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Valence-band coupling and Fano-resonance effects on the excitonic
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An investigation is made of the effects of the valence-band coupling on the excitonic spectrum of
undoped GaAs-Al„Ga~ „As quantum wells. The electron and hole are taken to interact via a
screened Coulomb attraction, and their respective subbands are determined in the effective-mass ap-
proximation. The binding energy of the lowest heavy-hole exciton, Eoq, is found to increase only

slightly. That of the lowest light-hole exciton, EOI, sho~s a more substantial increase because the
light-hole exciton derives from a strongly nonparabolic hole subband and, in addition, exhibits a
Fano-like resonance with the electron —heavy-hole continuum.

I. INTRODUCTION

Excitonic peaks associated with the so-called light- and
heavy-hole excitons xcitons formed from an electron
deriving from the lowest conduction (Oc) subband and a
hole deriving from the topmost heavy (Oh) or light (Ol)
hole subband —characterize the onset of absorption and
luminescence in the undoped quantum well. ' The location
of these peaks below their respective continuums specifies
the binding energies of the excitons, Eot, and Et'it.

In both two and three dimensions, the binding energy of
an exciton deriving from parabolic electron and hole
bands is directly proportional to the reduced electron-hole
mass. Qualitatively, then, in the quasi-two-dimensional
case of the quantum well, we expect Eot, and Ettt to go
like their respective in-plane (i.e., in the plane of the well)
reducel electron-hole masses.

Previous calculations of the exciton binding energies
approximate the hole subbands by parabolas. This ap-
proximation neglects the effects of the strong valence-
band coupling which results because of the degeneracy of
the bulk light- and heavy-hole bands at the valence-band
edge. The valence-band coupling mixes the light- and
heavy-hole states away from k=O, where k is the wave
vector in the plane of the well. This mixing gives rise to
large nonparabolicities in the hole subband structure
which change the effective in-plane hole masses and so
alter the binding energies. In addition, the discrete light-
hole exciton states lie in the heavy-hole continuum giving
rise to Fano-like resonances ' in which the exciton peak is
broadened and shifted in energy. This induces a further
shift Etit.

In this paper we study the significance of these effects
on Eo~ and EOI. In Sec. II the electron and hole subband
structure is calculated including the effect of the valence-
band coupling on the hole subbands. In Sec. III a method
is developed for determining Eo~ and EOI using the sub-
bands derived in Sec. II, and the effect of the valence-
band coupling on these qu;entities is examined. In Sec. IV
the absorption spectrum is derived to extract the Fano-
like shift in the exciton line associated with Et'it. Section

V presents a discussion of the results and a comparison
with the available experimental data.
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hE, and hE, are the conduction- and valence-band
discontinuities. In this paper we consider both the pre-
viously accepted rule' hE, =0.856,E~, AE„=0.156Eg
(15%-85% split), and the more recently established'
bE„=0.40bEs, hE =0.605E& (40%-60% split), where
hE~ is the energy-gap discontinuity between the GaAs
and Al„oaj „As. The electron and hole subbands are
calculated using the effective-mass approximation. The
electron subbands are taken to be uncoupled from the hole
subbands and so are parabolic. The electron wave func-
tion is

Ck =e'"%.«»
Here n is the subband index, k is the in-plane wave vec-
tor, and tr designates the spin state of the Bloch function
u . The envelope functions g„(z) satisfy

1 d + V(z) g„=e„g„ (3)
2ptl

L

and so have the standard finite square-well form. The
mass, m =m, =0.0065mo in the GaAs, and
m =m, (x) =m, +(0.083x)mo in the Al„Ga, „As.'

II. SUBBAND STRUCTURE

The GaAs-AI„Ga, As quantum-well consists of a
layer of undoped GaAs of width L sandwiched between
two semi-infinite slabs of Al„Gai „As. If we choose the
z direction to be normal to the GaAs and Al„|Ja~ „As
layers, the potentials, V, (z, ) and Vh(zh ), seen by electrons
and holes, respectively, have the simple form
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At the left and right interfaces (z =+L/2), continuity
of the wave function and current conservation can be
shown to reduce to continuity of g„and (1/m)(dg„/dz).
These boundary conditions determine s„and g„. The
in-plane dispersion is given by

k
c.„(k)= c,„+

2p?f ~

(4)

Because of the fourfold degeneracy of the bulk light-
and heavy-hole bands, the hole subbands are determined
from the effective Hamiltonian made up of the 4X4 k p
Hamiltonian of Luttinger' with the potential Vh(z) in-
cluded along the diagonal. It is convenient to transform
this Hamiltonian into two 2X2 blocks. " The hole wave
functions then taken the form

Ck =e g 0mkj "j
j=h, l

by g,j (v=0, 1,2, . . . , j= h, l), have the same functional
form as the g„.

