential energies of small drops
of liquid 'He.

The backflow correlations have a significant effect on
the energy as can be seen from Table XI. Unfortunately
these carrelations make the He drop calculations much
more difficult. In the absence of these correlations,
r,'=r;, and when a particle is moved only one column of
the determinant 4, (or 4, ) changes. It is rather simple to
calculate the change in the determinant in this case
without recalculating the entire determinant. However,
when we consider backflow correlations, all r& change
when a single particle is moved [Eq. (2.15)], and both the
determinants 4, and 4, have to be recomputed.

The %=8 He system is unbound but the He system is
bound. Several calculations were made to find if this is
due to the statistics or the mass difference between the
atoms. In Table XII we list the energies obtained for the
%=8 systems of He and He atoms with both Bose and
Fermi statistics. The He Bose system is rather weakly
bound, and so is the He Fermi system. Thus, both statis-
tics and mass difference have a comparable effect; similar
results are obtained for larger drops and the liquids. The
exact GFMC results for the He Bose system' and the
GFMC transient estimate for He Fermi system are also
listed in Table XII. We note that the fractional error in
the variational calculations is much larger for the Fermi
system. This is principally due to the smaller binding en-

ergy of the Fermi system; the absolute errors are compar-
able. Schmidt is carrying out a GFMC (fixed nodes)
calculation of the X=70 He drop; his preliminary result
for E/N is —0.4 K which is below our variational result
by 0.1 K. The GFMC and variational E/N for the
X=70 He drop are —3.12 and —3.03 K, respectively.

The density distributions of the He drops are given in
Fig. 2, while those of the He drops are given in Fig. 3.
We note that the central density of %=20 He drops is
less than half of the li uid po (0.0165 A ). The average
central density of the He drops rises rather slowly with
N, and that of the %=240 drop is 0.016 A . The
thickness of the surface of the N=168 and 240 drops is
-8 A. In contrast, the central density of He drops is

20
40
70

112
168
240
728

0.653
1.182
0.653
0.875

0.849
1.176

1.24
1.24
0.98
1.24
1.37
1.70

0.012
0.0112
0.0135
0.008

0.0114
0.0120

0.009
0.009
0.0066
0.009
0.0066
0.0066

y (A)

1.92
1.92

3.58
3.58

—0.1

—0.2
—0.05
—0.05

TABLE VIII. Parameters of u l.

v (A) a b

—0.08
—0.08
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TABLE IX. Energies per atom of He drops in K. [Numbers in parentheses indicate the one-sigma
errors in the last digits of the quoted values. The column labeled cr gives the standard deviation defined
in Eq. (4.6).]

20
40

70
112
240
728

C
8
8
8
A'

248
4.52
6.28
7.15
7.04
7.81
8.71
9.69

14 72'

V/N (K}

—3.08
—6.09
—8.66

—10.18
—10.07
—11,31
—12.91
—14.63
—21.65'

—0.5989(8)
—1.5734(13)
—2.389(2)
—3.031(3)
—3.028(3)
—3.498(5)
—4.193(5)
—4.938(5)
—6.93(5)'

0 (K)

0.41
0.43
0.49
0.43
0.44
0.44
0.33
0.20

260000
110000
60000
19000
19000

8000
4300
1565

'Reference 6.

80% of the liquid po (0.022 A ) for %=20 and reaches
the liquid value by X=70 The .thickness of the surface
of He drops with N &112 is -7 A. The density distri-
butions of %=8 systems are given in Fig. 4.

The density distributions of uncorrelated 3He drops, ob-
tained with just the Slater determinants 4, and 4„
without correlations or backflow, are given in Fig. 5. We
note that the correlations have a very large effect on p(r).
The uncorrelated drops have large central densities, and
significant shell oscillations. The correlations reduce the
central density, and also smooth out shell oscillations in
p(r) Asimil. ar result is obtained for the He drops (Fig.
6); the density distribution corresponding to fi(r) has a
much smaller rms radius than that of the correlated drop.

