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Mode1s for the monolayer, bilayer, and trilayer of methane (CH4 and CD4} adsorbed on the basal

plane of graphite are studied using the quantum-mechanical cell model. The calculations are made
for a range of temperatures from the ground state to near the two-dimensional triple line. This mi-

croscopic finite-temperature model gives quantitative results for structural and thermodynamic
properties. The results include the following: the equilibrium structure for the system, the condi-

tions for monolayer-bilayer and bilayer-trilayer coexistence, comparisons to three-dimensiona1 bu1k

solids, incommensurability to the substrate, and the chemical potential for the entire temperature
range for a stable solid film. The results show that the bilayer and trilayer films are significantly
compressed at coexistence. The planar nearest-neighbor distance (at coexistence) is less than that of
the corresponding bulk solid. However, the chemical potential of the film is still below that of bulk

value.

I. INTRODUCTION

The goal of this investigation is to study, in microscop-
ic detail, the structural and thermodynamic properties of
solid monolayer, bilayer, and trilayer films of methane ad-
sorbed on the basal plane of graphite. In extending recent
potential energy' and low-temperature calculations, this
investigation uses statistical mechanics to include finite-
temperature effects spanning nearly the entire range of the
stable solid film.

Multilayer growth and wetting phenomena are current-
ly the subject of much vigorous activity. A variety of ex-
perimental techniques and general theoretical models have
given definition to a number of layer-growth regimes and
phase diagrams. The new activity has been a natural
consequence of the earlier work in physical adsorption
and recent work in the physics of two dimensions. The
additional complexities in the growth of physisorbed sys-
tems in a third dimension (vertical) creates the need for an
extension of computational methodologies.

There are serious problems in making comparisons be-
tween the clear quantitative experimental results and the
predictions of simplified theoretical models which have
enough breadth to reveal the great variety of features can-
tained in the phase diagrams. On the other hand, quanti-
tative calculations seldom have the precision required to
study critical phenomena and to demonstrate the univer-
sal character of a class of systems.

Computational approaches to the problem need to be
developed with the approximations consistent with the re-
gion of the phase diagram for which experimental data
exists. The methods that follow are an attempt to do this
in the range of temperatures and densities of solid mono-
layer, bilayer, and trilayer films.

The calculations apply to wetting phenomena only
under the assumption that the character of the growth to
bulk is established in the adsorption of the first two or
three layers. In this way, some insight into the transition

from a two-dimensional to a three-dimensional system
may be gained at the microscopic level.

The literature on multilayer growth has been well re-
viewed elsewhere. It is sufficient to say that experiments
using electron, x-ray, and neutron diffraction, thermo-
dynamic techniques, and nuclear magnetic resonance
studies have all contributed greatly to the present under-
standing of low-temperature solid films. Experiments, as
reviewed by Bienfait, ~ are summarized by noting that of
the more than two dozen physisorbed low-temperature
films, all (including methane) have shown "incomplete
wetting" (type 2, $translu-Krastanov) modes of layer
growth except Xe, Kr, and Ar adsorbed on graphite (com-
plete wetting, type 1, Frank —van der Merwe).

In terms of its physical parameters, methane is inter-
mediate to argon and neon, and is therefore an important
system to study theoretically. The bilayer properties of
argon on graphite and neon on graphite have been stud-
ied. Comparisons with this work permit several proposed
mechanisms for multilayer growth to be investigated.

In previous work, hereafter referred to as papers I and
II, an interaction model and a computational technique
were successful in predicting a number of experimental re-
sults. This paper reports the extension of the calculations
to three dimensions and the addition of a second and a
third layer to the film. The individual layers of the bi-
layer and trilayer are treated separately in order that the
elastic strain between them while at equilibrium in the
multilayer structure can be determined.

The thermodynamic conditions for a multilayer at
equilibrium are given in Sec. II. Section III is an outline
of the intermolecular and molecular-substrate models used
in this investigation. The quantum cell model, the calcu-
lation of the Helmholtz free energy, and the Gibbs free-
energy constructions for multilayer coexistence are given
in Sec. IV. Section V is a presentation of the quantitative
results. A discussion of this model of multilayer growth
is offered in Sec. VI.
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II. THERMODYNA. MIC EQUILIBRIUM
OF ADSORBED LAYERS

This paper is a report of the relevant thermodynamic
properties along three boundaries in the solid region of the
phase diagram. These points are indicated in Fig. 1, a
schematic of a possible multilayer phase diagram. The
first boundary of interest is the two-dimensional (2D) sub-
limation line. Along this line„ the uncompressed solid
monolayer is in equilibrium at essentially zero spreading
pressure. The next indicated boundary is for the complet-
ed and compressed solid bilayer. This boundary is deter-
mined by a free-energy diagram for the coexistence of a
monolayer and bilayer. In the same manner, at even
higher spreading pressures, the next boundary is the coex-
istence line for the bilayer with the trilayer. This could go
on until a very thick film is essentially three-dimensional
(3D) bulk. If the coexistence conditions with the 3D bulk
are approached in a monotonic sequence as the number of
layers goes to infinity, the process is called wetting. If
bulk conditions are met in with a finite number of layers
( & 1), the process is called partial wetting (see Krim, Ref.
3). The discussion below is restricted to three layers. In
light of the difficulty of growing stable bilayers and tri-
layers experimentally, the results should be informative
Gittes and Schick discuss both growth modes for a very
large number of layers using potential energy models.

