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The spin dynamics associated with random hyperfine distortions of an ensemble of muons, which
have thermalized in a solid as static muonium atoms, is approximated with the motion generated by
averaging the spin evolution of a single isolated anisotropic muonium atom over a product of con-
tinuous hyperfine frequency distributions. That is, since each muonium atom in the ensemble is as-
sumed to have a given set of nonunique anisotropic hyperfine frequencies, then the frequency distri-
butions represent the ensemble average of many such muonium atoms. The hyperfine tensor in-
cludes an isotropic Fermi contact term and a symmetric traceless dipole-dipole term. There is no
antisymmetric contribution. In this work the hyperfine tensor is expanded in terms of second-rank
spherical tensors while the expansion coefficients are used to parametrize the distortion. Thus there
are six frequencies associated with an anisotropic muonium atom, one associated with the isotropic
part of the hyperfine tensor and five corresponding to the anisotropic components. Relaxation func-
tions are calculated for muonium in both the zero- and high-field limits. The different anisotropic
components of the hyperfine tensor lead to different (anisotropic) observable motion functions. For
an amorphous or powder sample, only the isotropic motion function is observable, and the different
anisotropic frequencies lead to motion functions with differing shapes. These functions have been
applied to the case of fused quartz where the spin relaxation is well known to be entirely due to ran-

dom hyperfine distortions.

I. INTRODUCTION
Muon-spin-rotation (4SR) experiments' ~* in condensed
matter begin with the thermalization of spin polarized
positive muons in chemical species whose muon magnetic
state is either diamagnetic or paramagnetic. The dynam-
ics of the spin polarization of an ensemble of such muons
is observed via the asymmetric decay of the muon; the
positron is emitted preferentially along the muon’s spin
vector. Commonly, a “time-differential” technique is
used in which a clock is started on an incident muon and
stopped upon the detection of a positron. This informa-
tion is then used to construct a time histogram which has
the form

Noexp(—t/7,)[1+ A4,S()]+By ,

where 7,~2.2 ps is the muon’s lifetime, N, is a normali-
zation constant, A, is the initial signal amplitude, By is a
background constant, and S(¢) is the unit normalized sig-
nal. In zero-field and longitudinal-field experiments this
signal is a relaxation function and is usually denoted as
G(t). On the other hand, in transverse-field experiments
the signal S(z) is the product of a relaxation function and
oscillatory terms. For consistency the symbol G(z) will
be used to denote the signals for both cases in this work
and it will be termed a motion function. These motion
functions are coefficients of the second-rank dynamical
motion tensor which generates the dynamics of the
muon’s spin vector. This second-rank motion tensor is
simply the spin-vector—spin-vector autocorrelation tensor
for the muon.

For a static muonium atom in a solid the Hamiltonian
involves operators for the spin degree of freedom for both
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the muon and the electron, all degrees of freedom of the
solid and all interactions between the solid and the muoni-
um atom. The spin Hamiltonian of the muonium atom
involves the Zeeman terms associated with the applied
field and the general anisotropic hyperfine tensor which
couples the electron spin to the muon spin. There are five
known relaxation mechanisms by which the muon spin
may depolarize, that is, by interactions with random local
magnetic fields, by chemical reactions, by spin exchange,
by superhyperfine interactions, and by random anisotropic
hyperfine distortions. Relaxation functions for the first
four have been treated in the literature, while they have
not been developed for the latter. This paper addresses it-
self to the solution of this problem. In particular the spin
polarization is determined by the induced distortion in the
electron wave function of each muonium atom. Although
interactions of this type do not lead to a relaxation of the
muon spin polarization for the individual muonium
atoms, depolarization can occur via ensemble dephasing
provided that there is a random distribution in the distor-
tion parameters of the individual muonium atoms in the
ensemble. A full quantal calculation of the dynamics of
the spin vector of the muon for such a situation is very
complicated. Rather than performing such a numerical
calculation an ensemble random hyperfine approximation
is adopted. That is, the interaction of the individual static
muonium atoms with the solid is assumed to be complete-
ly described by a general anisotropic hyperfine tensor with
given nonunique hyperfine frequencies. On the other
hand, the ensemble average over many such muonium
atoms is approximated by a product of averages over con-
tinuous frequency distributions of the motion of a single
muonium atom.
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There are two frames of reference to be considered,
namely, the lab frame and the crystal frame. The former
is defined by the physical geometry of the counters which
are arranged normal to the directions of an orthonormal
coordinate system labeled X,Y,Z. If an external magnetic
field B is applied, then by definition its direction is taken
to be Z. In this coordinate system the incoming muon’s
momentum is assumed to lie in the X direction while its
spin vector,

I in[i c0s6;;, +sinb;,( X cosdin+ Y sing;;,)] ,

defines the skew angles 6, and ¢;,. The crystal frame, de-
fined by the orthonormal coordinates x,y,z, is related to
the counter frame by the three Euler angles, o’'=a,B,7,
through the rotation tensor

fi(cu’)=cxp( —i?,a)*exp( —i‘fyﬂ)-exp( —i?,y) ,

that is, for example, R=R(o')-X. Here, T7,=—i&¥-A is
the infinitesimal rotation tensor while € is the Levi-
Cevita® third-rank antisymmetric tensor. On the other
hand, this relation can be inverted, that is, X=R( Q')R,
where ' = —y, — B, —a are the inverse Euler angles. Ob-
servations are performed in the counterframe, whereas,
especially for zero-field experiments, the motion is more
readily described in terms of the crystal frame.