The last filled shell of Fermi 3He drops with %=20, 70,
and 168 contain even-l orbits. The s-orbital wave func-
tions have maxima at r=O, and hence the X=20, 70, and
168 body drops can have a bump in p(r) at r=O due to
shell structure. On the other hand, the p(r) of drops with
N~8, 40, 112, and 240 can have a dip at r=0 because the
last filled shell has only odd-I orbits for which the wave
function is zero at r=O. These bumps and dips are quite
noticeable in the density distributions obtained from the
uncorrelated Slater determinants (Fig. 5). They have also
bien observed in the charge densities of atomic nuclei, i'
with an ampUtude that is smaller than that predicted by a
Slater determinant obtained from a Woods-Saxon well.
The densities of N= 8 (Fig. 4) and 112 (Fig. 3) drops show

the expected dip at r =0, while that of %=70 (Fig. 3) has
a bump. The densities of X=20 and 40 drops (Fig. 3) do
not have any significant structure at r=0, while statistical
uncertainties are too large in the p(r) of X=168 and 240
drops (Fig. 3) to draw definite conclusions. Experimental-
ly the shell structure is much more visible in density
differences of adjacent nuclei; we are making a detailed
study of the density differences of adjacent drops.

The density distributions obtained with the two wave
functions (%z and %s) that give similar energies for the
%=70 He drop are shown in Fig. 6, along with the
single-particle density (ff ) of the uncorrelated wave
functions obtained by setting f2 f3 ——1. ——This compar-
ison shows the uncertainties in extracting the central den-
sities and surface thicknesses from variational calcula-
tions. In GFMC calculations, the central density also re-
quires a very large number of interactions to stabilize be-
cause the energy is relatively insensitive to p(r-0). The
p(r) obtained with %z is more like a conventional liquid
drop with an approximately uniform central density,
while that from +„does not appear to have any central
plateau.

It is rather easy to produce structure in the density dis-
tribution of liquid-"He drops at the cost of little excitation
energy. The energies and density distributions obtained
for the %=20 He drop, with five different wave func-
tions, are shown in Fig. 7. The wave function correspond-
ing to the dashed curve is of the type %s, its parameters

TABLE X. Energies per atom of He drops in K. (Numbers in parentheses indicate the same as for
Table IX.)

20
40
70

112
168
240

'Reference 8.

1.87
3.86
5.06
5.79
6.56
7.07

12.28'

—1.67
—3.89
—5.33
—6.25
—7.18
—7.81

—14.64'

Eye{5) {K)

+ 0.206(7)
—0.036(2)
—0.275(2)
—0.460{3)
—0.618(6)
—0.743(13)
—2.36(10)'

a (K)

0.44
0.35
0.34
0.31
0.30
0.26

4000
25 000
20000

8500
2200
400
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VA'thout

40
70

112

—+0.1
—0.10(1)
—0.27(1)

—0.036(2)
—0.275(2)
—0.460(3)

TABLE XI. Energy per atom (K) of 'He drops with and

without backAow correlations. (Numbers in parentheses indi-

cate the one-sigma errors in the last digits. )

I i I I
I

i l

0.024-
0.022,
0.024—
0.022,—
0.024~
QOZ?,;
0.024

Q020

I
I I f I

)
$ I $ l

I
I I

E(N)/N =E„+E,x +E,x
where

(5.1)

(5.2)

and the properties calculated with it are listed in the
tables. The f, (r) for the other curves contain an addition-
al factor that was designed to modify the central density.
The central density can be changed by +20%%uo (+40%)
with only a l%%uo (4%%uo) increase of E/N.

Calculations were also carried out to test the sensitivity
of the energy to the parameters of f2 and f& for the
Ã 112 drop. For example, the energy obtained with the

fi of the equilibrium liquid which has A,~
———0.165 and

0 o

)L.g,=0.0067 A and an f2 with pr ——0.016 A and

a =2.09 A is —3.466(5) per atom compared to —3.498(5)
obtained with the parameters of Tables VI and VII. The
fi used in this wave function has a significantly shorter
range to compensate for the stronger repulsion caused by
the larger a; however, the density is very similar to that
shown in Fig. 2.

A rather interesting p(r) obtained with a qlz wave
function for the %=728 drop is shown in Fig. 8. The
exp[2ui(r)] used in this wave function is also shown in
the figure; it has a sharp peak at 14 A. The resulting p(r)
also has a sharp peak at 14 A, and oscillations with a
wavelength of 3 A in the region 6g rg17 A. The wave
number of these oscillations (2 A ') corresponds to that
of rotons in the liquid. The energy obtained with this
wave function is 1.2% higher than the best variational en-

ergy; this corresponds to a total increase of only 41.5 K
for the drop. There is a large increase (103 K) in the ki-
netic energy which is partly compensated by an increase
in the potential energy.