This study involves the calculation of the Helmholtz
free energy for a quantitative model which includes a de-
tailed molecular description, zero point effects, substrate
mediated forces, and the infiuences of temperature over
the range of the stable two-dimensional solid. The proper
thermodynamic functions for this model are the chemical
potentials for the coexisting phases. For these reasons,
the equilibrium conditions derived by Bruch are used
over those of Gittes and Schick. The thermodynamic po-
tential of Gittes and Schick, while proper for their calcu-
lation, does not include explicitly the dynamical contribu-
tion for finite temperatures. The chemical potential, as a
natural function of temperature and pressure, is necessary
when calculating the thermodynamic properties of coex-
isting solid films over a temperature range. The equilibri-
um conditions for this model are a consequence of these
%'orklng variables.

At low temperatures, the calculation of the thermo-
dynamic properties of successive layer-by-layer growth
(see Fig. 2) of very thin solid films is computationally
simpler than for fiuids or partial layers. The contribution
to the total energy by the interaction of the film with the
3D gas is quite small and the statistical mechanics of the
solid adsorbate is amenable to well understood approxima-
tions.

Defining the variables to agree with the original deriva-
tion by Bruch gives the area per molecule in a j layer to
be
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FIG. 1. A schematic of a multilayer phase diagram. The
branches a, b, and c represent the monolayer, bilayer, and tri-
layer solids, respectively, at coexistence. The data in Tables
II—VI have been calculated at the different temperatures indi-
cated by the closed circles. The lower part of the diagram is for
a 20 system.

molecule of a j layer is

The constraints on the coexisting j- and (j+ 1)-layer
structures are the total adsorbing area

g =X)aj+X;+,a)

and the number of adsorbed molecules

aj. &3/41.J /j, ——

where L,J is the nearest-neighbor distance in a layer plane.
The height of the bottom layer of a j layer above the sub-
strate is lj and the distance between the i and i + 1 layers
within a j layer is z;;+i. The Helmholtz free energy per

FIG. 2. A schematic of a multilayer phase diagram as a
function of the 30 gas pressure and the reciprocal temperature.
Lines a, b, and e are the monolayer, bilayer, and trilayer
branches, respectively. The dashed line shows the points of the
growth of successive layers at a constant temperature with in-

creasing 30 gas pressure.
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Xq ——Xj+Xq+), (2) Iu. INTERACTION MODEI.S

I'~=&~f)(»&J IJ Iz, +il)

+&~+if2~if~ &, +i IJ+i(&i, i+i)) (3)

subject to the constraints Eqs. (1) and (2).
The spreading pressure of a j layer is

(4)

and the chemical potential is

&J =~i+ui&J .

The conditions are

pj =pj+) (6)

PJ=NJ+i .

The vertical dimensions of the structure are found by
searching for the conditions

dfj f1+i
Blj.

'
8/ +i

The latent heat of adsorption of the bilayer at coexistence
1S

92 =4kB J' —f(~ i u2 —~2u 1 )~(~1 —~2)]

where uJ is the internal energy per molecule of the j layer.
For inert gases, the ideal-gas enthalpy is —2k+T rather
than the first term of Eq. (9) where the orientational de-
grees of freedom are included. For the monolayer at
iI) =0, the latent heat of adsorption is given,

gi =4kiiT —9 i

while holding the vertical structure parameters constant.
The difference between the isosteric heat and qi is a

measure of the contribution of lateral interactions to the
xnonolayer at three-phase coexistence,

1 3u
qs~

—q) = 2L
. T

where I. is the nearest-neighbor distance of the 2D crystal
and u is the laternal internal energy per atom. The lateral
isothermal compressibility is

&r,j+1=—
T;/, (S;,+I)

(12)

where NI is the number of molecules in a j layer.
The equilibrium coexistence conditions of a j layer with

a j+ 1 layer are found by minimizing the Helmholtz free
energy of the system,

The prediction of the macroscopic properties of con-
densed systems from realistic interaction models of their
microscopic constituent particles is a basic goal of theory.
However, precise interaction potentials are very rare, with
the exception of the inert gases. ' For small molecules,
several less accurate atom-atom intermolecular potentials
have been suggested. " Models for methane have been re-
vised several times to give at least one that is a reasonable
scaling of the methane-methane and methane-graphite in-
teractions. ' A number of properties are approximated
moderately weil by this potential. When comparisons are
made internal to the model, e.g. , film to bulk, the model
represents several features observed in experiments.
Within limits, these quite empirical potentials can give in-
sights into molecular systems, providing the parameters
have been tested over many different properties and good
fortune accompanies their successive revisions. An exam-
ple can be drawn from the compromises that are made in
the set of parameters used in the calculations that follow.
The influence of methane's octapole moment is assimilat-
ed into these "effective" parameters, but in the models
used by O' Shea and Klein' and Righini et al. ' it is given
explicitly. In the few cases where comparisons can be
made between the potentials, the results are similar.

The calculations reported in the next section require the
detailed characterization of two different potential
models, methane-methane for interactions internal to the
adsorbate, and methane-graphite for the interaction of the
adsorbate to the substrate. The interaction models
are used to build a cylindrically symmetric, three-
dimensional, anharmonic cell potential (see Fig. 3). Solv-
ing for the quantum-mechanical energy levels in this cell
potential is the basis for the statistical mechanics of the
multilayers of methane adsorbed on graphite.