Expressions for the observable longitudinal, coplanar
transverse, and perpendicular transverse motion functions,
which involve both counter and crystal frame motion
functions, are reviewed in Sec. II. The continuous ensem-
ble approximation for the random anisotropic hyperfine
interaction is defined in Sec. III while, in Sec. IV, the
motion functions are expressed in terms of the motion
tensors associated with isolated anisotropic muonium
atoms. In the latter the eigenvectors of isolated isotropic
muonium atoms are used as basis functions. In Sec. V
zero-field motion functions associated with two simple ex-
amples are considered, namely, anisotropic hyperfine ten-
sors with (i) nonzero w, and (ii) nonzero w,g,®,+, while,
in Sec. VI, large applied external field motion functions
are considered for the general anisotropic hyperfine ten-
sor. Finally, in Sec. VII, these motion functions are used
to fit low-temperature fused-quartz data.

II. OBSERVABLE RELAXATION FUNCTION

For a muonium atom, the expectation value of the
muon’s dimensionless spin vector I,

(IO =TrHn[1,/4+ L I,]1,p,0)=G(1) L, , o
B(t)=Trexp(iHt /AL exp( —iHt /#)Ip,(0) , '

has motion generated by the corresponding muon dynami-
cal motion tensor 8(:), which is the muon-spin-vector
time autocorrelation tensor. This expectation value in-
volves the Hamiltonian H for the muonium-environment
system and the initial spin-density operators for muoni-
um, [1,/4+1-I]1,, and for the solid, p;(0). It can be
written in terms of nine observable motion functions
which are related to the nine coefficients of the counter-

frame spherical tensor resolution of G(¢). In particular,
the muon’s spin expectation value,

(IO =I,[GL()Z+GCpr ()X +Ger (Y],
G 4(1)=c0s60,,G (1) +sinb;y[ cosd;,G3(2)
+(sing;,))G(1)] ,

involves three observable longitudinal (L) motion func-
tions,

GE()=Goo(t)—(2)2Gy(1) ,

(2.2)

Gi€(t)=ImG (1) +ReG,, (1) , (2.3)
G3(t)= —ReG (1) +ImG, (1) ,

three coplanar transverse (CT) motion functions,
G&r(t)=—ImG (1) +ReGy (1)
G =Goo()++(3)2G (1) —ReGy(t),  (2.4)
GE(D=—(2)"12G ,o() —ImG (1) ,

and three perpendicular transverse (PT) motion functions,
G5r(t)=ReG (1) +ImGy (1) ,
G (1)=(2)"12G x(t) —ImGy, (1) , (2.5)
G (D) =Goo(t)+5(3)"2G,o(1) +ReG (1) .

The standard longitudinal motion function is G{(¢), while
the standard transverse-field motion functions are either
G (1) or G§3(1). On the other hand, all nine motion
functions can, in principle, be observed”® if the skew an-
gle 6, is assumed to be fixed such that sin6;,cos6;,5-0
and if three values of the skew angle ¢;, are used. If this
is accomplished through the use of a spin rotator”'® (a
Wein-field filter designed to rotate the muon spin to the
desired orientation), then the apparatus does not need to
be altered to obtain all nine motion functions. These ob-
servable motion functions contain the isotropic, antisym-
metric, and symmetric traceless expansion coefficients of
the counterframe spherical tensor resolution of the motion
tensors, that is,

G =GV T —(i /21D -BEY G ip () +E 2 Gopg(t) ,

Goot)=1U:G(1), Gipy()=(—i/2"HEM.EDGr),
(2.6)

Gon()=EM:G(1), G _p(t)=(—1)MGpp(1)* .

The summation convention for repeated indices is as-
sumed throughout. Here U is the unit second-rank tensor,
€3.E}, are the antisymmetric second-rank tensors con-
structed from the Levi-Cevita tensor and the counter
frame spherical vectors E};, and ﬁ%, are the second-rank
symmetric traceless counter frame spherical tensors.
These spherical vectors and tensors and their contravari-
ant counterparts, E ¥ =(E%)*, are®!!
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While these observable motion functions have been ex-
pressed in terms of the counterframe motion functions
they may also be expressed in terms of the crystal-frame
motion functions, g;,(t), through the rotation transfor-
mation,

Grm(D=grm (OOREH(Q) . (2.8)

In this way expressions similar to those in Eq. (2.6) are
obtained, except using the crystal frame spherical tensors.
Equation (2.8) is derived using the relation,'?

ELOFEM=(Lm |RP (@) | LM)=RE(Q), 29

between the counter- and crystal-frame spherical tensors.
This relation involves the matrix elements of the quantal
rotation operation.'?

III. RANDOM HYPERFINE DISTORTIONS

In an applied magnetic field B the spin Hamilton-
ian for an isolated imisotropic muonium atom, Hyg,
=#(Y.S—v,1)-B+#AW:SI, involves the Zeeman interac-
tions and the hyperfine tensor. The former contains the
dimensionless spin operators for the muon I and the elec-
trons S, and their gyromagnetic ratios y,=2m X0.0136
MHz/G and y,=2mX2.80 MHz/G, respectively, while
the latter,

W=awU+eyayoiy=WoU+EyauWy ,

A 3.1
W2M=RMM(Q )m2m ’

has coefficients which are defined in the crystal frame.
The constants, ax=(3)""2 a;+1=2"3? and ay4+,=1,
are chosen to minimize the number of numerical con-
stants involved in the isotropic eigenvector matrix repre-
sentation of the anisotropic terms. This hyperfine tensor
may be derived,'* in first-order perturbation theory, from
the magnetic interaction B(r) between the electron and
the muon, that is,

Hyy, =AW :SI=4y,S-(B(r))
=tiy.S- [ dry(r)*B(r)y(r)
B(r)= —VX(IXV)(#y,/r)

=#y, I {4708(r)+(3/r)[2]?} ,
3.2)
woo=4my,y./3){8(r)) ,

armoany = —[37y v, (8m/15) 2 [(r Y (®)) .