The calculated binding energies of the E~ 20 drops can
be reproduced with the liquid-drop formulas containing
volume, surface, and curvature terms:

0.020
R.

0.016

0.016

0.012

OQOB

0
0 10 l5

r (A)

sOle i l I
l

& & & ~

I
& & I & ] & & eO.

O.OI4

QOI6

QOI2
4

O.OI4

O.OI2

~- QOI4
l~

CL

O.OIO

0.012

FIG. 2. Density profiles for the 4He drops. The error bars
show the Monte Carlo binning of the densities; the curves are
drawn to guide the eye. The curves are labeled with the number

of atoms in the drops.

Typical fits are shown in Table XIII. Ideally the value of

TABLE XII. Energy per atom {K)of various %=8 systems.

(Numbers in parentheses indicate the one-sigma errors in the

last digits. )

r
~I

0.008

Bose
Fermi

He(var)
(K)

—0.5989(8)
—0.1743(13)

He(GFMC)
{K)

—0.6165(6)
—0.205(8)

He(var)
{K)

—0.0842{6)
unbound

0
10
r (A)

20

FIG. 3. Density profiles for the He drops; see Fig. 2.
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0016 I I i i
I

I I i i
I

I i I Oe024 & & l I
I

I I I I

0.0I2

0.020

O.OI 6

~ Q012

0.00"

10 15 00 IO I5

FIG. 4. Density profiles for drops with eight atoms: Solid
curve, mass 4, Bose statistics; dashed curve, mass 3, Bose statis-
tics; dotted curve, mass 4, Fermi statistics.

FIG. 6. Density distributions (top curves) and single-particle
densities divided by 10 (bottom curves) for the two 70-atom He
wave functions. The solid curves are for %'~ and the dashed for
%'g.

i =E, /(4nro),

where ro is the unit radius of the liquid,

(5.3)

X /Nf should be near 1. From this consideration we
choose the fits using N =40—728 He drops and
N =20—240 3He drops as most satisfactory. These are
used in the following discussion. The energies of the
drops and the fitted curves are shown in Fig. 9.

The first coefficient E„gives the energy per atom of the
liquid. The value of E„obtained for He is in good agree-
ment with the variational calculations of the liquid with
HNC summation methods, while that for 3He is above the
—2.36 K obtained with FHNC methods. This difference
is probably due to the inaccuracy of the FHNC calcula-
tions of Ref. 8. Our value of E„ is in good agreement
with the more recent variational Monte Carlo calcula-
tions' of liquid He.

The second coefficient E, is related to the surface ten-
sion t,

4m

3
rpPp ——1 . (5.4)

The values of t obtained from E, are 0.29 and 0.13 K A
for ~He and 3He, respectively, and the experimental values
are 0.27 and 0.11 KA . It thus appears that the surface
tension is overestimated in the present work. We recall
that the t=0.30 KA, obtained for He by fitting the
GFMC energies of N =20—112 drops with the formula
(5.1)„ is also too high. ' A lower value of 0.28 KA is
obtained when terms of order x and x are included in
the formula. Thus, it is not clear if the present overesti-
mate of t is due to inadequacies in the calculation of
E (N), in extracting t from the E(N), or in the interaction
itself.

Normally one would expect the curvature correction to
the energy of a convex surface to be positive, and in fact,
if one includes the x and x terms in the liquid-drop en-

ergy formula, ' the E, of He drops becomes positive.
Thus the negative E, found in the present fits has little
physical significance. The E, is primarily determined by
the energies of small drops whose central density is much

0.05
I

I I I i
I

I

0.04 0.024

0.020

O.OI6

0.02 ocf
0.012

Q.

O.OI 0.008

0
0 IO

r(A)
t5 20

0
0 10

FIG. 5. Density distribution of the uncorrelated Slater deter-
minants for the He drops. The curves are labeled with the
number of atoms in each drop. The dashed curve is the density
distribution of the full correlated wave function for the 240-
atom drop.

FIG. 7. Density distributions for 20-atom He drops. The
dashed curve is for the wave function %q of the tables. The
solid curves are modifications of %~ as described in the text.
The curves are labeled with the binding energy per atom
( —E/N).
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~028 & & I I
1

1 1 1 I
1

1 F 1 f
1

F I I ~

1
1 1 f t0.