For finite k, the envelope functions (gmkj ) are expanded
using the (P„j)as a basis

g kj ——g A „jj(k)g„jj

where vz runs over the confined levels of type j= h and

j= I. The eigenvalue matrix for the coefficients A „j(k)
J

is then diagonalized to obtain the subband structure.
Because of the complicated nature of the numerical

solution for the binding energies, only the top two heavy-
hole (Oh, lh} and light-hole (0/, 11) levels are retained in
the expansion. We will refer to this model for the sub-
hands as the four-level model. It should provide an accu-

Here m is shorthand for (v, c), where v ranks the subband
(i.e.,=0,1,2, . . . ), and c characterizes the nature of each
subband as one of two heavy-hole ( Ii, cr) or light-hole ( l, o )

solutions; o specifies the upper (o = U} and lower (cr=L)
block. The Uj are linear combinations of the J= —,

'

quadruplet consisting of the valence-band-edge Bloch
states.

The effective-mass equations for cr = U, L are
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k =k„'+ky, y= —,'(yi+yi) .

The band-structure parameters, y) ——6.85, y2 ——2.1, and

yi ——2.9, are taken from Ref. 12.
In these equations terms producing subband anisOtrOy,

e.g., anisotropy in the in-plane dispersion, have been
neglected so that the energy depends only on
k =

~

k ~."' The hole subband structure is determined
using the subband k.p method. "' First, k is taken to be
zero, for which the light- and heavy-hole states decouple
(i.e., the above Hamiltonian becomes diagonal}. The diag-
onal elements then generate equations vrhich have the
same form as Eq. (3) with the replacement V,~Vh, and
the appropriate insertions for the heavy- and light-hole
masses in the z direction [i.e., mh, and mc, in the GaAs,
mh, (x)=mh, +(0.31x)mo, mc, (x)=mL+(0 049x)mo .in
the Al„Gai „As (Ref. 8). The solutions, which we denote
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FIG. 1. (a) Topmost three-hole subbands for the 15%-85'Fo

split. (b) Topmost three subbands for the 40%-60% split.
Dashed curves are for the parabolic approximation.
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rate representation of the topmost two subbands for well

widths small enough that sufficiently large energy-level
spacings occur. An example of such a case is the 100-A
well with x =0.3, for which the Oh and 01 subbands deter-
mined in the four-level model differ negligibly from those
determined using the full subband k p matrix. The top-
most three subbands for a 100-A well with x=0.3 are
shown in Fig. 1 for the 15%-85% and 40%-60% splits.
The dashed lines in Fig. 1(b) represent the parabolic ap-
proximation. The inclusion of the valence-band coupling
introduces an anticrossing behavior between the light- and
heavy-hole subbands which fiattens the topmost two sub-
bands (Oh and Ol), and "steepens" the first excited (lh)
heavy-hole subband. The nonparabolicity in the Ol sub-
band is considerably larger than that in the Oh subband
because of the mutual repulsion of the 01 and 1 h subbands
arising from the small energy separation between them.
We therefore expect Eoi to show a larger increase than

Eo~ when valence-band coupling is included. The sub-
bands for the 15%-85% split exhibit a similar form ex-
cept the Ol subband does not show as sharp an electronlike
curvature since the Ol and 1 h subbands are not as close.

in terms of products of the electron and hole effective-
mass wave functions of Sec. II,

where ~0) is the ground state (filled valence subbands,
empty conduction subbands). Projecting onto a particular
state, c i b i,„~0 ), yields

I

(si +ei„E)@—i'„+ g (A,,A, i, ~

u
~
k,'A,

i, )4;=0.

