PHYSICAL REVIEW B

VOLUME 34, NUMBER 1

1 JULY 1986

Nonlinear excitations in the classical one-dimensional antiferromagnet

M. E. Gouvea and A. S. T. Pires
Departamento de Fisica, Universidade Federal de Minas Gerais, Belo Horizonte, MG, 30000, Brazil
(Received 21 May 1985)

In this paper we study nonlinear excitations in the classical one-dimensional antiferromagnet with
two anisotropies and an external magnetic field with components parallel and perpendicular to the
chain. We use the continuum approximation, at low temperatures, to obtain two coupled nonlinear
equations in the variables 8 and P, and then we discuss some limit solutions to these equations. We
study the equivalence of this model, from the thermodynamical point of view, to an anisotropic fer-

romagnet whose statistical mechanics has been studied in the literature.

We then use this

equivalence to calculate the inverse correlation length, the neutron scattering intensity integrated
over energy, the soliton density, and the soliton energy. Our theory is found to be in good agreement
with experimental data for tetramethyl ammonium trichloride [TMMC,(CD;);NMnCl;].

I. INTRODUCTION

Recently there has been a great interest in the study of
nonlinear solutions to the equations of motion associated
with one-dimensional classical magnetic systems.! Al-
though most of the work has been done for the sine-
Gordon chain,? some authors have studied the full equa-
tion of motion for the magnetic chain. Sasaki,? Etrich
and Mikeska,* and Fogedby et al.’ have studied the sta-
tistical mechanics of a classical Heisenberg ferromagnet
with two anisotropies. Other authors have considered the
ferromagnet®~!! and the antiferromagnet'>~!* with one
anisotropy in an external magnetic field. In this paper we
will present a theoretical investigation of nonlinear excita-
tions in a classical one-dimensional anisotropic antifer-
romagnet in an external field. Leung et al.!’ have studied
sine-Gordon solitons in this system and Mikeska!>!* has
considered the equations of motion for the full Hamiltoni-
an in some particular cases.

As pointed out by Leung et al.'’ solitons in quasi-one-
dimensional antiferromagnets are of interest for several
reasons. First, in most one-dimensional magnetic salts,
the exchange coupling is antiferromagnetic. Also, the sol-
itons in the ferromagnet and the antiferromagnet have
very different properties. For instance, much larger mag-
netic fields are required to drive the antiferromagnet into
the regime where the soliton rest energy is large compared
to kpT and the solitons form a dilute gas of noninteract-
I

ing elementary excitations.

In fact, we will be interested in the antiferromagnet
tetramethyl ammonium trichloride (TMMC), which has
an anisotropy of dipolar origin 8S;Sy ,; leading the sys-
tem to a crossover to the XY model at low temperatures,'®
and a single-ion anisotropy in the easy plane.!”!®

In Sec. II, we present the classical equations of motion
for our general model and discuss some particular solu-
tions. In Sec. III, we study the statistical mechanics of
the system. Section IV is devoted to comparison between
our theory and experimental data for TMMC.

II. EQUATIONS OF MOTION

Let us start with a general model described by the fol-
lowing Hamiltonian,

H=2 3 [S,-8p 1 1—8SISE 4| +b1(SH?+b,(52)?]
n
—vH, ¥ Sy—vH, 3, S5, @2.1)
n n

where y=gup. At low temperature and for small aniso-
tropies, (S%)? has the same effect as —SySy .1, and our
Hamiltonian (2.1) is completely general.

For small magnetic fields we expect that two neighbor-
ing spins are almost antiparallel to each other at low tem-
peratures. Following Mikeska'’ and Harada et al.,'? we
introduce angle variables as

S, =(—1)"S(sin[6, +(—1)", Isin[®, +(—1)"¢,] , cos[6, +(—1)", ], sin[0, +(—1)"v, Jcos[®@, +(—1)"d,]) , (2.2)

and substitute them into (2.1). Since v and ¢ as well as the spatial variation of 6 and ® are expected to be small, we keep
only the terms up to the second order of those small quantities. Using the continuum approximation, we obtain

2 2
a6 .
sw=ts? [ 1800 12 ine |42+ |22 | | 425 cos’d 4 b, sind)sin’6
a oz a9z
+2b,c0s%0 — 44 sinf(h, cos® — h,sin®) — 4v cos6( h,sin®+h,cos®) (2.3)
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where h,=vyH,/4JS, z is the coordinate along the chain, and a is the lattice constant.
The equations of motion can be obtained either directly, by applying the continuum approximation to the equation of
motion on the discrete lattice, or from Hamiltonian (2.3). We obtain