0.020—

O.O I 6—

O.OI 2—

o.oos—

'0 IO I5 20

I I I I I

728 240 I l2 70 40
N {N scole)

I

20

FIG. 8. Density distribution for the 728-atom He drop with
a forced peak near the surface. The dashed curve is the single-

particle density divided by 10. The dotted curve is exp(2u ~ ) di-

vided by 100.

FIG. 9. E/N for the 3He and He drops. The abscissa is N
on an N ' ' scale. The curves are from rows 2 and 3 of Table
XIII.

less than that of the liquid.
The unit radii ro(N) are defined as

(5.5)

where (rz(N)) is the mean-square radius of an N-body
drop. The values of ro(N) forboth Heand Hedrops are
given in Table XIV. The rms radii of the drops have
negligible statistical uncertainty resulting from Monte
Carlo sampling. The main error in (r (N)) comes from
the uncertainty in choosing the best variational wave
functions. In particular, the uncertainty in the radius of
the N=20 'He (metastable) drop is large because the ener-

gy does not change significantly with a +10'7/o variation
in radius. The energies of larger drops are much more
sensitive to their radii, and thus their radii are much
better determined.

The unit radius ro( oo } of the liquid can be extracted by
fitting the ro(N) by a polynomial in N '~3. A fit to the
calculated unit radii of N =40—728 ~He drops with a
second-order polynomial gives ro( oo }=2.21(4) A for
liquid "He, in good agreement with the experimental value
of 2.22 A as well as with the GFMC value for the Aziz
potential. The quoted error of ro( oo ) is an estimate based
on both the variational and extrapolation errors. Fits to
unit radii of He drops having N =40—240 give
ro( oo ) =2.5(1) in agreement with the experimental value
of 2.43 A. We note that the central densities of N=240
and 728 He drops (Fig. 2) and N=240 He drop (Fig. 3)
are compatible with these values of ro( oo ).

VI. DISCUSSION

We have made VMC calculations of the ground states
of small- to moderate-sized drops of liquid He and iHe.
Comparisons with GFMC calculations show that our
binding energies are typically 0.1 K per atom too low.
There is unfortunately no suitable experimental data to
which these calculations can be compared. A mass spec-
trometer experiment has reported the observation of
magic numbers for both He and He drops and also He
drops containing as few as four atoms. However, the
drops are charged and may be fragmented in the mass
spectrometer. Detailed GFMC calculations34 for neutral
He drops show only a smooth energy versus drop-size re-

lation. The very small binding energy for eight He atoms
with Fermi statistics obtained with GFMC makes it cer-
tain that eight He atoms are not bound. For these
reasons, we agree with the conclusions of Ref. 34, that the
charge on the drops has significantly altered their proper-
ties. Macroscopic liquid drops having more than 10000
helium atoms have been used in experiments. Experi-
mental studies of small neutral drops would be very in-
teresting. In particular, there is the question of what is
the smallest number of He atoms that will form a bound
state. Our calculations suggest that this number is just
slightly less than 40. However, if our energy for 40 iHe
atoms is 0.1 K too high, the number wi11 be close to 30.

There is an interesting contrast between studies of
liquid-helium drops and nuclei. By fitting liquid-drop ex-
pansions to the drop energies, we can obtain binding-

TABLE XIII. Liquid-drop energy fits. The coefficients of the polynomial defined in Eq. (5.1) are
given. The last column gives g per degree of freedom.

System

4He
4He

Range

—7.00
—6.85

19.6
18.2

—13.3
—9.9

9.0
2.0

He
He
He

%=20—240
%=40—240
xV=70—240

—2.09
—1.90
—2.09

9.9
8.3

10.0

—9.9
—6.4

—10.5

2.9
0.36
0.04
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20

70
112
168
240
728

2.77
2.54

2.48, 2.50
2.43

2.37
2.32

3.29
3.01
2.89
2.78
2.71

energy and surface-tension values for the infinite liquid.
These are the only comparisons we can make with known
experimental values. In contrast, the binding energies of
nuclei are known experimentally and must be extrapolated

TABLE XIV. ro(N) of liquid drops in A. The two values for
%=70, ~He correspond to 4'~ and 4& .

ro(Ã
He

to obtain the experimentally inaccessible nuclear matter
properties. In Fig. 9 it can be seen that a curvature term
is important to this extrapolation. However, such a term
is rarely used for nuclei due to the complications of other
effects such as the symmetry term.
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