It has no antisymmetric contributions since the magnetic
interaction between the electron and the muon has no an-
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tisymmetric components. Equation (3.2) involves the
symmetric traceless second-rank tensor, [£]2'=%%—U/3,
associated with ? while the counterframe coefficients of
this tensor are simply linear combinations of the crystal-
frame coefficients with the rotation matrices acting as the
expansion coefficients. The Hamiltonian for the total sys-
tem is then the sum of this muonium spin Hamiltonian
and the Hamiltonian for its interactions with the solid.
All such interactions are assumed in this work to only
lead to distortions of the electronic wave function of each
muonium atom with an associated nonunique anisotropic
hyperfine tensor. That is, the electronic states of the
muonium atoms, which, for example, may be described by
linear combinations of atomic hydrogen orbitals, contain
contributions from, at least, the 2s and 2p states. Indeed,
whatever the electronic configuration is, there are at most
six coefficients associated with the hyperfine tensor. Such
distortions do not lead to relaxation of the muon spin vec-
tor for the individual atoms. However, the ensemble of
muonium atoms relaxes by ensemble dephasing since each
muonium atom in the ensemble has an independent set of
hyperfine frequencies. A simple continuous random hy-
perfine approximation is adopted here to describe this en-
semble relaxation. That is, the total Hamiltonian is re-
placed by the spin Hamiltonian for an isolated muonium
atom while the ensemble average (trace over the ensemble
density operator) is replaced by a product of integrals,

Tips(0=3 [~ doimFrulom) , (3.3)
177

over a set of random continuous distributions associated
with each frequency in the muonium hyperfine tensor.
Thus the spin-spin autocorrelation tensor for the muoni-
um ensemble,

[a(t)]RH= H f_ww dmLMFLM(mLM)[a(t)]M“ ,
LM

[GM=TrI()I], (3.4)

is the average over the product of the random hyperfine
(RH) distributions of the muon motion tensor whose
dynamics is generated by the muonium spin Hamiltonian.
Equation (3.4) constitutes the random hyperfine distortion
model for the observable muon-spin-motion functions.

IV. ANISOTROPIC MUONIUM
AUTOCORRELATION TENSOR

The evaluation of the random hyperfine motion tensor
requires expressions for the spin-spin autocorrelation ten-
sor associated with the muonium-atom spin Hamiltonian,
Hy,. To solve this problem it is convenient to expand
the eigenfunctions of the general muonium atom in terms
of the eigenfunctions of the isotropic hyperfine Hamil-
tonian since, in general, the isotropic hyperfine frequency
is much larger than the anisotropic frequencies. In partic-
ular, the eigenfunctions of the isotropic Hamiltonian are

| 1)o=|aa), |2)o=|BB) ,
|3)0=|aB) sin(L/2)+ | Ba) cos(r/2) ,
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and

|4)o=|aB) cos(A/2)— | Ba) sin(A/2) ,
with eigenenergies,

E,=(wgp+4om,)fi/4,
4oy, )i/4
E;=[wyn+4Q])%/4,

E),=(wp—

and

respectively. These eigenfunctions and elgenenergles in-
volve the muonium gyromagnetic ratio, ¥yu=73 3 (Ye— Yu)s
the muonium Larmor frequency, wy,=7m.B, the beat
frequency, Q=1wu[(1+x?)!?—1], and the angle
A=arcsin[1/(14x2)!/2]. This beat frequency and angle
involve a parameter x =B /B, which is the ratio of the
field strength B to the hyperfine field B, =wg /(7. +7,)
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(=1585 G in the ground electronic state). The quantiza-
tion axis is the direction of the field B(Z) while, by defi-
nition, |aB)=|a,B.). It is standard terminology in
1SR to refer to the states | 1)g, |2)o, and | 3) as triplet
muonium and the state |4), as singlet muonium. This,
of course, is correct terminology for zero field only since
these states are not eigenfunctions of the total spin,
F=S8+1, for applied fields. As well, the labels of the
second and third eigenfunctions have been interchanged
with respect to the standard terminology.

These isotropic eigenfunctions may be used as basis
functions for the expansion of the general eigenfunctions,

[ i) =ci | ko (E;=Hw; /4) ,

of Hy,. Explicit expressions for the motion functions,
Egs. (2.2)—(2.6), are given in Appendix A. On the other
hand, the matrix representation of the hyperfine Hamil-
tonian involves four matrices, three of which are block di-
agonal, that is

J

(w0 +4wpy) 0 0 0
0 (woo—40oMmy) 0 0
Hoo=(%/4) 0 0 (woo-+49) 0 ,
0 0 0 — (4 3000+4Q)

-1 0 0 0

Hy=(h/4(Wy) | _01 222 2(s)c , @.1)
0 0 28C 257
0 —W3 00
-W,, 0 00
Hyp=H]_,=i/4)| o 00
0 0 00

These matrices, which corr&spond to the even m components of the sphencal tensor expansion of the hyperfine tensor,
involve the sine, S =sin(+ >0), and cosine, C = cos( 0), of the angle 6=+ T —A, while the matrix associated with the odd
m components couple the two blocks, that is

0 0 CW3  SWh
. 0 0 —CW, —SW,
H21 =H2_1=(ﬁ/4) CWZX —CW;I o 0 (4.2)
SW,y —SW3 0 0

The evaluation of the random hyperfine relaxation functions for a single crystal then involve the evaluation of the
counterframe hyperfine frequencies obtained from the product of the rotation matrices and the given crystal-frame hy-
perfine frequencies. This is followed by the evaluation of the eigenfunctions of Hyy, using Egs. (4.1) and (4.2). Their
coefficients in this isotropic hyperfine basis are then used to obtain the observable relaxation functions, Egs. (A2)—(A4),
which are then averaged over with the random hyperfine frequency distributions.

For zero-field experiments the angle 6 becomes zero and the hyperfine tensor reduces to the following when the axis of
quantization is taken as the crystal-frame axis z,
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(a)m—a)zo) —-(0;2 w;l 0
—ay (a)m—wzo) —a3) 0
Hu=/4)| “ol (og420g) O (4.3)

Since the symmetric traceless components of the hyper-
fine tensor do not couple to the singlet state, then it is an
eigenfunction in zero field. As well the only dependence
on the Euler angles occurs through the relation, Eq. (2.8),
between the counter- and crystal-frame relaxation, func-
tions. The frequencies are independent of the orientatjon.