(13)

The Coulomb interaction is treated as slowly varying, and
orthogonality of the Bloeh functions then requires that
the matrix element be diagonal in the spin indices. %e ex-
press u as a two-dimensional Fourier expansion. ' Then,
because the total in-plane momentum is conserved, we
make the transformation, k, = —,

' K+k, ki, ———,
' K—k, and

neglect the translational motion so that K=0. Treating k
as a continuous variable and using the subband k p ex-
pansion for the hole envelope functions, we obtain

III. DETERMINATION OF THE BINDING ENERGIES [&g(k) —~m(k) —E]@m(k)

We begin by defining the exciton as an excited state of
the many-particle system. In the weak binding (Wannier)
limit, the exciton motion can be described by an effective
Hamiltonian for the quasieiectron and quasihole bound by
a screened Coulomb attraction. '" %e consider only con-
duction and valence subbands, so that this Hamiltonian
can be written

f V"~ (k,k')4~ (k')dk'=0,
n', m'

V~pg (k k ) k g A~yj(k)A (k )
I

VP VJ

V q I"", q dO,

H=H, +HI, +U .

The electron and hole parts H, and H~ are given by

H~, = Fg cg cg
e e c

e

(8) where

I"",(q)= f f g„'g„g„'jg, .e ' " dz, dzi, ,

(15)

V(q) =—,q =
i
k —k'

i

Eq

u = g (A,,A,„~ u
~

A,,'Ai, )ci c,bi„b~, ,
A.

'
A.

'
e h

2—e

(10)

where e is the GaAs dielectric constant.
We consider a single electron-hole pair and look for

solutions of

where
~

'I') is the excited-state wave function. We expand

Here c~ and c~ are the creation and destruction opera-
e

tors for electrons in the state A,, =n, k„a„while b j„and
bi,„are the creation and destruction operators for holes in

the state hi,
——mki, o i, . ei and eq„are the corresponding

subband energies. The interaction between the electro~
and hole is the screened Coulomb attraction,

In the above expression, the angular dependence in 4" (k)
has been removed by considering only the s-like exciton
states.

To determine V"" (k, k'), the four-level model is em-
ployed. The double integral I"",(q), is time consuming to

VJ VJ

evaluate numerically. We instead take the infinite-well
wave functions, which simplifies the analytic expressions
considerably. The finite square well width L is replaced
by larger infinite well widths L,rr to compensate for the
fact that the infinite-well wave functions vanish at the in-
terfaces. These widths are chosen to accurately model the
exact I"",(q) and correspond roughly to well widths for

J J
which the energy level of the infinite well matches that of
the finite well.

%'e are interested in the lowest heavy-hole and light-
hole excitons corresponding to the two cases
(n =Oc, m =Oh) and (n =Oc, m =Ol). For well widths
small enough that the difference in energy between an
electron-hole pair associated with the excited subbands
(n'm') and one associated with the ground subbands
[(Oc,Oh) or (Oc,01)] is large compared to the binding ener-
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gies (=10 meV), the expansion coefficients @os and @or
are much larger than the other components, and we
neglect the latter. The exciton wave function is then

~

q'& = g [+'os«)&o.k,bosk „

+@or(k)co k, bork „)lO& . (16)
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The form of this wave function shows that the
electron —heavy-hole Oc-Oh states and electron —hght-hole
Oc-01 states are mixed, i.e., scattering between Oc-Oh states
and Oc-01 states can occur. We refer to the interaction
that mixes these states as the intersubband interaction.
The resulting pair of coupled integral equations is

[so, (k}—e (k) —E]4 (k)

+ g fV (k,k')4 (k')dk'=0. (17)
m'=oh, ol

These equations contain a logarithmic singularity in the
kernel V ~ at q=O because V(q) ~1/q. The modified
quadrature method' is particularly suited for solving in-

tegral equations with this type of singularity, and we use
it to solve Eq. (17).

Solutions are obtained in three successively improved
approximations:

(1}Valence-band coupling and intersubband interaction
neglected (parabolic approximation).

(2) Valence-band coupling included; intersubband in-
teraction neglected.

(3) Both valence-band coupling and intersubband in-
teraction included.

For approximations (1) and (2), the integral equations of
Eq. (17) decouple since the Oc-Oh states and the Oc-01
states are now assumed not to mix.