The methane-methane and the methane-graphite in-
teractions are taken to be Lennard-Jones, LJ(12,6), atom-
atom pair potentials with parameters given by Severin and
Tildesley' and used in papers I and II of this series (see

VI{2;)

FIG. 3. A representation of a trilayex solid above a low am-

plitude periodic substrate. A schematic of the Steele potential
for the methane-graphite and the methane-methane interactions
is on the right. The pair {solid} with the MacI.achlan {dashed)
potentials is shown below.



JAMES M. PHILLIPS

TABLE I. The parameters of the Lennard-Jones (12,6}atom-atom interaction. This table is from the
study of Serevin and Tildesley (Ref. 12).

Interaction Ia
e;~/kg (K.)

Ir'

CH4-CH4.

C -H
H -H

51.198
27.798

8.631

47.68
24.46
4.87

51.198
23.798
4.87

3.35
2.995
2.813

3.35
2.99
3.12

3.35
2.99
2.61

Graphite
Cg-Cg 3.40

CH4-graphite
Cg-C
Cg-H~

37.862
15.54

47.68
24.46

47.68
17.00

3.375
3.107

3.35
2.99

3.30
2.98

'From dense fluid methane data.
~From the %illiams study (Ref. 11).
'From the adjusted set by Severin and Tildesley (the set used in the present work).

2 Ogs
u(z)=@i, g

0 3 2 +Jd
Ogs

, z+jd

where e~, /kz ——1468.5 K, oz, ——3.297 A, and d=3.37 A.
The same form is used to represent the vertical com-
ponent of the interaction of an ith layer of the adsorbate
to the cell potential of a jth layer molecule, u (z;1). For
one layer to another, e2, /ka ——612.94 K and oz2 ——3.28 A.
For the top layer of the trilayer to the two below,
e3g /kri 6S3.42 K and os i ——3.28 A. The upper hmit of
the sum in Eq. (13) is for an infinite number of graphite
planes in the first case but only over one or two layers in
the case of the film. The z,J scanned for a minimum in
the Helmholtz free energy for the full calculation at all
relevant temperatures. Steele has given polynomial ap-
proximations for these potentials. ' Computational effi-
ciency is greatly improved by his approximations.

The lateral interactions involve a small but significant
effect from the periodic nature of the substrate or adja-
cent layer adsorbate potential. In the case of a monolayer,
the low-temperature ordering to a v 3Xt/3 structure is
direct evidence of the effect. The amplitude of the period-
ic potential of methane over methane is an order of mag-
nitude greater than that for methane over graphite. The
potential used for the substrate periodicity (either graphite
or other methane layers) is again a formula by Steele. '

Table I). Lattice sums are calculated for a methane mole-
cule in a solid adsorbate film and over a semi-infinite gra-
phite substrate. The results of these sums are then used to
characterize a spherically symmetric methane molecule
with a LJ(12,6) potential (e/ks=137 K and o=3.6914
A). Additional sums set the parameters for a Steele,
X(4—10) potential' for the adsorbate-substrate potential
u (z). This expression is incorporated into the vertical cell
potential. Utilized in this way, the following relationships
are merely the analytic forms fitted to the results of the
atom-atom lattice sums. The adsorbate™substrate poten-
tial for a molecule at height z above the graphite surface
is approximated by

4

The substrate potential is given by

V(r, z) = g V G(z)ex, p(iG Jr) .
J6

C,2/(r +4L )— (14)

For the methane-on-graphite system, ' C, i
——4.360X10

K/A (Ref. 6) and C, 2
——2.301 X 105K/A (Ref. 6). Surface

dipoles are believed to be small and are excluded from the
calculations. The Axilrod-Tdler-Muto triple dipole in-
teraction is included in the film energy with the coeffi-
cient given by Margoliash et al.

IV. FINITE TEMPERATURE CALCULATIONS

The computational methodology use in this study is in-
dicated by both the physics of the systems investigated
and the thermodynamic details sought. A finite-
temperature modeling of methane on graphite requires a
statistical mechanics approach in order to quantitatively
describe the conditions in which monolayers, bilayers, and
trilayers exist in laboratory environments. This model is
an attempt to extend the earlier studies using lattice-gas
assumptions by considering scaled intermolecular poten-
tial functions (see Pandit et al. in Ref. 3) and allowing the
particles of the system to have continuous translational
freedom. Incorporating dynamical properties over a range

The constants are determined by lattice sums over the gra-
phite in the first case and over the other layers of methane
in the second. For both a rniddle layer of methane in a
trilayer or a first layer, in either a bilayer or trilayer, the
periodicity is felt from above as well as below. The stack-
ing is assumed to be ABA for the trilayer case.

Substrate mediated interactions' are included in the
cell potential for the following calculations. The largest
of these is the MacLachlan' interaction. The energy of
two adsorbate molecules at a distance I' and both at a
height I. above the substrate is

@~(r)=C,i[ —,
' 4L /(r +4L )j—/[r(r2+4L2)'~z]'
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of finite temperatures permits more direct comparisons of
the calculated results with experiments. With the above
effects considered to a good approximation by available
methods, the first few stages of multilayer-growth modes
are studied over the range of temperatures needed for
solid films. The methods are sufficiently broad to allow
the calculation of a variety of thermodynamic properties
for the multilayers at coexistence.