V. ZERO-FIELD RELAXATION FUNCTIONS

To illustrate this random hyperfine approximation for
zero-applied-field experiments two specific types of aniso-
tropic muonium atoms are considered, that is, (i) those
with nonzero w, and (ii) those with nonzero wp,w; +;-
These forms of anisotropic hyperfine tensors are chosen
because, in certain situations, their motion can be solved
analytically. As well, the motion functions can be written
in terms of a “triplet” signal, which is independent of the
average isotropic hyperfine frequency, and a “singlet” sig-
nal which involves the cosine and, possibly, the sine of the
product of the isotropic hyperfine frequency and the time.
These signals are so named because, in zero fields and
with no anisotropic hyperfine frequencies, the triplet sig-
nal is that from transitions between two true triplet states,
while the singlet signal arises from transitions between a
true triplet state and the true singlet state. While in ap-
plied fields and with anisotropic hyperfine tensors the
states are no longer triplets and singlets, this nomencla-
ture provides a simple way of distinguishing the various
signals.

A. Cylindrical anisotropy

Muonium atoms with cylindrical symmetry about some
given axis have nonzero w,; as well as nonzero wg. In
general, there may be more than one orientation of this

cylindrical axis with respect to the given crystal frame
(x,y,z). If all the sites have identical symmetry axes (z)
then the resulting zero-field motion can be easily comput-
ed. In particular, the crystal-frame Hamiltonian is diago-
nal for this situation; see Eq. (4.3). Thus its eigenfunc-
tions are the isotropic eigenfunctions and its eigenenergies
are the diagonal elements. There are, of course, sixteen
frequencies associated with this 4 X 4 Hamiltonian matrix,
four of which are trivially zero. The remaining twelve ap-
pear in two groups of six with equal magnitudes but op-
posite signs. For the present Hamiltonian there is a single
(zero) triplet frequency w;,=0 and a pair of degenerate
triplet frequencies w3 =w,3 = —3w,9/4. The singlet fre-
quencies have the same symmetry; that is, there is a single
(nonzero) singlet frequency w3y =wg+wy0/2 and a pair
of degenerate frequencies, wyy =w14=we—w0/4. Thus,
the nonzero crystal-frame motion functions associated
with this Hamiltonian are of the form

goo(t)=6"" cos(wj?) ,
2z
(5.1)
g20(t)= 6""2[ 3 cos(wy3t)+ 5 cos(w,3t) —cos(w ;)]

+67 12+ cos(w4t) + 5 cos(waet) —cos(wi4l)] ,

where the explicit values of the frequencies are given
above. Random hyperfine motion functions are obtained
from these single muonium-atom motion functions by
averaging over the frequency distributions, Eq. (3.4). To
illustrate this procedure Gaussian distributions with
nonzero average frequencies, @, 5, are assumed, that is,

FLM((‘)LM)= (211'012_1”)_1/2

X exp[ —(@pp —@ra)? /202 4] - (5.2)

It is also useful to define the dimensionless frequency distributions, f;(z)=exp(—z?). Thus, for example, the random
hyperfine isotropic motion function associated with the Gaussian distribution is the following:

8oo(1)=6""[142cos(@y3)h20(3t /4)]+ 6~ [cos(iB34t)h oo 1) 20( 1) +2 cOS( 14 )h oo (DR 5o(t /4)] ,

(5.3)

hin()= [ dz frag(2)cos[2 2o ygtz) =exp( — 13 /4) ,

where the dimensionless time is 7,4 =2'"% 5 and where @,; is the appropriate eigenfrequency evaluated with the aver-
age hyperfine frequencies, @y. The functions hj(t) are relaxation functions. If the sample of interest is a powder or
amorphous then all the Euler angles must be averaged over with equal weights. Thus the only nonzero observable
motion functions, G£(¢), GE5(¢), and G33(t), are all given by the isotropic crystal frame motion functions, Eq. (5.3).
The singlet motion functions decay to zero for long times while the triplet motion functions have long-time tails of one
sixth (one third of the initial triplet muonium polarization). This long-time tail, which occurs because there is a nontrivi-

al zero-frequency component of the triplet motion, is a distinctive trademark of cylindrical anisotropy. It is lost when
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other anisotropic components are included as the doubly degenerate eigenenergies are split, that is, when there is no
longer a nontrivial zero frequency. Thus, when an experiment is performed using powders, the long-time behavior im-
mediately demonstrates the lack of, or presence of, anisotropies other than the cylindrical one.

The cylindrical random hyperfine crystal-frame motion functions,

gzo(t)=6_l/2[COS(wl3t)h20(1)— 1]+6—1/2[008(w14t)h00(t/4)—COS(w34I)hoo(t)h20( ‘]-[t)] ’ (5.4)

are observable if experiments are performed on single crystals. In particular, if the crystal and counter frames are
synonymous, {}}=0, the nonzero observable random hyperfine motion functions are

GE(t | Q) =2[14cos(@ast)hgo(t)hpn(51)],

sc , sS 1 _ 1 _ (5.5)
Gc'r(t l Q])=GPT(t l ﬂl)z'f cos(w13t)h20(3t/4)+'2- cos(w14t)h00(t)h20(t/4) .

The two transverse motion functions, which are equal, decay to zero for long times while the longitudinal motion func-
tion has a one half time tail. In contrast, for Q,=0, —m/2, 0, the observable longitudinal and perpendicular transverse
motion functions are the same as the transverse {2} motion functions while the coplanar transverse motion function be-
comes the same as the ] longitudinal motion function.