Figure 2 displays Eos and Eoi as a function of well
width for the 15%-85% and 40%-60% splits. The de-
crease in binding energy with increasing well width re-
flects the increase in the spatial extent of the exciton
along the quantum-well axis. Note that as I. decreases,
the increase in Eoi is greater than for Eos, a consequence
of the strong nonparabolicities in soi(k) shown in Fig. l.
The corresponding increase for the case of the 15%-85%
split is smaller because sol(k) is not as nonparabolic. The
crossing of the Eor curves for the 1S%-8S% split at
I.=250 A reflects the inadequacy of the four-level model
for this large a well width. Were more levels retained, the
Ol subband would become fiatter and Eor would increase.

One might expect that with the electronlike curvature
of the OI subband, the increase in EoI would be much
larger. The reason this is not so can be understood by ex-
amining Fig. 3 which shows the reduced mass p as a
function of effective hole mass m. The vertical lines indi-
cate the heavy- and light-hole in-plane masses, mI, and

II

mI, in the parabolic approximation. The heavy-hole sub-
Il'

band is not altered significantly with the inclusion of
valence-band coupling, so one would expect only a small
increase in the effective heavy-hole mass with a corre-
spondingly small increase in p. For the strongly nonpara-
bolic light-hole subband, a large increase in effective mass
is expected. However, since the curve is quite flat for
rn ~ mI even a large increase in m produces only a small

increase in p. We conclude from this that the exciton
binding energies, particularly that of the hght-hole exci-

to
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FIG. 2. Exciton binding energies vs mell width ~ith and
without valence-band coupling for {a) the 15%-85% split and {b)
the 40%-60go split.
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ton, do not depend sensitively on the nonparabolicities in
the hole subbands because the reduced mass is dominated

by the electron mass.

IV. ABSORPTION SPECTRUM FOR THE UNDOPED
QUANTUM WELL

If we examine the joint density of states, it is evident
that the light-hole exciton lies in the Oc-Oh continuum.
When the intersubband interaction is turned on [approxi-
mation (3)], this exciton decays leading to a resonance that
is shifted in energy. '

Since the Oc-Oh and Oc-Ol states are now mixed, we can
no longer identify a single eigenvalue corresponding to
EoI. Instead we calculate the absorption spectrum in the
absence and in the presence of the intersubband interac-

tion. The desired energy shift is extracted from the differ-
ence in the location of the respective exciton peaks.

We wish to calculate the absorption spectrum for radia-
tion of frequency co along the quantum-well axis. Absorp-
tion in a crystal is characterized by the imaginary part of
the dielectric function, ei(co), which can be broken into
two components:

e2(co) =e2"(pi)+ep "(co) .

The first term represents the excitonic contribution to the
absorption while the second represents that from the con-
tinuum. Let us first neglect the intersubband scattering
[approximation (2}]. Utilizing the excited-state wave
functions of Sec. III and employing the dipole approxima-
tion, we obtain

8 e 2

ep"(co)=
2 g g4, (k')(g„k

~

s p ~ f "k } 5(E, Ep co—), —
~0~ m, a, cr, uI,

8 2 2

&q "()=
z 2 g g4 k(k')(f„k ~s.phyll

"k ) 5(sp, (k) —e (k) —pi) .
teal ON

(19)

e2"(co)= gf,5(E,—Eo —co),
4m e

moo) ma

4m e
&2 "(pi)= g f k5(cp, (k) —s (k) —pi),~o~ mk

(20)

where f~, and f k are oscillator strengths for the exci-
tonic and continuum states, respectively,

Here p is the single-particle momentum operator, and s is
the polarization vector of the incident light which is taken
to be right-circularly polarized so that b,mj =1 transitions
are induced (no loss of generality occurs here since the
double degeneracy of the subbands means that left-
circularly polarized light produces the same absorption
spectrum). The eigenvalues, E, Ep and —ap, (k)

(k), and eigenvectors 4,(k') and 4~ k(k'), are
determined by solving the integral equations, Eq. (14), and
taking m =m' [approximation (2}]. The subscript a la-
bels the exciton state, e.g., ls, 2s, etc. , while k specifies
the energy of the continuum states.