Z]l—,s_‘ —gﬁ =2¢ sinf+(8+b v cos 8sin® cos® — h, cos® + h,sind , (2.4)
1 3¢ 2 24 1+cos?8 .
WS = sinf +6v cos* @———— sin + h,cotgf sin® + h,cotgh cosP

b
—b,v sinf—b ¢ cosf sin® cosP + -2l—vsin9 sin’® (2.5
1 v _ 303> . 3% o :
2JS ot —2v¢ cosf—cosf— % 3z 2 sinf 2?2 (6—b,)sinf sin® cosP+ h, ¢ sin®+h,¢ cosP , (2.6)
1 __¢_ 2v°cosf 2cos6 22 1 9P 2 2
60— 5cosO |— —_— —
2JS 1 sm20 —2¢“cos 5 COS 32 25in0 352 8 cosf cos“®
—b,cos@sin’d . 2.7
After eliminating the small angles ¢ and v, we find
0129 _ugere| [22 | L[20
9z? 2 312 oz ot
+5in6 cosO[ (h,sin® + h,cos®)? + 2b,sin*® + 26 cos’® —2b, ] , (2.8)
?e 1 30 3¢ 1 36 3 |, hxsin®+h,cos® 39 2 2
—_— ———=_2cot —_—— | — - — X
022 o a2 g6 l % 32 2 3r o 7S ot +sin® cos®(h; —h,; +2b;—28) , 2.9
[
where ¢ =4JSa. For b,=b,=0, h,=0, Egs. (2.8) and energy. From a linear stability analysis, we obtain the re-

(2.9) are equivalent to the ones obtained by Fliggen and
Mikeska,'* noting that we have used a different coordi-
nate system.

The general solutions of Egs. (2.8) and (2.9) are very
difficult to obtain. Thus we will only consider some spe-
cial cases and soliton solutions. Let us first study the
problem for a null external magnetic field. If b, <b, and
b, < 8, the ground state is along the y direction. Since for
this case =0 and ®=m/2 satisfies the full Egs. (2.8)
and (2.9), complete dynamical solutions are obtained from

32 1 3%

o =0, 322_73;2‘_2(8 b, )sinf cosb , (2.10)
3% 1 9%

*=7, T gz =2bi—bysindcosd . (21D

These are sine-Gordon equations in the variable 26; the
fully dynamical yz and yx solitons are therefore given by

9=%+2arctan[exp\/7c- y(z —ut)], (2.12)
with energy
E=4JS"kvy, (2.13)

where y=(1—u%/¢?)~!? and k =2(8—b,) for yz soli-
tons, and k =2(b; —b,) for yx solitons. Depending on
the ratio r =(8—b,)/(b; —b,), the yz soliton (r < 1, easy
yz plane) or the yx soliton (7 > 1, easy yx plane) has lower

sult that the lower-energy soliton is stable with respect to
small perturbations. For r =1 (i.e.,, §=5b,), there is rota-
tional degeneracy. That is, we have a dynamic sine-
Gordon soliton for any ®=®,=const. In this case,
Hamiltonian (2.1) is equivalent to the Hamiltonian for an
Ising-like antiferromagnetic chain. Thus the picture for -
the nonlinear dynamics for this case is the following:
There are always two sine-Gordon branches. For 6=b,,
these two modes become degenerate.

If h=0 but b; <b,, b; <8, the ground state is now
along the x direction. As we can see, ®=1/2, the xy sol-
iton, is still a solution. The other solution is given by

m 3P 1 3

9=_2—’ az? 2 82

The soliton solution of Eq. (2.14) is an xy sine-Gordon
soliton in the variable 2¢ with energy E
=4JS%y(8—b,)'/% For 8=b,, there is rotational degen-
eracy for dynamical sine-Gordon solitons in any plane
passing through the x axis. Similarly, we can study any
other case, such as, for instance, 8 <b; <b,.

Let us now consider the case where the magnetic field
is perpendicular to the chain (i.e., the H, component). As
far as static properties are concerned, the effect of the
magnetxc ﬁeld is to introduce an effective anisotropy
given by h2/2. However, from the dynamical point of
view, a magnetic field is not equivalent to an amsotroplc
term. Let us start with the case b, <8, b, <b;+h2/2.

=—2(6—b)cos®Psin® . (2.14)
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The ground state is along the y direction. As we can see,
the dynamical yz soliton [®=0, Eq. (2.10)] is still a solu-
tion. Then the magnetic field has no effect in this mode.
We also find immediately that ®=7/2 is a static solu-
tion, the equation for 6 being

2
%f; —2(h2/24b, —b,)sindcosd . (2.15)
Zz
Thus the static soliton solution is given by
0o=2arctan[exp(h?+2b, —2b,)%z] , (2.16)
with energy
ED, =4JSXh?+42b, —2b,)'/% . (2.17)

A complete time-dependent solution for the xy soliton
cannot be obtained analytically. However, for small ve-
locities, we can take, following Ref. 14,

6,y (2,1)=6p , (2.18a)

¢xy(z,t)=%+u¢1(s) , (2.18b)
where s =z —ut. Inserting Egs. (2.18) into Eq. (2.9), we

find the equation

% ‘i;f;‘ + [1 - _zia—;ﬂ b1+ %tanh(hs)—"sl
hy 1
=-——h:il~§sech(hs) (2.19)
where
R=[h2+2(b;—b,)]'2.
Equation (2.19) has the solution
¢1(s)=(R /2JS)sech(hs) , (2.20)
where
i (2.21)

T 25—b,)+h?

The u? correction to the energy can be calculated using
Eq. (2.20). For small values of R we find

1 4
E,,~E} -t ,
xy =Ly, c2 2 + T (2.22)
where
A=R-1-1. (2.23)
For b,=b,=0, h,=0, Eq. (2.22) agrees with the result

obtained in Ref. 14.