B. Planar plus cylindrical anisotropies

Muonium atoms with L =2, M =0,2, —2 anisotropies are now considered. Again all the sites are assumed to have
identical crystal axes. The crystal-frame Hamiltonian, Eq. (4.3), is block diagonal for this combination of anisotropies
and has eigenfunctions and eigenenergies of the form

|61) =212 |1)o+explidy)|2)], E\=(#/4)wp—wrn+wy) ,
| 62) =271 | 1)g—explidy;) | 2)o], E;=(#/4)wp—wip—w3) , (5.6)

|#3)=|3)0,E3=(#/4) w0+ 2w2), |@s)=|4)0, E4=(#/4)(—3wq) ,

wherein the frequencies wy, and w, _, are written as was exp(idy;) and was exp( —idy,), respectively. There are no degen-

erate frequencies associated with this Hamiltonian; that is, the triplet frequencies are w; = 3‘(0%, wiz=—( 3(020—(0% )/4,
and wy; = — 3w+ w3)/4, while the singlet frequencies are w4 =wgo— (W—w3)/4, Wiy =we— wyp+wrs)/4, and

W3s =W+ —;-wzo. Making use of these eigenvectors and eigenenergies and Egs. (A1) and (AS5) the nonzero crystal-frame
motion functions ggo(?) and g,(¢) are of the same general form as Eq. (5.1) but with the above frequencies while the
£2,(t) motion functions are of the form

gzz(t) =4 l[COS( w23t) —COS(wlzt) +Cos(w14l) —cos( w24t)]exp( —i¢22) . (5.7)
Random hyperfine motion functions are again obtained by averaging these single-particle motion functions over the

appropriate distribution functions. The isotropic and cylindrical functions are given by Eq. (5.2) while the planar Gauss-
ian function,

F(035,622)=F(0,)F; _3(w; _,)
=(2m0%,) " exp{ —(20%) " [(0¥ — @ ) + 4w,@ ¥ sin( ¢ — +62,)]) (5.8)

is taken to be the product of the two one-dimensional functions with the same spread. With these distribution functions,
the isotropic random hyperfine motion function becomes

6800(t) = cos(iB1,1)h % (+1) —sin(i,)k 3 (+1) + [cos(i131) + cos(iD3t) Jh20(3t /4)h 3, (1 /4)
—[sin(@31) +sin(i@31) Jh50( 31 /4)k 9 (t /4) + [cOS(D141) +cOS(Tpat) Yoo (DAt /4R35 (2 /4)
— [in(i142) 4 8in(D241) Yroo (DR 20(t /4)k 35 (1 /4) + cOs(D34t)hoo(Dh2o( 5 1)
hh(0=2 [” dx(x +rexpl —x*—2a (x)},(2a (x))cos(tx) , (5.9)

k(=2 f: dx (x +r) exp[ —x2—2a (x)]1,(2a (x))sin(t5x) ,
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where I,(x) is a modified Bessel function'® of order n.
Here a(x) is r(x +r), where r is the ratio of the average
frequency to the spread, @, /2!/%0,,. Two special limits
of the relaxation functions 4 and k are of interest, that is,
very broad distributions with r <<1 and very very narrow
distributions with r>>1. For n =0,1 these functions
reduce to

These relaxation functions involve Dawson’s integral,'®
F[x]=exp(—x2) foxdzexp(z2). (5.11)

As required very narrow distributions (7 >>1) have only
[cos(wt)]-type frequency dependence with very long-lived
Gaussian relaxation functions. The frequency distribu-
tions in this case can be identified with the frequency dis-

tributions in their Fourier transform power spectra. Ex-
pressions for the remaining crystal and laboratory frame
motion functions are given in Appendix B.

B (), 1 ~1—(t3)F[ 31221,
Ry (), 1 ~(rm'2/8)(1— 513 )exp(—13,/4)

VI. LARGE-APPLIED-FIELD

0 1 2
ket 1~y exp(—i2/4), RELAXATION FUNCTIONS

(5.10)
ki, (0), «1~( —r/4){t22—(2+t§2 )F[—;-tzz]} , When an external field is applied both the frequencies
and the amplitudes depend upon the Euler angles. How-
R () ~h3,(2), s> 1~€exp( —t3,/4), ever, when the field is large, the isotropic frequencies will
dominate and the full Hamiltonian can be approximated
kS, (6)~k1y(2), -1~ (4r)~lexp(—13,/4)~0 . by its diagonal elements alone, that is,
]
(w(x)+4(0Mu— Wzo) 0 0 0
0 (0)00—4(0Mu— Wz()) 0 0
H=#/4) 0 0 (@oo+4Q+2C2 W) 0 (6.1
0 0 0 (—3weo—4Q+28* W)

Such an approximation is the standard secular high-field approximation' of nuclear magnetic resonance. In this ap-
proximation the amplitudes are independent of the Euler angles while the frequencies are dependent on them. This
dependence is given by Eq. (3.1) which relates the counterframe anisotropic hyperfine frequencies to the crystal-frame
frequencies, namely, W, is

3(cos’B— T )wz0/2+(3)2sin’BlwR cosa —w sina]+ ()2 sin*B[wk cos2a —w}, sin2a] .