Solid films of methane on graphite have two important
characteristics that require consideration, quantum effects
and anharmonicity. ' Quantum effects have been shown
to alter significantly the thermal properties of 2D neon
and to slightly affect 2D argon. ' The deBoer parameter
is given by

A'=2irfi/[o(me)'~ J

for a system with atomic mass m, Lennard-Jones parame-
ters rr, e, and reduced Planck constant A'. The deBoer pa-
rameter for argon is 0.186 and for neon it is 0.576.
Methane (CH&) has a deBoer parameter 0.245 and the
deuterated molecule (CD4), 0.219. These values are inter-
mediate to neon and argon. Previous experiments have
shown argon to have a uniform layer-by-layer growth
mode (wetting). Whereas the case for neon is controver-
sial, experiment shows growth to bulk after one layer (par-
tial wetting), and calculation indicates that the first
three grow uniformly. The isotopes of methane are in-
termediate to neon and argon. They provide a natural
system to investigate the range of deBoer parameter be-
tween neon and argon.

Quasiharmonic lattice dynamics gives a reasonable
approximation to the thermodynamic properties of argon
at very low temperatures but produces sizable errors above
T=20 K (see Figs. 2—4 in Ref. 21). The same calculation
for neon parameters shows some disagreement at zero
temperature and increasingly significant, errors above the
ground state. In order to transcend these limitations, cell
theory is utilized to cover the temperatures of interest and
account for the highly anharmonic nature of the poten-
tials. The quantum-mechanical version of cell theory is
necessary ' for systems with deBoer parameters in the
range of neon and methane. It is, of course, not adequate
for helium. Quantum-mechanical cell theory (QCT) has
been developed ' and applied to physisorbed systems.
Classical cell theory has been reviewed by Barker.
Quantum-corrected cell theory has been discussed by Phil-
lips and Bruch and applied to solid films by Bruch and
%ei. Cell theory was tested with computer simulations
in 3D (Ref. 27) and 2D (Ref. 28).

The quantum-mechanical cell model is formulated for a
three-dimensional structure of independent Einstein oscil-
lators in a cylindrically symmetric cell potentia1 that is
quite anharmonic. The cell potential is constructed from
the potentials outlined in the preceding section. A more
detailed account is given in Ref. 21. The cell potential is
a quite realistic representation of the potential well for a
methane molecule in an adsorbed film. The potential
represents the presence of a semi-infinite graphite sub-
strate with triangular array of adsorbate molecules in a
parallel plane (see Fig. 3). Monolayer, bilayer, and trilayer
films are taken to be ABA stackings of additional planes

of molecules.
The 3D cell potential ai(r, z) is a superposition of the la-

teral interactions of in-plane neighbors (36 shells) with the
vertical potential u(z) of the substrate and other adsor-
bate layers. The lateral interaction from other layers are
added to the cell potential from the periodic Steele poten-
tial. ' The periodic nature of the layers above and below,
as well as that of the substrate are included in the compo-
sition of the cell potential. The composite potential be-
comes the potential-energy term in the single-particle
Schrodinger equation.

A system of N adsorbed molecules of mass m and with
pair interactions P in the film and P' for the molecule-
substrate, has a Hamiltonian

H = g p; /2m+ —, $ P(
~
R;+r; —RJ —rj ~

)

g P'(
~
R;+r; R r—k ~

)—, (15)

+ g [4'(
I
R +r—Rk I

) —0'(R~k) J
k

The Hamiltonian is rewritten with the cell potential

H=(N/2) g p(Rq)+(M/2} g p'(R;k)

k+i

+ g [p; /2m +co(r;,z)J+ b, .

(17)

The b, term is the difference between the sum of the
pair potentials in Eq. (15) and the static lattice sum plus
the cell potential. This term is dropped in the following
calculations. A self-consistent cell model would include
this term and give the correct entropy. This calculation is
missing the communal entropy associated with these
correlational effects. For solids, the missing entropy is
small. It can be partially recovered by a harmonic ap-
pI oximation.

The thermodynamic properties are obtained from the
partition function

Z= Tre (18)

where @=1/(k&T), ks is the Boltzmann constant, T is
the absolute temperature, and Tr denotes the trace found
by a sum over the eigenstates of the Ho.

The Schrodinger equation,

Hog(r, z}=EQ(r,z), (19)

is expressed in cylindrical coordinates for the separation

where the j index runs over the adsorbate neighbors and
the k index over the substrate atoms. The cell potential is
the cylindrically averaged energy of a molecule (i) in the
field of its fixed neighbors (j) film and ( k) substrate:

co(r,z) = g [P( ~
Ri+r —RJ

~
}—$(R; ) J
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again find a minimum in the Helmholtz free energy. The
lateral lattice constant (nearest-neighbor distance in a
layer plane) is also systematically scanned for each layer
separately to considerable compression. The chemical po-
tential is calculated from the Helmholtz free energy and
the spreading pressure in Eq. (5). With decreasing dila-
tion, the chemical potential is plotted versus the spreading
pressure for the monolayer and bilayer (see Fig. 4). At the
intersection of these nearly straight hne plots, the coex-
istence conditions Eqs. (6) and (7) are met. The same pro-
cedure is followed for the bilayer-trilayer coexistence con-
ditions. The calculation is repeated for all of the tempera-
tures of interest.
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FIG. 4. A graph of the chemical potential diagram as a solu-

tion for the coexistence conditions of monolayer-bilayer solid

films. The data represented is for a temperature of 10 K.

of variables and solved numerically ' for the energy eigen-
values. The Helmholtz free energy per particle is

I' /%klan
———"rlnZ (20)

and the specific heat at constant volume is given by

C/Xka ——t'1/(kii T) ]((E ) —(E )2) . (21)

The isothermal compressibility Er can be calculated by
numerical derivatives of the Helmholtz free energy with
respect to volume. Table II shows some of the typical
values for the energy eigenstates found in the CH4 and
CD4 on graphite systems.