Using the subband k p expansion, e2"(pi) and ei'"(cp)
can be rewritten as

fm, a = [(Iml, ~os)'+ 3 (Iml~oi)']
Pl OCO

I.', = QC. .(k )~.„(k }, (21)
k'

~oj= J ko load&

with similar expressions for f k. Here p is the momen-
tum matrix element (s

~ p„~ x ) and the factor of —,
' in the

second term inside the square brackets arises from the
momentum matrix element between conduction- and
light-hole band-edge Bloch states. In the absence of
valence-band coupling [A pj(k) =5 oj ], the relative tran-
sition strengths for heavy and light holes, fpi, lfpi become
3 to 1 when spi, ——spi. To evaluate these expressions, the 5
functions are replaced with Lorentzians of half-width I .
The value of I' is difficult to calculate, and since we are
interested only in the location of the exciton peaks, it does
not have to be accurately determined. Values of I",„=1
ineV and I „„=2meV are chosen to give sharp exciton
peaks and a smooth continuum. ez(co) for the 100-A well
with x=0.3 (taking the 40%-60% split} is plotted in Fig.
4. The onset of the Oc-Oh and Oc-Ol continuums are
marked along the horizontal axis. Observe that the light-
hole exciton lies in the Oc-Oh continuum.

TABLE I. Exciton binding energies for L=100 A and x=0.3. The labels 1, 2, and 3 refer to ap-
proximations (1},(2},and {3}as defined in See. III.

Split

15%-85%
40/o-60%

8.8
8.7

9.0
9,3

9.3
9.5

9.3
9.7

E()I (meV)
2

9.7
11.4

10.5
12.6
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--- non-interacting case
Interacting case

TABLE II. Calculated energy difference between the ls and
2s excitons compared with experiment.
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co 52
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Expt.
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7.5
7.6
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7.7
8.7
8.7
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(3) The increase in binding is smaller than might be ex-
pected (particularly given the strongly nonparabolic 01
subband) because the reduced mass is dominated by the
electron mass.

FIG. 4. Calculated absorption spectrum with (solid line) and

without (dashed line) the intersubband interaction.

With the intersubband interaction turned on, the cou-

pling terms m&m' must be included in the solution of
Eq. (17), and additional terms enter into the oscillator
strengths which arise from the mixing of the Oc-Oh and
Oc-01 states. These terms produce shifts in the locations
of the exciton peaks, as shown by the solid line of Fig. 4.
A slight shift of =0.2 meV occurs for the heavy-hole

peak, while a more noticeable shift of =1.2 meV occurs
for the light-hole peak.

V. DISCUSSION AND CONCLUSIONS

The values of Eqt, and Eoi for approximations (1), (2),
and (3) are give in Table I for the 100-A well, x=0.3.
These results reflect the following conclusions about the
significance of the valence-band coupling and intersub-
band interaction. With the inclusion of valence-band cou-

Pllng:

(1) Eqh and Ezt increase with the larger increase occur-
ring for Ezt because the 01 subband becomes substantially
more nonparabolic than does the Oh subband (Fig. 1).

(2) The increase in Ezt is larger for the 40%-60% split
than for the 15%-85% split because the 01 subband for
the former case exhibits a sharper electronlike curvature
and so has associated with it a larger effective mass.

With the inclusion of the intersubband interaction:
(1) The binding energies increase further. Again, the

increase is largest for Eqt because it is immersed in the
Oc-Oh continuum and so exhibits a Fano-like resonance.

(2) The shift in Eat is again larger for the 40%-60%
split than for the 15%-85%%uo split because for the latter
case, Eat lies just at the onset of the Oc-Oh edge and so
does not interact as strongly with the continuum states.

Comparison of the results of the present calculation
with experiment is hindered by the fact that determina-
tion of the exciton binding energies is difficult to obtain
experimentally. Photoexcitation measurements, in partic-
ular, suffer from an inability to accurately resolve the on-
set of the continuum transitions. A comparison can be
made, though, with the results of Miller et al. , who
directly measure the difference in the binding energies of
the ls and 2s excitons, EtIt, and Ett't '. Table II displays
the theoretical and experimental values for a 100-A well
with x=0.37. The value of E,'t' obtained for the 15%%uo-

85% split is too small compared with experiment because
Eot itself is too small for this case. The agreement be-
tween the theory using the 40%-60% split and experiment
is excellent, within the approximations made, a fact that
lends further credence to this more recently established
distribution of the GaAs-Al& „Ga„As energy-gap discon-
tinuity.
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