Indeed, the triple frequencies are wp=2wy, ©p=op—Q—(142C)Wy/4, and wy=—[wpu+0
+(14+2C?*) Wy /4], while the singlet frequencies are wis=wo+opmu—Q—(14+252)wy0/4, Wiy =w0n—Opy+ 2
—(1428*) Wy /4, and w4 =we+2Q+(C*—S?)W /2. The nonzero observable motion functions associated with this
Hamiltonian are

GE(t)=+[1+4cos*A+sin’A cos(ws4t)] ,

G () =G(1)= 7 cos?(+A)[cos(w3t) +cos(waet) ] + 7 sin®( T A)[ cos(w42) +cos(wy3t)] (6.2)

GE (D= —G5 () =7 cos™(FA) —sin(w31) +sin(wy4t) ]+ 5 sin®( 3 A)[sin(w 41) —sin(w,31)] .
There is one longitudinal motion function and four transverse motion functions which are grouped in two sets of
equivalent pairs that are related by a simple phase. This is, of course, the standard motion of an isotropic muonium
atom in an external field with shifted frequencies due to the anisotropic hyperfine components. Assuming Gaussian dis-

tributions, the observable longitudinal and transverse random hyperfine motion functions, for a given counter-crystal-
frame orientation,

GE(t) =1 {1+4cos?A+sin?A cos(ib3,) H[(C2—S2)t /2]} ,
G ()= T[cos(+A)cos(iDy3t)+sin’(+A)cos(iDy31) JH [(142C2)t /4]

+ 3 [sin?(5A)cos(i 142) +cos*( 5 A)cos(yat) Jhoo(VH[(1+25%)t /4] , (6.3)
G ()= +[ —cos¥(+A)sin(iDy32) +sin®( +A)sin(@,30) 1H [(1+2C?)t /4]

+ 5 [sin*(5 A)sin(14t) — cos?( +A)sin(@4t) Jhoo () H [(14282)2 /4],

involve a common relaxation function,
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H[{]=2/7'7%) fom dz f(2) fow dx fR(x) fom dy f3,) f: du f5(u)

X fow dv f1,(v)cos{ 1503z (cos’B— 5 ) +6'/%s,, sin?B(x cosa —y sina) + 6'/%sy, sin?B(u cos2a —v sin2a)]}

=exp{ —(3t3/16)[3(cos’B— +) +2s3, sin?2B+2s3, sin*B]} ,

where s,,, =03, /0. For a powder sample, where the
Euler angles are averaged with equal weights, this com-
mon relaxation function becomes

1
H[t]= fo dy exp[ —3b (p)t3,/16]
6.5
b(»)=3(p?— P +8s3y1—pH) + 255 (1—p22 .

Using the method of steepest-descent integrals of this type
are found to have the following long-time behavior

H[tlo o~ [27/3b"(yo) ] /X4 /1)
X expl —3b (yo)t30/16] .

If there is only cylindrical distortion, s,,=s,, =0, then
the maximum of the integrand occurs at yo=3"!/? where
the function b (yg) is zero. Thus, for cylindrical anisotro-
py the relaxation function approaches zero asymptotically
as ¢t 1. In contrast, for s,; and/or s, nonzero, the func-
tion b (y,) is nonzero so that the resulting relaxation func-
tions approach zero asymptotically as ¢~ 'exp(—at?).
Four types of relaxation functions are depicted in Fig. 1.
The pure cylindrical relaxation function is clearly distin-
guishable from the cases of the cylindrical plus w;,
cylindrical plus w,;, and fully anisotropic relaxation func-
tions. These latter relaxation functions are compared, in
Figs. 2, 3, and 4, to Gaussian relaxation functions,

(6.6)

10 T T T T
z 08 -
S
&
2 06| 4
z
=}
S
X 04} =
-
YY)
(2
0.2 -
0.0 ) L
00 02 04 06 08 10
TIME (25)
FIG. 1. High-transverse-field relaxation functions for

cylindrical, cylindrical plus w,;, cylindrical plus w,;, and fully
anisotropic hyperfine tensors. These relaxation functions have,
respectively, the slowest to fastest asymptotic approach to zero.
The spreads have all been taken to be 10 us™!, as they are in
Figs. 2, 3, and 4.

(6.4)

exp[ —(t30/5) (5 +s3 +s55)1,

that have been chosen such that the short-time behaviors
are consistent. Although the cylindrical plus w,; and
cylindrical plus w,; both differ from the respective Gauss-
ian approximations, it is unlikely that the small deviations
will be observable. For the fully anisotropic case the exact
function and the exponential approximation to it are in-
distinguishable.

VII. APPLICATION TO FUSED-QUARTZ DATA

For muonium in bulk silica, the muon-spin polarization
may relax only via random anisotropic hyperfine distor-
tions.!” In an amorphous environment such as bulk fused
silica, the hyperfine distortions could only be distributed
randomly, both in orientation and magnitude. It is also
well known that muonium is static in bulk fused quartz
below 50 K.!7!® Because of these two features, muonium
in bulk fused silica provides an excellent test case for the
zero- and high-transverse-field random hyperfine spin-
relaxation functions developed here. For amorphous sam-
ples only the isotropic motion function is observable in
zero-field experiments. For example, experiments on
powdered silicon dioxide'® and on fused quartz!'”!® have
been performed at TRIUMF. In these experiments static
muonium is found on the surfaces of the powder grains or

1.0 T T T T

0.8 |- -

0.6 — —

RELAXATION FUNCTION

0.0 . L
00 01 02 03 04 05

TIME (us)

FIG. 2. Comparison of the high-transverse-field relaxation
functions for cylindrical plus ,, anisotropies with a Gaussian
function which has the same early time behavior. The Gaussian
function decays to zero first.
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FIG. 3. Comparison of the high-transverse-field relaxation
functions for cylindrical plus w,, anisotropies with a Gaussian
function which has the same early time behavior. Again, the
Gaussian function decays to zero first.

in the bulk fused quartz, while the observed triplet zero-
field motion functions of both samples exhibit no average
frequencies, decay to zero for long times, and have
Lorentzian-type shapes rather than Gaussian. These data
can be fit using the random hyperfine distortion theory
assuming (i) planar plus cylindrical anisotropies and (ii)
Lorentzian-type frequency distributions. The distribution
functions are

on(wzo)=(U20/7T)(CO%0+0'%0)_1 ’ (7.1)
Fzz(w%)=(4w%022/7)(w%2+0'§2)_2 , .

1.0 T T
0.8 - -
0.6 - -1

04 | —

02| .