We could also study the case for large R, but we are in-
terested here in corrections to the sine-Gordon model, and
for large R, the system behaves like an Ising model. Sum-
marizing, we see that for u =0, the soliton is in the xy
plane. For a non-null velocity, the sohton moves out of
this plane. If R <1, we have Exy <E The energy E,,
increases with u, the soliton being stable against small
perturbations.

If h2+2b;=28, the yz soliton is the only dynamical
soliton solution. The xy soliton is a degenerate static
solution. That is, a static soliton in any plane ®=const is
a degenerate solution with energy

Eo=EJ=4JSY[2(6—b,)]'". (2.24)

The curvature of the xy soliton dispersion [Eq. (2.21)]
changm sign at hl+4+2b,=28, which means that for
h2+2b, >>28 the xy soliton is unstable against spontane-
ous motion.

Thus for h?+2b, <<28 the essential contribution to
thermodynamical variables comes from the lower branch
of the spectrum E,,(u), deviating from the sine-Gordon
solution thh the mcrease of the field. For very high
fields (h2+2b;>>28) the system should behave like a
pure sine-Gordon system. For fields near the anisotropic
values h?~2(5—b,) the upper and lower branches in
E,,(u) contribute equally In this limit, therefore, unsta-
ble solutions are important in the calculation of thermo-
dynamic variables. We expect then, that we would not
observe any form of mstablhty in any measurable parame-
ter in going from h2+2b, <28 to h2+2b,>28. In the
next section we will discuss more quantltatxvely this affir-
mative in a statistical-mechanics analysis of Hamiltonian
(2.1). Following similar steps, we can analyze all other
cases. For instance, if 8> b, > b, +h2/2, the ground state
is along the x direction. Now 6=m/2 gives a fully
dynamical sine-Gordon soliton in the & variables and
®=1/2 gives a static soliton in the 0 variable.

Finally, let us consider what happens when h,50. If

by <8+h2/2, by<b,+hl/2,

the ground state is along the y direction. As we can see,
® =0 is now only a static solution. We have

2
=0, 2—9_[2(5 b,)+h2]sin@cos6 . (2.25)
z
The ®=m/2 solution is not changed by the presence of
the h, component. We have a symmetry between the
solutions =0 and ®=1/2 just by replacing (8,h,) with
(by,h,), and so we can use the results obtained before for
small velocities [see Egs. (2.20) and (2.21)]. The other
cases can be discussed in a similar way.
Although postponing a thorough discussion of the sta-
tistical mechanics of our model until Sec. III, we will cal-
culate here the dynamical correlation function defined as

S""(q,w)=i [ dtdz ' =20 (5%2,5%0,0)) .

(2.26)

We will be interested (in order to study experimental data)
in the fluctuations perpendicular to H, (i.e., a=y).

As we saw above, the soliton model is found to deviate
substantially from the sine-Gordon form with a large
out-of-plane component when R, defined by Eq. (2.21), is
large. Thus, to understand nonlinear effects due to soli-
tons, we need to take into account the out-of-plane fluc-
tuations neglected in the sine-Gordon approximation.
Following the approach of Currie et al.'® to evaluate
dynamical correlation functions (also, see Ref. 20), we
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start with the soliton density n given by

F

n:——-——-——l

J EL exp—pLE () +3))

(2.27)

where F is the free energy per unit length, L the system
size, z the position of the soliton, and E (p) the energy
dispersion of soliton. X is the “self-energy” of the soliton.
Using Eq. (2.22) for small fields and low-velocity solitons,
we can write the soliton energy in terms of the linear
momentum p. We find

E(p)=E,,+p*/27i , (2.28)
where

Ai=mf(A), m=Eg,/c*. (2.29)
For large A, f(A) is given by

F(A)=148/3A+0(172). (2.30)

Then the out-of-plane component renormalizes the “soli-
ton mass.” If we use, for 2, the result for the pure sine-
Gordon model given in Ref. 19, we find, from Eq. (2.27),

n=ngs[f(M]?, (2.31)

where ngg is the usual sine-Gordon result.!* Using the
correct expression for 2 would only change the function
f(X) to a new function g(A). In the next section, we will
present the correct value for g(A) obtained through the
transfer-integral method. The temperature-independent
function g(A) is always greater than 1 and approaches 1
as A— oo.

Within Boltzmann statistics, the probability of finding
a soliton with velocity u is

P(u)=(AB/2m)exp(—Briu?/2) . (2.32)
The thermal velocity [u3=2 f du u’P(u)] being
ug=(Bm)="2. (2.33)

The number of solitons plus antisolitons with velocity u is
therefore

N(u)=2nP(u) . (2.34)

Using Eq. (2.34), we can calculate Eq. (2.26). For the spin
component perpendicular to the direction of the field H,,
we have

sy(t)=(—1)"cos[6, (1) +(—1)"v,(2)] . (2.35)

In the calculations of correlation functions, we can neglect
v, in Eq. (2.35). To be consistent with the approximation
used (i.e., low-velocity solitons), we take for 6(¢) the sine-
Gordon result. Following the procedure used by Mikes-
ka!? for the sine-Gordon model, we obtain (for A—> oo )

r r,
S7(q,w) Sz(cosze)— 2 , 2.
7 T2ta? F2+ 3 (2.36)
with Fq—4n and T —4nu9/\/;, and where

(cos?0) =(s}) will be presented in Sec. III. Using Egs.