The next step in the calculation is to find, at a given
temperature, the equilibrium structure of the monolayer.
By varying the dilation of the planar lattice and, separate-
ly, the height of the monolayer above the substrate, the
minimum Helmholtz free energy can be found (zero
spreading pressure). For the bilayer and trilayer struc-
tures, the vertical separations of all the layers are varied to

V, RESULTS

The results of these calculations give quantitative infor-
mation on the equilibrium structures, thermodynamic
properties, and multilayer transitions of solid films of
CH4 and CD4 on graphite. The following data is directly
from the interaction potentials outlined in Sec. III. The
empirical potentials for the methane on graphite system in
the original work of Severin and Tildesley' and papers I
and II of this series are a qualified success. The represen-
tation of the system used here appears to be a reasonable
compromise. Recent experiments by Gay et al. ' have
shown good agreement with several of the predictions of I
and II over those of an earlier model. Although the
comparisons are often quite good, the most valuable uses

to be made of these results are the relative comparisons
within the model.

The structure of the monolayer was given in paper II
(Ref. 6) except for the dynamical contribution to the
height above the graphite. Static lattice sums give the
methane monolayer to be 3.32 A above the graphite and
the quantum-cell model gives 3.28 A. Vertical thermal
expansion is less than 0.01 A from 0 to 60 K. Adding the
second layer to form the bilayer compresses the first layer
height to 3.24 A and the equilibrium height for the second
layer is 6.SO A above the graphite. The trilayer vertical
heights are the same as the bilayer with the third layer at
9.74 A. The thermal expansion in the z direction is again
very slight over 0 to 60 K and would not be detectable by

TABLE II. Examples of the quantum-mechanical energy levels. The ground state and the first two
excited states are given for CH4/graphite. The units are given in degrees kelvin. The levels are given as
the energy above the bottom of the potential energy well. The films are in their respective coexisting
states. The temperature was 10 K and the lattice constants are given in Table III. The angular momen-

tum quantum number of the lateral states is zero for the examples given.

Monolayer
Vertical Lateral

Bilayer (first}
Vertical Lateral

Bilayer (second}
Vertical Lateral

65.627
191.078
308.991

56.779
181.475
322.126

57.595
164.860
261.791

91.286
285.242
496.012

44.747
128.234
204.400

89.423
280.020
487.858

Trilayer (first)
Vertical Lateral

Trilayer (second)
Vertical Lateral

Trilayer (third)
Vertical Lateral

56.833
160.916
253.957

96.336
300.422
521.389

43.555
125.873
200.582

95.644
298.441
518.233

42.343
124.789
199.861

94.449
295.113
513.076
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TABLE III. The lateral nearest-neighbor distance at multilayer coexistence.

I., (A)

10

20

30

Calculated'
CH4

(CDg)

4.083
(4.082)

Experiment
CH4

(CD4)

4.148
{4.087)
4.149

(4.088)

4.154
(4.093)

4.167
(4.139)

4.177
(4.153)

4.189
(4.166)

4.202
(4, 183)

Monolayer'
CH4

(CD4)

4.285
(4.27)
4.285
(4.28)

4.301
(4.29)

4.336
(4.32)

4.394
(4.37)

4.488
(4.44)

4.590
(4.54)

Bilayer
CH4

{CD4)

4.061
(4.053)

4.062
(4.055)

4.068
(4.059)

4.077
(4.072)

4.090
(4.085)

4.105
(4.101)

Trilayer
CH4

{CDg)

4.037
(4.030)

4.038
(4.031)

4.043
(4.037)

4.050
(4.046)

4.060
{4.056)

4.070
(4.067)

'This result is from the work of Bruch (Ref. 24).
Experimental results given by Aadsen and Simmons and co-workers (see Ref. 34).

'The equilibrium condition applied was zero spreading pressure.
The results of applying the coexistence conditions Eqs. (6)—(8). The distance is the same for all layers

within the given multilayer. The numbers in parentheses are for CD&.

experiment. The lack of thermal expansion in the vertical
direction is reasonable since the potential well is quite
deep and narrow. The vertical well is nearly harmonic
and the energy difference between the ground state and
the first excited state is -125 K at all temperatures.
Indeed, considerable thermal energy must be added to the
system before the first excited state is populated to any
significant degree. A brief summary of typical energy
eigenvalues is given in Table II.

The thermal expansion of the uncompressed (zero
spreading pressure) monolayer is shown in Table III and
the corresponding chemical potential is given in Table IV.
At zero spreading pressure, the chemical potential is equal
to the Helmholtz free energy. The lattice constants (Table
III) and coexistence conditions satisfying Eqs. (6)—(8) are
reported (Table IV). A graphical depiction of the solution
for the coexistence conditions is given in Fig. 4. The plot
of chemical potential with increasing spreading pressure

TABLE IV. The chemical potential and spreading pressure at multilayer coexistence.

