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Excited states and the metal-insulator transition in monovalent systems
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We have used Gutzwiller s variational method to study the metal-insulator transition in a modi-

fied Hubbard model with low-lying excited states and one electron per site. Comparison is made
with results obtained using conventional band screening arguments. Implications for many-valley

semiconductors with and without central-cell effects are discussed.

Uncompensated n-doped semiconductors have been one
of the important family of disordered systems in which the
metal-insulator transition has been extensively studied.
While it is now established that the transition is continu-
ous in a large variety of disordered systems, the nature of
the conductivity variation in the metallic phase and, in
fact, the conductivity onset exponent v[a(n)-(n —n, )"J

has been found to be rather diffrent, varying from 0.5-0.7
for uncompensated doped semiconductors23 to 1.0~0.1

for amorphous metal-semiconductor alloys, magnetic
semiconductors, s as well as heavily compensated doped
semiconductors. Furthermore, though the microscopic
characterization of the electronic states of the doped semi-
conductor system is the most complete of the systems stud-
ied (see, e.g., Ref. 1), the nature of the states near the
metal-insulator transition is not clear. Weak-localization
corrections far on the metallic side are evaluated assum-
ing the full degeneracy of the conduction-band minima in
many-valley semiconductors. On the other hand, the vari-
ation of the metal-insulator transition density n, in
phosphorus-doped silicon (Si:P) with uniaxial stress, is
explained only if one assumes a single-nondegenerate-band
model, s rather than a degenerate band of effective-mass
donor states. 9 In fact, the agreement using a single band
derived from the (stress-dependent) isolated donor ground
state in Si:P, neglecting all the higher states, turns out to
be embarrassingly quantitative, '0 while the result for ef-
fective mass donors has the opposite sign. This is despite
the fact that the degeneracy splitting of the Is ground
state at zero stress, due to the short-range control cell po-
tential (=12 meV), is much less than the impurity band-
width (=45 meV).

In this paper we address this issue by applying
Gutzwiller's variational technique" to a modified Hub-
bard model'2 with one electron per site, each site having a
nondegenerate (except for spin) ground state and a f-fold
degenerate excited state. As shown by Brinkman and
Rice, ' the "half-filled band" Hubbard model (without ex-
cited states) in the Gutzwiller variational approximation
yields a metal-insulator transition as the on-site repulsion
U is increased, from a metal at U =0 to an insulator with
one electron per site (zero double occupancy) for U & U, .
Since Gutzwiller's variational technique basically keeps
track of correlation effects only through the average num-
ber of double occupied sites (which is the variational pa-
rameter in the many-electron wave function), we would
expect a similar metal-insulator transition in our model.

where
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(2)

is the noninteracting two-band Hamiltonian with creation
and annihilation operators atja and b /b, spin index

+ —,', and a further degeneracy (e.g. , valley) index
1 to f in the case of the excited state, which is an ener-

gy a0 above the ground state. t;~ =t for nearest neighbors
and 0 otherwise is the hopping matrix elements. H~ is a
purely on-site electron-electron interaction, which we take
to be the simple form

0 for one electron on a site,

0 ~ U for two electrons on a site of any kind,
~ for more than two electrons on a site.

(3)

Several nonessential features of the doped semiconduct-
or system have been ignored. The hopping matrix element
t is taken the same for both bands. Interband hopping ele-
ments are ignored. Such terms are expected to be unim-
portant as long as the t for both bands are not widely
separated. Inclusion of such terms will greatly increase
the complexity of the calculation. Also neglected are the
small intrasite exchange terms.