(2.31) and (2.33) we obtain

I, =(T,)sclg (M2 To=(T,)sclg(M)/f(A)]2.

(2.37)

Thus, the effect of the out-of-plane fluctuations at tem-
peratures sufficiently low, such that only low-velocity sol-
itons contribute, is just to renormalize I'j and I',. The
functional form S%*(g,w) is the same as the one for the
sine-Gordon model.?! This explains why the experimental
findings from neutron scattering?! are qualitatively ac-

counted for by the sine-Gordon theory.

III. STATISTICAL MECHANICS

It has been pointed out by some authors'>?? that the
static properties of the Hamiltonian (2.1) are equivalent to
those of a ferromagnetic Heisenberg model with single-
site anisotropic terms. To discuss this equivalence in
more detail, we start with the partition function, given by
the functional integral

Z = [ exp(—BH#)d{cost}d{®}d{$sind}d (v}, (3.1

where 2 is given by Eq. (2.3). The functional integral
over the components ¢ and v is Gaussian and can there-
fore be carried out. We obtain

Z=Z,Zpo , 3.2)
where Z,4=const/p and
Zoo=[d cosO}d{<D}exp(—BZ7), (3.3)
2
#=yst [ 2] |26 +sm9 9 1 4 (26+h2)
a 3z

X sin%6 cos®® + (2b | + h2)sin?6 sin’®

—2hyh,sin*@ sin® cos® + 2b,cos20

(3.4)

The terms independent of 6 and ® have been omitted in
Eq. (3.4). Equation (3.3) is the partition function of an
anisotropic Heisenberg ferromagnet,

H=—238;S;11+D 3 (SH*+B, 3 (57

+B, 3, (S)*+C 3 SSt, 3.5
i
with
D=2J8+Jh}, (3.6)
By=2J(b,—by)+Jh?, 3.7
B,=2Jb, , (3.8)
C=2Jh.h, . 3.9

Using the condition

(SFP+(S))?+(87)*=S?, (3.10)
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we can eliminate one of the components (S7)? (a is
chosen such that the final anisotropic parameters are posi-
tive) and write Hamiltonian (3.5) in terms of two anisotro-
pies and a crossed term. There will be an extra term in-
dependent of spin operators, which we will neglect.

If one of the field components H, or H, is zero (then C
vanishes), the magnetic field is equivalent to an effective
anisotropy given by Eq. (3.6) or (3.7).

The thermodynamic properties are studied through
thermal averages of operators given by

<F>=%fd{cose;d{q>}d{¢sine}dzu}Fe—ﬂ*. (3.11)

If F depends only on 6 and @, then the integrals in v and
¢ can be derived as before and we obtain

1
Zyy

(Fy=—— [ d{cos8)d{®}Fe~P¥ (3.12)
Then the equivalence between the Hamiltonians (2.1) and
(3.5) can be correctly expressed as the thermodynamical
properties of Hamiltonian (2.1), for operators depending
only on the variables 6 and & are the same as those of the
Hamiltonian (3.5). In the calculation of variables such as
susceptibilities and correlation length, we can neglect the
small quantities v and ¢ in the expressions for the corre-
sponding operators in the integrand of (3.11) and then ob-
tain the same results using Hamiltonian (2.1) or (3.5).

The statistical mechanics of the classical Hamiltonian
(3.5) can be studied by means of the transfer-integral
method.?® The easy axis for the spin system will result
from the competition between the anisotropic terms. Dif-
ferent cases have to be considered. Let us start, for sim-
plicity, with the following cases:

(i) b, =0 [otherwise we could use Eq. (3.10) to eliminate
(S?)?]. The easy axis for the spin system corresponds to
the y axis. In the case of low temperatures (T <<JS?)
and weak anisotropies (D, B; <<J), the problem is re-
duced to solving the equation®

1

- Fv§+ g-s,f—{— TS24 1758, |Ua(8)=E1h,(s), (3.13)
m

where
V'm =28*VJD /T, p=B,/D, r=C/D, (3.14)
92 3? 9? 2
V2=____.._+____+-———, s +52+32=1 . (3.15)
4 asy2 9sp’ T Y

Now we can make a rotation in the s,,s, plane to diago-
nalize Eq. (3.13). We find

_ 2;_ va-i-%sfl-%%s} Un(s)=€ntn(s),  (3.16)
where
m*=A_m, A=A /A_, €,=&/A_, (3.17)
and
A+=0.5{(p +D*[(p —1)24r2]"/2} . (3.18)
Let

A=T*m*(4JS*)~'=A_D ,
B=AA=A,D.

We see that if » =0, we have 4 =D and B =B,.