Monolayer'

p {K)
CHg

(CD4)

Bilayer

$ (K/A )

CH4
(CDg)

p (K.)
CH4

(CD.)

Trilayer

P (K/A )

CH4
(CDg)

p (K)
CH4

(CD4)

Bulk

p (K)
CH4

(CD4)

—1030.5
( —1046.2)

10

20

30

50

—1886.1
( —1899.5)
—1888.3

( —1902.3)
—1896.0

( —1911.6)
—1910.4

( —1928.2)
—1931.7

( —1952.0)
—1960.1

( —1983.1)

50.12
{50.47)
S0.07

(50.41)
49.86
{50.16)
49.49

(49.74}
48.99
(49.20)
48.40

(48.59}

—1133.3
( —1144.8}
—1134.5

( —1146.S)
—1140.5

( —1154.1)
—1153.4

( —1169.2)
—1172.4

( —1191.2)
—1197.8

( —1219.4)

57.20
(57.39)
57.17

(57.30)
57.05

(57.22)
56.72

(56.83)
56.50

(56.60)
56.14

(56.20)

—1079.8
( —1092.6)
—1080.7

( —1094.0)
—1085.9

( —1100.6)
—1097.6

( —1114.7)
—1114.4

( —1134.1)
—1137.2

( —1159.9)

'The monolayer values are for zero spreading pressure.
rhis result is from Bruch (Ref. 24).
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TABLE V. Lattice constants of the j layer at coexistence with a j + 1 layer.

I., {A)

10
20
30
40
50
60

Monolayer lattice constant at
monolayer bilayer coexistence

4.08
4.08
4.09
4.10
4.11
4.13

Bilayer lattice constant at
bilayer trilayer coexistence

4.044
4.045
4.050
4.057
4.069
4.081

shows that below a critical spreading pressure the mono-
layer is a more stable structure than that of the bilayer.
The same condition is also true for the bilayer-trilayer
transition at a slightly higher pressure. From the data, it
is clear that significant spreading pressures are require(1 to
compress a j layer to the point where a (j+ 1) layer is the
more stable structure. It is interesting to note that the lat-
tice constant of the monolayer at coexistence with the bi-

layer and for the bilayer at coexistence with the trilayer
are, respectively, 0.02 and 0.0I A larger than the corre-
sponding lattice constant of the higher order multilayer
(see Table V). The values for bulk CH4 and CD~ in
Tables III and IV were calculated by Bruch using both
quantum-cell and the Hartree methods.

The latent heat of adsorption is an important thermo-
dynamic property to calculate for this model, since it
would be available in physical adsorption experiments.
Latent heats of adsorption for the uncompressed mono-
layer and the bilayer at coexistence are given in Table VI
for a range of temperatures [see Eqs. (9) and (10)]. The
monolayer result qi and the bilayer result qr vary nearly
4 and 9%, respectively, over the temperature range (0—60
K).

The calculations described in Sec. IV are carried out in
such a manner that the thermodynamic properties of indi-
vidual layers within a bilayer or trilayer are computed
separately. An unexpected result was noticed. If the lat-
tice constant of an individual layer is determined by find-
ing the minimum in the Helmholtz free energy (zero
spreading pressure), the first layer has a significantly
larger dilation than the upper layers. This is due to the
greater repulsion experienced by the layer closest to the
substrate surface from the MacLachlan interaction. The
implications of a sizable misfit between successive layers
could mean the existence of shearing stresses. If present,
these stresses could be important in determining the
modes of growth for multilayer systems. However, the
rather high spreading pressures required to achieve coex-

istence are sufficient to compress the layers into commen-
surability with each other. Under these spreading pres-
sures, the individual layers have nearly identical lattice
constants. The bilayer and trilayer systems can be con-
sidered to move as a unit of two- and three-layer crystals
with virtually no shear between layers.

VI. DISCUSSION

The calculations reported in this paper represent an at-
tempt to determine the thermodynamic and structural
properties of an intermolecular interaction model over the
full range of temperatures corresponding to stable solid
films. I have used the quantum-cell model for the statisti-
cal mechanics which includes fully the anharmonic nature
of the potentials and the quantum-mechanical effects.
These extensions are needed to quantitatively describe the
properties of the methane on graphite system over such a
wide range of temperatures. The intention is to move
closer to direct comparisons with experiment than the
valuable models for multilayer films based on static lattice
sums by Muirhead et al. and Gittes and Schick. ' Bruch
and co-workers ' " have already extended the discussion in
the current literature by the addition of zero-point effects
and realistic potentials.

The agreement between previous theories of multilayer
growth with experiment is quite good for argon, krypton,
and xenon adsorbed on graphite. However, there have
been conflicting comparisons for other systems (neon and
methane) which would appear to be in the same general
class. Insofar as the general mode of multilayer growth is
indicated in the construction of the first three layers, the
determination of the properties of the methane on

graphite gives some insight into the nature of the systems
near the crossover between wetting and partial wetting.

Any empirical model of a system as complicated as
methane on graphite will be less than precise when com-
pared with very accurate experimental measurements.
The best that can be reasonably expected is that calculated

TABLE VI. Heat of adsorption. This data has not been corrected for the librational kinetic energy;
subtract approximately 105 K/molecule.