0.0 .
0.0 0.1 0.2 0.3

TIME (us)

FIG. 4. High-transverse-field relaxation functions for fully
anisotropic hyperfine tensors. This relaxation function and the
comparable Gaussian function are indistinguishable. Again the
spreads are each 10 us™!.
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RELAXATION FUNCTIONS

-0.1 L
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FIG. 5. Lorentzian zero-field isotropic relaxation functions
with zero average anisotropic hyperfine frequencies. The relax-
ation function with the one sixth time tail is that for pure
cylindrical anisotropy (0;0=10 us™!), while the relaxation func-
tion with the longest decay to zero and deepest well is that for
pure planar anisotropy (02 =10 us~!). The intermediate relax-
ation function is an equal mixture of the two (o,0=0,=10
us™h).

where Fj(wy) is a one-dimensional Lorentzian and
where Fpn(w¥) is a two-dimensional Lorentzian-type
function. This choice of a Lorentzian type, as opposed to
a “true” Lorentzian, was made because the former pro-
vides a simple analytic expression for the relaxation func-
tion that cannot be distinguished experimentally from the
latter’s relaxation function. Thus, the zero-field relaxa-
tion functions are given by the average of gy (), Eq. (5.1),
over these functions, namely,

1.0

0.8

0.6

0.4

RELAXATION FUNCTION

0.2

0.0
0.0 0.1 0.2
TIME (us)

FIG. 6. Comparison of the high-transverse-field relaxation
function for cylindrical (10 us~"') plus w,, (10 us~') anisotropies
for a Lorentzian distribution function with an exponential that
has the same early time behavior. The exponential decays to
zero first.
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FIG. 7. Fit to the zero-field fused-quartz data!’ at 7 K using the Lorentzian cylindrical plus planar motion function. The values
of the half-widths at half-height are 050=4.7+1.3 us~' and 02, =6.2+0.5 us~".

GE()=Gr()=G&E (= ¢(1—Tt)exp(— Tt)+ 7(1 =15, /4)exp[ — (3t +15)/4] , (7.2)

where t,yy=0,)t, see Fig. 5. This is the standard zero-field (ZF) observable relaxation function which can be measured
in the longitudinal telescopes and in the transverse telescopes if the skew angles are approximately chosen. The early
time dependence of this function, + —mzgt, has a slope, mzg, of (14455, /3)0/4. In comparison, using the Lorentzi-

an distributions, the high-transverse-field (7 G) functions, Egs. (6.3) and (6.4), become
G (1) =cos(wpyt)+H[3t/4],

T 1 (73)
H[{]=(4m)"! fo de fo dx exp[ — 3ty | (x2— 1) | 72— (3) (1 —x?) | cosO | J[1—(2)2t(1—x?) | cosO|] .

The early time dependence, + —mgt, of +H[3t/4] has a
slope of (1+42'26s,,/m)05/3'"%4. In Fig. 6 HI[t] is
compared to a simple exponential, exp(—At), with the
same early time dependence, that is A=mqyg. Again, as
with the Gaussian functions, these relaxation functions
will be very hard to distinguish experimentally. There-
fore, the high-transverse-field data are fit to an exponen-
tial. As well, the zero-field relaxation functions have a
faster loss of polarization for early times than the high-
transverse-field (TF) functions, that is, mzg > myg.

The above choices, Eq. (7.2) and an exponential, are
adopted for fitting purposes since they are analytic expres-
sions that contain most of the relevant physics. That is,
as with the high-field case, the cylindrical plus w,, and
the fully anisotropic hyperfine interactions in zero field -0.1 L L
have similar motion functions to the cylindrical plus w,;,. 0.0 1.0 2.0 3.0
However, these motion functions cannot be expressed in TIME (us)
terms of simple analytic functions. Thus any interpreta- FIG. 8. Comparison of the zero- and high-transverse-field re-
tion of the parameters obtained in a fit with Eq. (7.2) laxation functions for fused quartz at 7 K. The zero-field relax-
must be considered in light of the above remarks. What  ation function dips below the origin while the values of the
can be unambiguously determined is whether more than half-widths at half-heights are 03=4.7+1.3 us~! and
cylindrical symmetry exists and the relative importance of 03,=6.210.5 us~ .

RELAXATION FUNCTION
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the noncylindrical components. As well, the fitted param-
eters in zero field should predict the fitted high-
transverse-field relaxation rate to within experimental er-
ror. Such a fitting procedure can be performed for low-
temperature fused quartz. For example, the zero-field
data'” at 7 K have been fit to Eq. (7.2), see Fig. 7, with
half-widths at half-height of 0,0=4.7+1.3 us~! and
02,=6.240.5 pus~'. These values suggest that the initial
slope, or relaxation rate, of the high-transverse-field relax-
ation function should be mr=2.940.6 us~!. The actual
fitted value,'”!® 3.4+0.5 us ™!, is, indeed, consistent with
this predicted value. Thus the zero- and high-transverse-
field relaxation functions predicted by the random hyper-
fine approximation describe the data to within experimen-
tal errors with one set of parameters. The two relaxation
functions are compared in Fig. 8.

VIII. CONCLUSION

To conclude, a static relaxation theory describing the
time evolution of the muon-spin ensemble polarization,

|

for the case of random hyperfine distortions of the muoni-
um hyperfine interaction, has been developed. Relaxation
functions have been calculated for both the zero- and
high-field limits. The new zero-field functions, in partic-
ular, were shown to have distinctive line shapes and long-
time behaviors, exhibiting a strong dependence on the dis-
tortion symmetry. This theory was applied to zero- and
high-transverse-field data for muonium in fused quartz,
by assuming the distortion parameters to be distributed
according to Lorentzian-type distributions.