Equation (3.16), with 4 > B, has been solved by Sasaki’
and thus, using his results we can calculate the suscepti-
bilities, inverse correlation lengths, static correlation func-
tions, etc., for Hamiltonian (2.1). From now on, we will
take h,=0; then in all statistical mechanics calculations
(with b, =0), the total anisotropy in the x direction can
be defined through an effective anisotropic field along the
x axis given by

hie=(2b, +h})\2 . (3.21)

A >B means hlx<V'26. If h%;=128, Hamiltonian (3.5)
is equivalent to the one solved exactly by Faria and
Pires.?*

(i) b;=0 and b, >h}/2. We will always take b, <§;
then, h, <V'28. Using Eq. (3.10) to eliminate (S7)?, Eq.
(3.5) can be written as

(3.19)
(3.20)

H=—2138;8;,1+4 3 (SHP+BI(S)?, (322
i i i
with
A=2J(8—h1/2), B=2J(b,—hl/2). (3.23)
The effective field is now given by
héff=(28—h3)1/2 ,
(3.24)

hlg=(2b,—h})'? (b3>h?/2).

hes decreases with increasing h,. The easy direction is
along the x axis.

(iti) b, =0 and h2>2b,. Using Eq. (3.10) to eliminate
(8?)%, Eq. (3.5) can be written as

H=-238;8;1+4 3 (SH+B I (577, (3.25)
i i i

with

A=2J(8—b;), B=2J(h}/2—b,). (3.26)
The effective field is

Sr=(h}—2by)'%, (3.27)

and we have an effective anisotropy in the z axis,

Oetr=06—b, . (3.28)

The easy axis corresponds to the y axis. If hi=2b,, as a
consequence hgr=0 and the system is equivalent to a
model with no external field but with an effective aniso-
tropy in the z axis. The isotropic character in the xy
plane is restored.

With the aim of using our calculation in the next sec-
tion to analyze experimental data in TMMC, we will now
discuss in more detail the case b, =b, =0, H,=0. Using
the equations given by Sasaki® and solving them numeri-
cally, we could obtain results for any values of the param-
eters 4 and B (this is 8§ and A, ). However, we will use an
asymptotic expansion given in the same reference that, in
fact, for low temperatures, covers most of the region of
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interest. In the following, two energies will be important:
the soliton energy associated with the magnetic field
E,=4S*VJB =4JS?h and the energy associated with the
anisotropy E;=4S*VJA =4JS2\/$215. To understand
what happens to the ferromagnet, we should consider
several relations between the parameters (let B < A4; if
h?>23, we just change B for 4). Since we are concerned
with low temperatures, we should have T << E,.

If h2 <<28(A << 1), the spins are confined to the vicini-
ty of the xy plane. If T >>E,, only spin waves contribute
to the thermodynamics. If T <<E}, the soliton contribu-
tion will be important. We note that for large T, the sys-
tem behaves like an XY model. For small T, the spins are
aligned almost parallel (or antiparallel) to the y axis. We
say that the system is in the “Ising region,” although in
the soliton, the spins turn in the xy plane because
h? <<28. Since some authors call this region xy-like, we
call it XYlsing'

If h2=23, we have a classical Ising model. For h2~28
the system should behave like a true Ising model with the
spins turning in any plane in going from z to —z. How-
ever, for the solitons to be important we should have
T << E4, but now E;~E;, and so T << E;,. Thus the con-
dition for the Ising region is always T << Ej,.

One of the most important variables in the analysis of
experimental data is the inverse correlation length K|, for
the spin component in the xy plane perpendicular to the
direction of the applied magnetic field. As we saw in Sec.
II, K, directly gives the soliton density. For the XY re-
gion (A'<<1) we have®

K,=Tl[a\(q)—aclq)] "' /4JS?, (3.29)

where
lq | =JS*B/T*=(JS*h/T)?, (3.30)

and a,(q) are the characteristic values of the Mathieu
equation.”> We can use Eq. (3.29) in the whole XY region.
For | g | <«<1 (i.e,, T >>E,) we have®

T
Ky=57 [1+9+39°—¢7/64— 354"
-1
+ e ] : (3.31)
where the first three terms give the spin-wave results.
For | ¢ | >>1 (i.e., T <<E}), we obtain’
, |2 |72

K,=8|=| JSh|—= | e~¥SHT, (3.32)

in the XY, region. Equation (3.32) is the well-known
result for the pure sine-Gordon chain.®

For the Ising region (including the pure Ising and the
XYing), T <<Ej, and we have’

K,=4DS*ry/T , (3.33)
where
ro=4V AV (14 VAIM2e B Te ¢ £y (3.34)

¢=[(1—VA)/2VANE, /T) , (3.35)

and as before, D =2J8. I, is the modified Bessel func-
tion. Equation (3.33) can be explicitly written as (B < A4)

Kp B 372
1<y=—%1—,2 T 64V27254(28)!74
172
X 1+—‘/hz=5 e e —Cry(¢) (3.36)

where KI,=T/4JS2 is the inverse correlation length for
the planar model. For 4 =B (i.e., h =V28§), Eq. (3.36) is
identical to the result of Nakamura and Sasada for the
pure Ising chain:*

Me —4JS2h/T
T .

In the (XY)yyg region, & is very large and we can use the
expansion for I(§) for large £, obtaining

K,= (3.37)

K,=(K,)sq (3.38)

1+nv35 |1
1—h/V28 ’

where (K, )sg is the inverse correlation length for the pure
sine-Gordon chain given by Eq. (3.32). Equation (3.38) is
valid if £ >> 5.