30
60

q I (K/molecule)
Heat of adsorption for an
uncompressed monolayer

q2 (K/molecule)
Heat of adsorption for a bilayer
at monolayer/bilayer coexistence

1186
1241
1302
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results will be within the range of values given by dif-
ferent experiments. This appears to be the case for most
properties where comparisons can be made. %hen consid-
ering small absolute differences in calculated values that
are less than a reasonable uncertainty to experiment, com-
parisons should be made internal to the model. For exam-

ple, in film to bulk comparisons, film values of chemical
potential should be compared with bulk values calculated
with the same model under the approximations.

Two of the more useful properties for direct compar-
ison of theory to experiment are structure and heats of
formation. The ground-state lattice constants bulk CH„
and CD4 calculated by Bruch for this model and the very
precise experiments of Simmons and co-workers show
the model to predict a value nearly 1.5% too low for CH4
and very close for CD4. The agreement, particularly for
CD4, cannot be taken literally because of an orientational
phase transition that is not built into the model calcula-
tion. The thermal expansion of the monolayer was shown
to compare well with experiment in paper I. The model
was the first to predict the ~3)&v 3 registry observed in a
number of experiments (see the references in paper I).
The model also predicts the commensurate-
incommensurate transition temperature of the monolayer
fairly well. The her'ght of the monolayer above the gra-
phite is within the experimental limits. The lack of any
significant thermal expansion in the vertical direction
would be very difficult to test experimentally. The
thermal expansion of solid bilayer and trilayer films at
their coexistence conditions (see Tables IV and V) could
be testable, providing the formidable experimental diffi-
culties can be overcome.

The heat of adsorption is an important experimental re-
sult and a good test of the energetics of any quantitative
interaction model. Recent experiments by Gay et al. '

show quite reasonable comparisons to the results of this
calculation. The correspondence between the experimen-
tal values and the theoretical predictions indicates the
methane-methane and methane-graphite interaction pa-
rameters to be an acceptable scaling of the physical sys-
tem.

Gay et al. ' estimate from their data that the heat of
adsorption for the uncompressed monolayer solid is 4.0
kcal/mole (2013 K/molecule) at 67 K. My calculated
value, at 60 K, is q )

——1903.2 K/molecule (3.78
kcal/mole). An estimate of 105 K/molecule for the libra-
tional kinetic energy' has been subtracted from the
quantum-cell-model result. If 4 hT is added to the calcu-
lated value to compensate for the temperature difference,
the calculated value is 4% below the experimental esti-
mate. The difference between the isosteric heat and the
heat of adsorption of a solid monolayer at three-phase
coexistence, q„—q&, is a measure of the contribution of
the lateral interactions in the monolayer. By using Eq.
(11), the calculated difference is 364 K/molecule (0.72
kcal/mole) and the experimental result ' is 0.7 kcal/mole
(352 K/molecule). The vertical contribution to the inter-
nal energy is reported by Gay et al. ' to be 3.3 kcal/mole
(1661 K/molecule) and the corresponding calculation
gi~es 1580 K/molecule (3.14 kcal/mole) for a 5% com-
parison.

The values for sohd bilayer heats of adsorption at coex-
istence are given in Table VI. With the extensive activity
being done on multilayer systems, future experiments may
provide data for comparisons for the bilayer and trilayer
systems. Very recently, the bilayer and trilayer isosteric
heats of adsorption (35 ~ T ~40 K) have been measured
to be 2.37+0.2 and 2.47+0.2 (kcal/mole), respectively.
From Table VI, the bilayer heat of adsorption is
(1241—105)= 1136K/molecule (2.26 kcal/mole).

An important feature of this calculation is that the sta-
tistical mechanics has been carried out in such a manner
that the properties of each layer within the bilayer or tri-
layer are known individually. Due to the substrate rnedi-
ated MacLachlan interaction, which is basically repulsive,
the lattice constants of unconstrained individual layers
differ significantly. In the bilayer, the lattice constant of
the first layer closest to the substrate is 2% larger than
that of the second layer. The spreading pressure is al-
lowed to increase to the value required by Eqs. (6) and (7)
for coexistence. Then the lower layer, being more
compressible, easily breaks its registry with the graphite
substrate and compresses 5% to the values shown in Table
III. The second layer has compressed to within 0.01 A of
the first-layer lattice constant. Since the amplitude of the
undulation of the graphite of the graphite substrate is
more than an order of magnitude less than that which the
second layer experiences due to the first layer, the layers
were quantitatively shown to be locked together and
compress as a two-layer crystal to the equilibrium config-
uration (see Table IV and Fig. 1). The trilayer system fol-
lows the same structural path to coexistence. The bilayer
and trilayer systems for CH4 and CD„have been studied
over the temperature range (0—60 K) and the above
description is followed in each case.

Informally, the question of whether shearing stresses
exist between adjacent layers has often been raised. These
calculations clearly show that under coexistence condi-
tions, the shear effects are not present. It should be noted,
however, that in the system considered, the periodic sub-
strate has an amplitude considerably smaller than the one
internal to the adsorbate. This supports an assumption
made by Gittes and Schick' in their potential energy
model —the individual layers within the film are in regis-
try with each other.