APPENDIX A

Upon use of the isotropic eigenfunctions as basis func-
tions for the expansion of the general eigenfunctions,
| ;) =ci | kDo, of Hy, the counterframe spherical ten-
sor coefficients of the isolated anisotropic muonium-atom
spin-spin autocorrelation tensor are

Goo)=(12)" { | I |2+ | I} | *+ | I} | 2+ 2 cos(wy ) | I} | 2+ |15 | 2+ | 15 121}

G1(0)= — % sin(wyt) (Im[ I} (I3)* ] —i Im[I3(IZ)*])

Glo(t)= —(2)_1/2 sm(w,,t)Im[I,’,‘(I,ﬁ)'] »

Gao(t)=(3)' 4= (G115 |2+ | Ih | *— | I |1+ 2 costwyt) (5[ | I3 |2 | 1 | *1— | 15 | ) A
G ()=4""[IFI; +iI} T} +2 cos(wyt)(Re[ I5(IZ)* 1+i Re[I5(I5)* ]},
Gou(t)=—4"US[ | IF |2~ | I} | 1 +iliI} + 2 coswy) { 5[ | I | = | I} | 1 +i Re[I5(I)*1})
while the observable longitudinal motion functions become
GL(=%[ | If | *+2cos(wyt) | I5 | *],
GiC(t)= 7 sin(wy)Im[IF(I5)* 1+ £ [I5 I +2 cos(w,Rel(I5)*] , (A2)
G (1)=7 sin(wy OIm[I}(I5)* 1+ + [T} + 2 cos(wy;t)ReI [ (I5)*] ,
the observable coplanar transverse motion functions become
G &)= — 5 sin(wy ) Im[ I (I5)* 1+ + [ I31 + 2 cos(w;)Rel5(I5)*]
G& )=+ 17| *+3cos(w;n) | I} |, (A3)
G&E (D=7 sin(w;)Im[I(I})* 1+ [I5 1 + 2 cos(wyRel(I})* ],
and the observable perpendicular transverse motion functions become
Gor(t)=— 7 sin(wy)Im[ I} (I5)* | — s [T} +2 cos(w;;t)Relf(I5)*]
GPE()=— 3 sin(wy ) Im[I(I})* 1+ + [IFI} +2 cos(w; )ReI 5(I})* ], (A4)
Gor(t)=[ | I} | 2+ 3 cos(wyt) | I} | 2] .
These relaxation functions contain the counterframe components of the muon-spin vector, that is,
G=cos(A)[ A%+ A% ]+sin(7A)[ 4% —4Y,],
I} =i cos(+A)[BY; —BY, ] —sin(+A)[BY —B%1 , (A5)

I} =CY, —cos(A)C¥, +sin(A) A%, ,
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wherein Afj=cjci+cicy, Bii=cic; —ci',‘cjk,‘ and Cj=cxcy—ciicy. The summation in Egs. (A1)—(A4) over ij is re-
stricted to i <j. In general, both the frequencies and the amplitudes are functions of the Euler angles which relate the
frames.

APPENDIX B
The remaining nonzero planar plus cylindrical crystal from random hyperfine motion functions,
6172g,0(t)= 3 [cos(iD3t) +cos(iDy3t)ha0(3t /4)h (1 /4)
— 3 [sin(@3t) +sin(@32) Jh0(3t /4)k 3 (£ /4) — cos(iD 1) 3, (5 1)
+sin(@ 1200k % (1) + 5 [cos(iD142) 4 cos(@4t) Jhoo(Dhoo(t /4R 3, (2 /4)
— 5 [sin(@ 142) +sin(@42) Jho (1) 50 (t /4)k 35 (1 /8) — cOS(D34 )R oo hag( S 1)
4g,,(t) = —[cos(iD3t) — cos(31) Va0 (3t /4)h 3 (t /4)exp( —idyy) (B1
+ [sin(iD3¢) —sin(@p3t) (3t /4)k 35 (2 /4)exp( —idy,)
+[cos(142) —cos(@aat) 1hoo(t)hag(t /4)h 15 (2 /4)exp( —idyy)
— [sin(i142) —sin(@p4t) Va0 (D) 20(t /4)k 35 (2 /8)exp( —ids,)

are observable if experiments are performed on single crystals. In particular, when the counter and crystal frames are
synonymous, the observable longitudinal motion functions are given by

GE(t)=3[cos(i,)h % (+1)—sin(iD1,0)k ()] + + cos(@D3gDhoo(Dhy( 1) ,
Ne ss (B2)
Gy (1)=Gy (t)=0,
the observable coplanar transverse motion functions are given by
G&r(n=0,
¢&n= 4‘l[cos(w13t)hm(t/4)—sin(w13t)k,,,(t/4)]hzo(3t/4)+4‘l[cos(w23t)hp(t/4)—sin(w23t)kp(t/4)]h20(3t/4)
+4"[cos(w14t)h,,(t/4)+sin(w,4t)kp(t/4)]h00(t)h20(t/4)

+47 ' [cos(Wog )Ry (t /4) —sin(Dsgt)K (1 /4)Jhoo(D)h (2 /4) (B3)

GE(t)= 4 [cos(iD;3t) —cos(ip3t) ]sind ok 50( 31 /4)h 35 (£ /4) — 4~ [ sin(@y31) —sin(@y3t) |singpoh 50( 3t /4)k 3 (2 /4)
+47 [ cos(iD142) 4 cos(41) Isindaoh o) 50t /)R 35 (1 /4)
— 47 '[sin(i014) — sin(@p4t) Isindyoh oo At /4)k 35 (2 /4)

and the observable perpendicular transverse motion functions are given by

Gsr(n=0, G¥(=GH(1),

Gp1(t)= 47 "[cos(3t)h, (t /4)—sin(D130)k, (1 /8) R yo(3t /4)
+47 [ cos(@y3t)hp (t /4) —Sin(iDy3 )k (2 /4) hoo(3t /4)
+47'[cos(D41)h, (t /4) —sin(@ 141k, (t /4)1hoo( DRt /4)

+4_1[cos(w24t)h,,,(t/4)—sin(u’724t)km(t/4)]h00(t)h20(t/4) , (B4)
where
Bp or m () =b%(1) £c08P22b 1y (1), b=h,k . (B5)
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