In order to make a comparison with experimental
data,”” =2 in the next section, we will define an energy E,
and a parameter a by

n | 52117
E;=—Tn| |— sy (3.39)
and
372
dln Ky T
_an KT (3.40)
ou | K, |H

with u =H /T, and here we will use H and D instead of h
and 6. For the sine-Gordon model, E; is just E, and
a=agg="YS is the constant relating the field to the ener-
gy E, (=aH).

Using Eq. (3.36), we obtain

E,= —Tn[2V7S(JD)'*R (u,T)e 5], (3.41)
where

R(u,T)=(1/T+yu /45VID )%e ~5I4(£) (3.42)
and

a=asg—aogp , (3.43)
where

aop= -%%R (u,T), (3.44)

is the correction to agg due to fluctuations out of the xy
plane. In the (XY),, region we can use the expansion
for Iy(&) for large &, obtaining
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FIG. 1. A rough sketch of the regions discussed in Sec. III.
The dashed areas indicate the XY, the YZ, the Ising, and their
intersections, the XYy, and YZ g, regions. The XY region is
given by h << V28, T «< E; /4 (E¢=4\IS2\/§5). In this region,
we have the spin-wave (SW) limit | g | <<1 (T >>y, where
y=JS*h) and the sine-Gordon (SG) limit | g | >1 (T <«<y).
The YZ region is given by & >> V28, T «< y. In this region, the
SW limit is T >>E;/4 and the SG limit is T <<E;/4. The Is-
ing region is given by T << E, (E,=4y) for h< \/58, and
T << E, for h > V2. The parameter § is kept constant while T
and A are varied.

f T
Qop~QsG 4v'JD —.—_IGISZD —Ysz
TZ

(3.45)

+
4S5(4SV'DJ —LyyH)?

For A~1 (A ~B), {~0, and we can take Iy({)~1. We
obtain

T

asGg 1—
4SvVJD +yH

2

a= . (3.46)

The results of this section can be best analyzed through
Fig. 1, where we show the XY, the YZ, the Ising and their
intersection, the (XY)ysng, and ( YZ)yp, regions. The XY
region is given by h <<V28, T <<JS*V25. In this re-
gion, we have the spin-wave (SW) limit | g | <<1 and the
sine-Gordon (SG) limit | g | >>1. The YZ region is given
by h >>V'28, T <<JS?h. In this region, the SW limit is
T >>JS*V'25 and the SG limit is T <<JS>V'25. The Is-
ing region is given by T <<E, for h <V26 and T «< E,
for h >V28. For h <V'25, Eq. (3.29) is valid in the XY
region, as is Eq. (3.36) in the Ising region. Equation (3.38)
is a correction to the SG expression and Eq. (3.31) is an
asymptotic expansion in the SW limit. All these equa-
tions can be used for 4 >V/28 by just changing h for V25
and vice versa.

IV. APPLICATION TO TMMC [(CD;){NMnCl;]

At room temperature, the crystal structure of TMMC is
hexagonal. At T~126 K, the tetramethyl ammonium
ions undergo an order-disorder transition and the struc-

ture becomes monoclinic.”’ The magnetic properties of
TMMC are not strongly affected by the structural
behavior, in that the MnCl; chains are not appreciably
distorted when the temperature is lowered. However, a
small magnetic anisotropy b is induced within the XY
plane (easy plane) perpendicular to the chain axis.'® How-
ever, because of the structural phase transition, three crys-
tallographic domains coexist in a single crystal of
TMMC, below 126 K. For each domain, the orientation
of the effective field, describing the anisotropy, is dif-
ferent, resulting in different values of the total effective
field being actually experienced by the electron spin.?’

To allow several orientations of the anisotropic axis in
relation to the external field H, let us suppose that H is in
the x direction but the anisotropy is in the 7 direction
making an angle 6 with the x axis. The z component is
not changed. Then we have

52 =52c0s?0+ S)sin’0+2S,.S, cosOsinf . 4.1
Taking an average over 8, we obtain
Si=+S24+35}. 4.2)

Thus, if the anisotropic term is bS,27, we have for the
equivalent ferromagnet

H=-2038;8; ;1 +2J8 3 (S})
i i

+Jb 3, (SPP+J(b+h) I (SF)?. (4.3)
Using Eq. (3.10) to eliminate (S7?)?, we obtain
zfz_yz_si-si+,+/1 > (SH*+B 3 (572, (4.4)

with
A=2J(8—b/2), B=Jh?.

Thus, in a configurational average, the effect of b is to re-
normalize the parameter §.

The & value calculated for TMMC on the basis of a full
Ewald sum for the classical magnetic dipole-dipole cou-
pling alone® is §=0.014. However, § obtained from the
measured energy gap in the spin-wave spectrum® is
8=0.0086. Boucher** and Pires and Gouvea,* analyzing
low-temperature EPR shift, have obtained §=0.0123 and
0.0101, respectively, in agreement with the results of Heil-
mann et al.>! The discrepancy between the classical value
and the experimental one has been attributed to single-ion
anisotropy effects as well as quantum corrections.’! In
this paper, we use the value §=0.0101 (which corresponds
to an effective field of H; =69 kOe) obtained from Ref.
35. For J, we take the usual value J =6.5 K.