It is important to place this calculation in context with
other recent calculations on thick films, long-range forces,
and wetting. ' ' The differences center on the Bruch
criteria for coexistence [Eqs. (6) and (7)]. The completion
of a very thin multilayer depends upon reaching a particu-
lar value of chemical potential by increasing the spreading
pressure work term. This implies that all layers in the
thin multilayer (2 or 3) are experiencing the same "2D-
gas" compression. If the multilayer is very thick, the top
layers experience only the more dispersed 30-gas pressure.
This difference in compressive forces experienced by the
lowest (next to the substrate) and the highest layers within
the film, gives rise to elastic strains in the intervening
layers. According to Huse' the strain falls off at long
distances -z . Should the strain energy at any height
exceed the threshold for dislocation formation, the film
becomes unstable in this respect.
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The Bruch criteria and this calculation assume a uni-
form spreading pressure with height z. Therefore, the
consequences are true only for very thin films (here, three
layers). If this calculation were applied to thick films, the
Bruch criteria for coexistence would need to be modified
to take into account the role of the changing compression
with height above the substrate. The change is due to the
lateral effects from the spreading pressure at the substrate
to the 3D-gas pressure acting on the top layers.

There does not appear to be any fundatnental disagree-
ment between these bilayer and trilayer results via QCT
and the formal points raised in Huse, ' Gittes and
Schick, and Nightingale et al. 3 The place of this model
may be viewed as a

microscopic
picture of the thin-film

limit of the models of Huse s and Gittes and Schick. '
The model can represent the behavior of highly
compressed films of a few layers. This calculation will
hopefully be close to representing the experimental situa-
tion.

The most significant result of this research is the impli-
cations it carries for the modes of multilayer growth. In-
sofar as the type of growth mode that may possibly be set
in the buildup of the first three layers, the data given in
Tables III and IV give some insight into the changing dis-
cussion between experiment and theory. For systems
which scale to the regime of methane or neon on graphite
and for temperatures below the 2D triple line, there are
sizable quantum and anharmonic effects. The quantum-
cell model is a natural choice to calculate realistic values
for the Helmholtz free energy and the internal energy.
From these results, the spreading pressures and chemical
potentials are derived. The solutions to the coexistence
conditions, Eqs. (6) and (7), given in Tables III and IV,
show the bilayer and trilayer to be overcompressed, i.e.,
the lattice constant is less than that of the 3D bulk crys-
tal. The lattice constant of the bilayer is compressed —,'%
and the trilayer is 1% smaller than the corresponding
bulk. However, the chemical potential is still below that
of the bulk. The climb of the chemical potential from the
uncompressed solid monolayer to the bilayer and trilayer
at coexistence occurs in successive jumps of 753
K/molecule, 53.5 K/molecule, respectively. The trilayer
at coexistence is still 49.3 K/molecule below the 3D bulk
value calculated for the same model. If the calculated 3D
results scale up in temperature in the same fashion as the
experimental data of Simmons and co-workers, the cir-
cumstances do not appear to differ significantly for all the
temperatures below the 2D triple line.

Goodstein et al. report that the monolayer condenses
at 725 K/molecule and the bilayer 80 K/molecule below
the bulk. Presumably, the values are measured above 65
K. The results given in Table IV give these same differ-
ences to be 856 and 102.8 K/molecule, respectively, for
the ground state. The comparison is quite reasonable con-
sidering the differences in the temperatures.

Note also that the spreading pressure required to
achieve coexistence is five times the spreading ressure
needed to drive the monolayer out of the v 3X 3 regis-
try and incommensurate with the graphite. It would ap-
pear that the substrate periodicity has little to do with the
mode of multilayer growth for the methane on graphite

system.
The experimental situation is a difficult one. The films

are overcompressed by the spreading pressure to the point
where the lattice constant is less than in 3D bulk but the
chemical potential is still 50 K/molecule below the bulk.
Clearly, any slight imperfections or defects (hetro-
geneities) which could raise the chemical potential would
become growth sites for 3D crystallites. Such an oc-
currence experimentally could very easily be interpreted as
a case of partial or incomplete wetting (type 2). Growing
3D single crystals of methane require extreme care and
very long preparation times (see Aadsen ). It should not
be surprising that the observation of solid bilayers and tri-
layers of methane on graphite at temperatures below the
2D triple line has been difficult. Gay et al. ' show in
their Fig. 4, among other properties, lines for the conden-
sation of multilayers at low temperatures. They leave the
discussion of these experiments to a later publication. At
higher temperatures, Hamilton and Goodstein and Piper
and Morrison have reported the growth of methane mul-
tilayers on graphite.

In summary, the potential parameters used for these
calculations in describing the adsorbate-adsorbate and the
adsorbate-substrate interactions work sufficiently well to
make meaningful comparisons to experimental data.
MacLachlan substrate-mediated forces are again needed
to complete the model. The quantum-mechanical cell
model accounts for the quantum-mechanical and the large
anharmonic effects very well.

Both structural properties and heats predicted by the
model are within reasonable limits of a variety of experi-
ments. The role of periodicity in the substrate potential
does not enter significantly into the process of multilayer
growth. The strength, range, and z dependence of the
substrate potential would appear to be the determinative
factors. Rotational transitions at low temperatures are
not fully investigated by the model, but the energetics in-
volved suggest that the details may not be important.
Shearing strains do not appear to exist betwo:n individual
layers within a multilayer film.

The overcompression of the bilayer and trilayer films at
coexistence and the close approach of the chemical poten-
tial to that of bulk may well be part of the reason for
disagreements between theory and early experiments. Re-
cent experiments '* ' appear to be more in line with the
predictions of this model. In order for there to be direct
comparisons, more experiments need to be done at low
temperatures and the calculations need to be done for
higher temperatures.
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