Gutzwiller's variational scheme starts with the ground-
state wave functions of the noninteracting Hamiltonian
00, and transforming to a site representation, projects out
terms which involve double occupancy in terms of a varia-
tional parameter. %e follow the approach used by

The parameters at the critical point, however, depend on
the energy and degeneracy of the excited states. In addi-
tion, we find that the nature of the metallic phase can
differ depending on the parameters in a way which is

markedly different from what is expected using simple
band theory and metallic screening arguments, as done
originally by Mott' and elaborated by others. '5 Our re-
sults not only explain the success of Bhatt's single band
calculation, s but also suggest that one should be rather
careful when extracting exponents for the conductivity on-
set in uncompensated, doped many-valley semiconductors,
from samples not too close to n,

Our model Hamiltonian can be written as

0 -Ho+0
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Voilhardt. 'b Considering only the nonmagnetic case, and
assuming all the f upper orbitals are equivalent, we may
write

where

x, =n, —d, -2fg,
xb =n—b/f —(2f —1)db —2g, (6)

(4)ala +Tlb
1

e =I 2n—, —2nb+d, + f (2f —1)db+4fg .

The total energy of the system is then found to be

E =2q, g Eg +2fqb g Ek
k &k. k &kb

where n, /nb are the number of a/b electrons with spin up
or down. Assuming the number of doubly occupied a/b
sites is d, /db and the number of sites with one a and one b
electron is g, giving weights a, P, and y to these three pos-
sible cases of double occupancy, we find from the dom-
inant term condition that

u2 P2 P ged, edb

Xa XaXb

+U(d, +f(2f —1)db+4fg ),
where Eg ~b are the band energies for the two tight-binding

(5) bands, and the Gutzwiller parameters for the Fermi sur-
face discontinuity are given by

ga
x, (je+jd, )2+4fjgxb( j'ex, +fjgxb+ j'd, x, )

n, (1 n,—)
xb[Ke+(2f —1)~dg]2+4jgx, Ijexb+ jgx, + (2f —1)jdbxb I

nb(l —nb)

(sa)

(sb)

Analytic results could only be obtained for the case ao 0
when we can put d, db g and nb fn, . We now mini-
mize Eq. (7) by varying d, . For the case f 1 we get a
metal-insulator transition at

U, —13.20 2 g Eg
k&k.

This differs from the more complete calculation of Chao
and Gutzwiller' which included interband hopping by
about 1%. For f

U, —11.66 (f+1) g Eg
k&k,

(eo/U & 0.5) can be described in terms of a single nonde-
generate ground-state band, and explains why such a cal-
culation neglecting the excited-state bands was so success-
ful in Si:P. Another interesting result is the relatively
small variation (less than a factor of 2) in the ratio t/U at
the transition for all values off and so/U. The hopping in-

tegral is very sensitive to the donor separation (t -e "~');
consequently, the small variation in t/U would explain the
near universality of the Mott number (n)'~3a) observed'
(on a 10% level). This is in contrast to results obtained us-

ing simple metallic screening arguments, ' following
Mott's original argument.

These results will now be compared with the results of a

indicating the insensitivity of U, to the value off.
Minimizing Eq. (7) with respect to d„db, and g, we

find three possible phases, depending on the parameters
au/U and r/U: (1) the insulating phase with d, db g

nb 0 and n, —,', (2) a one-band metal M~ with

db g nb 0 and n, —,', but d, &0, and (3) a two-band
metal M2 where all occupation numbers are nonzero.

Figure I summarizes the phase diagram in the
bo/U —t/U plane for the cases (a) f 1 and (b) f 5
(which would be relevant to Si:P, with five valley-orbit-
split excited Is states). ' Results for f~ ee are not very
different from the latter. As can be seen, for a given su/U,
as t/U is increased (which corresponds to increasing the
donor concentration in the experimental system), one has,
for eu/U not too small, a transition from an insulating
phase to a one-band metallic phase, which is continuous in
that the number of double occupied increases continuously
from zero. It is only at a larger value of t/U that there is a
(first-order) transition from a one-band to a multiband
metal in this model. The noteworthy result is that one gets
a transition to a multiband metal directly, only for abnor-
mally small values of eu/U &0.04. This implies that the
variation of the metal-insulator transition density for most
donors with even moderately small central cell effects
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FIG. 1. Phase diagram of model Hamiltonian (1), using a
Gutzwiller-type &rave function. The parameter t is the overlap of
the ~ave function of nearest neighbors, so is the splitting be-
tween the two states on a site, U is the Hubbard repulsion, and f
is the degeneracy of the upper level.
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simple band picture of the metal along with Mott's screen-
ing argument for the metal-insulator transition. We have
constructed a phase diagram for a two-band model with
parabolic (effective mass) bands. For a nondegenerate
ground state and an f-fold degenerate excited state
separated by so, we obtain a Thomas-Fermi screening
wave vector:

i/2- &/2

1+f 1— 8
kF2at2t

8(kFag —b), (9)

where kF is the Fermi wave vector in the ground-state
band, 8 is the Heaviside step function, aq the effective-
mass Bohr radius a~ ah /m'e, and b is so divided by
the effective-mass Rydberg Ett me "/2s2h, (s is the host
dielectric constant). The critical density at which the
Thomas-Fermi potential
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binds an electron is given by o

(10)
0
0
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E -1.19/aa .

The critical value of x kFay is therefore obtained by sub-
stituting Eq. (11) in Eq. (9), and the number obtained
from

n' att ~x[1+f(1—b/x')''8(x'-b)l't

The resulting phase diagram that is obtained is shown in

Fig. 2 for f 1 and f 5. The vertical axis is comparable
to Fig. 1, since U=0.95 Ry for hydrogenic systems, '

while the correspondence to the horizontal axis in Fig. 1 is
monotonic but not linear. Despite this, the phase diagram
is clearly very different —the critical density is much more
sensitive to the presence and degeneracy of the excited
state, and starts to shift from the single band value as soon
as the excited state comes within an energy of the order of
the Rydberg, as one might have easily guessed. (The
difference in the shift is in fact underplayed by comparing
Figs. 1 and 2 directly, since in Fig. 1 the horizontal axis is
exponential in the impurity separation, so even a small
shift in n,'t3 would register a big change. In Fig. 2, on the
other hand, the scale is linear. ) In addition, unlike Fig. 1,
the transition in Fig. 2 is for the most part directly from
the many-band metal to the insulator. These differences
in the phase diagrams serve to illustrate the crucial role of
electron correlations in determining both the metal-
insulator transition density, as well as the nature of the
metallic phase. This role is captured in the Gutzwiller
technique, which is therefore able to explain both the suc-
cess of the one-band calculation in Si:P as well as the ob-
served constancy of the Mott number.

%e expect that in real many-valley doped semiconduct-

( n in'")'

FIG. 2. Phase diagram of a doped many-valley semiconductor
using the Mott screening argument. The constants so is the val-
ley splitting. U and f have the same meaning as in Fig. I. The
density of electrons in n and n,'" is the critical density for the
single-valley case.

ors the insulator multiband metal transition will not be
suppressed quite as much as Fig. 1 suggests. This is in
part because the (symmetric) ground-state wave function
is sucked in and has therefore a larger U and smaller t
than the excited states, and exchange terms would favor
multiband occupancy also. In addition, the hybridization
terms will tend to keep the bands apart; this could be par-
ticularly important if the bands cross, 22 or have nonparal-
lel dispersion.

A final point of relevance is the single-many-band met-
al boundary in Fig. 1. In the real system there is disorder,
which our model lacks; consequently, we would not really
expect a true phase change. However, a crossover
behavior would probably persist, and if the boundary is
close to the metal-insulator transition, then this would
render determinations of conductivity onset exponents
inaccurate. From Fig. 1, using hydrogenic overlap in-
tegrals, we would conclude that one is relatively safe from
this effect if determining results from samples with
n (2n, in Si:P and Si:As. However, shifts due to effects
contained in the previous paragraph would make the cross-
over closer, and it would therefore be prudent to use a cri-
terion more stringent than the one given above.
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