In Fig. 2 we plot K, as a function of the external field
in the x direction for fixed T. We have used Egs. (3.29)
and (3.33) to calculate K, and as we can see, K, decreases
during the XY _ Ising crossover transition and very large
effects can be expected,’’” even for relatively small values
of H.

In Fig. 3 we present K,[H (H /T)!/?]~! as a function of
H /T for T =2.5 K on a semilog scale. The experimental
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FIG. 2. Inverse correlation length K, as a function of the
magnetic H for different temperatures.

data is from Ref. 25. As we can see, the agreement is very
good.

The energy parameter a can be calculated directly from
Egs. (3.43) and (3.44). For instance, for T=2.5 K,
H =36 kOe (as in Ref. 25), we have A=0.28, E, =12.16
K. Since for these values T << Ej,, A <1, we can use Eqgs.
(3.43) and (3.45), obtaining a =0.28 K/kOe in close agree-
ment with the experimental value®® @=0.26+0.03
K/kOe. Figure 4 shows a as a function of H /T for vari-
ous temperatures. As we can see, for very low tempera-
tures a is approximately constant for 10<H /T <25, in
agreement with Fig. 3 and experimental results.

From Eq. (3.33) and the discussion about the dynamics
in Sec. II, we expect that for high magnetic fields in the x
direction (i.e., H >>H,) the system should behave like a
sine-Gordon model in the yz plane with energy
E;=4JS286=23.1 K independent of the value of the
applied field. In this limit, we have from Eq. (3.33),

478228
Xp | ————

) (4.5)

where for H > H; we have exchanged h for V25 and vice

100

T

= k /() 1(10° K koe ™) =
5% [uwrr)"10% K )O

Ol 10 15 20 25

H/ T (kOeK")

FIG. 3. Comparison between theory (solid lines) and experi-
mental data from Ref. 25, for K, as a function of H/T. (K, is
given in reciprocal lattice units.)

versa. In a similar way, as we did for low fields, we de-
fine a function G by

G=T"K,/K, , (4.6)

020}

L 1 I i i " 1 n
o 10 20 H/T(KOesK) 30

FIG. 4. Parameter a defined by Eq. (3.40) as a function of
H /T for various temperatures.



314 M. E. GOUVEA AND A. S. T. PIRES 34

24

21k

" 1 i 1 4
2070 100 130

H{koe] 160

FIG. 5. Parameter 7 defined by Eq. (4.7) as a function of the
magnetic field H for various temperatures. The dashed line is
the sine-Gordon value n=23.13 K.

and the equivalent to the a parameter by

dlnG
=" 4.7)
In the sine-Gordon limit 7 =4JS*V'28=E,, as it should.
In Fig. 5 we show 7 as a function of H for some values of
the temperature. For H just above Hy (i.e, h=V28), 7
depends strongly on H, but for larger fields, # tends to
the sine-Gordon value. The crossover from the xy soliton
to the yz soliton can be seen best in Fig. 6, where we show

30

1

150 2
H(kOe)
FIG. 6. Soliton energy as a function of the magnetic field.

The solid line is calculated theoretically for a temperature

T =2.4 K. The experimental data are from Ref. 32.

% 50 100

00

the soliton energy, calculated from Eq. (3.39), as a func-
tion of H, for T =2.4 K. The experimental data are from
Ref. 32. As we can see, the agreement between theory and
experiment is very good. Thus, for T «<23 K and
H >>70 kOe the system should behave like a pure SG
model, the SG behavior being so much more apparent at
large fields (& >>V/28) than at small fields (h <<V/23).
To complete our study of neutron scattering data, we
will consider the maximum of the intensity integrated
over energy of the central peak at ¢ =0. As pointed out
by Regnault et al.,® the pure sine-Gordon soliton model
fails to explain the data of the intensity integrated over o,
for T=2.5 K and H <30 kOe. The contribution from
S| (g,w) is diverging (see Ref. 27). This behavior is clearly
unphysical and indicates the limits of field and tempera-
ture within which the pure sine-Gordon model is appli-
cable. In the limit of small H and T, Regnault et al.?®
have used a perturbation expansion in H /T to fit the ex-
perimental data. Here we use a single theory which gives
correct results in both limits. At low temperature, the
scattering intensity integrated over energy is given by?’

2
S(g)=3- . 48)
m

K K
(s}) = 4 (s?) Y cosB
T Ki+q 7 Kl +q?

where S is the angle between the scattering vector Q, and
the chain axis. In the Ising region (T << E,), K, is given
by Eq. (3.33). The other variables are given by>

Ky=hy,, (s})=T(4Jh,)"", (4.9a)
ay_ T 1L 1
(s,)=1 27 | 755 + n H . (4.9b)

In the XY region (h <<V25), K, is given by Eq. (3.29)
and K, is’

K,=T[b,(q)—ay(q)]"'/4JS?, (4.10)

where b,(q) and ag(q) are characteristic values of the
Mathieu equation®® and g was defined in Eq. (3.30). Be-
cause (s7) and (s}) are not given explicitly in Ref. 3,
they are calculated in the Appendix.

The convoluted intensity I(Qp,q) to be compared with
the experimental data is obtained from Eq. (4.8) using the
procedure of Ref. 29. In Fig. 7 we show I(Q,,0) as a
function of the external magnetic field for T=2.5 K.
The solid curve was calculated using the equations for the
Ising region, the dashed curve using the equations for the
XY region.

To complete our study of TMMC we will calculate the
three-dimensional ordering temperature Ty as a function
of the magnetic field. This calculation has already been
done by Boucher!” using the sine-Gordon model and as-
cribing the deviation of his theory from the experimental
Ty(H) to an impurity effect. Later, Harada et al.,'? us-
ing numerical calculation, obtained good agreement with
experiments for H > 30 kOe. In the simplest description
where the interchain coupling J' is treated in the mean-
field approximation, we have Ty given by J' X% Ty)~1,
where X%(T) is the 1D staggered susceptibility measured
in the direction a of the easy-magnetization axis. In the
presence of a magnetic field, we have
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FIG. 7. Maximum of the intensity integrated over energy of
the central peak (at g =0) as a function of the magnetic field for
T =2.5 K. Solid line, calculation for the Ising region; dashed
line, XY region. The experimental data are from Ref. 29.

XU Ty(H)=X%(Ty(H =0)),

with a and a’ possibly different. The resulting curve for
Ty(H), with experimental data from Ref. 21, is shown in
Fig. 8. In Fig. 9 we show the phase diagram of TMMC.
The experimental data are from Ref. 17. This diagram
can be interpreted by taking into account the small aniso-
tropy b in the plane perpendicular to the chain.!”!®

T

e} L 1 " It " 1 L 1 " L "
o] 20 40 60 80 100

1
120 H(kOe)

FIG. 8. Field dependence of the three-dimensional ordering
temperature. The experimental data are from Ref. 17.

30

S H{kOe) &

10F

o) L 1 " 1 1 i 1 1 1
04 06 08 10 12 T.(K)
FIG. 9. Phase diagram of TMMC for H perpendicular to the
chain axis. The experimental data are from Ref. 17.

Boucher!” calculated parts of the diagram using perturba-
tion expansion and numerical results obtained by
Loveluck.*® Our calculations were done using only one
theory. For a better discussion of this diagram, the reader
should refer to Refs. 17 and 18.

It should be interesting to have experiments done with
the applied field, making an angle 6 with the chain direc-
tion (i.e., keeping H constant but varying ). Using Egs.
(3.19) and (3.20) and taking

H,=H cos6, H,=H sinf , (4.11)
we have, explicitly,
A=0.5J{(28+h?)—[(28+h?)?—85h%in%0]' 2} , 1)

B=0.5J{(28+h?)+[(28+h?)?*—88h%in?0]' 2} .

Inserting Eq. (4.12) into Eq. (3.33), we can calculate K|, as
a function of 0, and compare it with experimental data,
should it become available.

V. CONCLUSION

In this paper we have studied the dynamic and thermo-
dynamic properties of a classical one-dimensional aniso-
tropic antiferromagnet in the presence of an external mag-
netic field. Our results were based on the classical contin-
uum limit. We have neglected quantum effects which
have been discussed by Maki,3” Mikeska,?® and Risebor-
ough,’® and discreteness effects which have been investi-
gated by Riseborough et al.** Using Mikeska’s calcula-
tions,”® the quantum correction to the soliton energy is
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E,(quantum)=E(classical)[V'S(S +1)—3]/S ,

which, for § =3, gives E,(quantum)=0.98E(classical),
a negligible correction. However, we think that quantum
corrections have already been taken into account in the
use of the value of § obtained from fitting experimental
data instead of the classical value. The discreteness effect
seems to play no role at the temperatures of our calcula-
tions.*

To conclude, we can say that within the experimental
accuracy, and since there are no adjustable parameters, the
agreement between our theory and experiments may be
considered very good.
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APPENDIX

Following the procedure given in Ref. 3, we have
(s3)=1{¥x [Sc | %) |* and {57y = |y |5, ) |2,
where

Yo=Noceo(8,9)exp[ —(m*) 22 /2],
¥, =N, se;(0,g)exp[ —(m*)V 2 /2],

and
¥, =N,ce (6,g)exp[ —(m*)" 2?2 /2] .

In the above expressions, 8 and v are coordinates defined
in Ref. 3, ceg(6,q), ce (0,q), and se,(6,q) are the Mathieu
functions,” and N, (a=0,x,y) are normalization con-
stants determined by imposing the condition
| {¥o|¥g) | =1. The parameter m* is given by Eq.
(3.17).

Explicitly, (s2) and (sf) are obtained by solving the
integrals

(Ue S | 90) =NoN, [ (sechvlexpl —(m*)""?]dv [ sin6 ceo(0)se,(6)/ (v,6)d6

and

(¥, | S, | o) =NoN, f_w [1—(1—A)tanh? ] 2exp[ —(m*)'%v?]dv f:coseceo(O)ce,(B)f(u,B)dO ,

where

£ (v,0)=(sechv) [1—(1—A)tanh%]!”?

A cos?0

[1—A cos®0]'/?

"~ [1—(1—A)tanh®]'/?[1— A cos?0]'"2

is the Jacobian related to the transformation of coordinates done in Ref. 3.
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