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Theory of intermediate-valence solids
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A realistic Hamiltonian which involves the electronic interactions among the f and d electrons
and the interaction of the f and d electrons with the lattice is considered for studying valence
change transitions in intermediate-valence systems. The eigenstates of the Hamiltonian are ob-
tained by employing a self-consistent method, which consists of four steps. First, the f-f and f d-
interactions are considered for a fixed lattice constant by employing multiple single-site scattering
theory [R. Lal, Phys. Rev. 8 27, 2535 (1983)l. Second, the lattice problem is solved by consider-
ing the effect of the interactions of the f and d electrons. Third, the effect of the interactions of
the f electron and the lattice are considered on the d band structure. And fina11y, interactions
among the f-electron impurities are incorporated. The main feature of the method is that it pro-
vides a source which stabilizes the f-state occupation at a noninteger value and the 1attice in an
equilibrium state vrith a changed lattice constant. Other general features of the method are also
discussed.
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In @q. (2) the z components of the total angular
momentum MJ and M~ correspond to opposite spins. In
Eq. (4) H, „h represents the anharmonic part of the ion-ion
interaction. Its origin lies in the interactions ( R;—
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(depending upon the f-state occupation) is the charge

Despite efforts from various studies' the theory of mixed
valence is still at an unsatisfactory stage. The main
reason for the poor understanding of the mixed-valence
problem is that the interactions which exist in the system
are not employed to obtain the state of the system. A
treatment in terms of true interactions is the real way for
studying a system, and we expects that only such a treat-
ment can provide the understanding of the nature of the
valence-change transitions. Although some qualitative
ideas regarding the roles of the interactions have come
up,

s a theoretical effort has not yet been made. In this
Rapid Communication we intend to make such an effort
by investigating the roles of the electronic interactions
among the f and d electrons, the interactions of the f and
d electrons with the lattice, and the phonon-phonon in-
teraction. Our main objective is to derive the mechanism
which is governed by these interactions, and to study the
stabilization under such a mechanism.

We start with the following total Hamiltonian:

H Hf+Hd+H(+Hfd+HfI+Hdl+U, . (1)

Here Hf, Hd, and HI are Hamiltonians, respectively, for
the f electrons, d electrons, and the lattice. In atomic
units we have

number of the ion, u is the amplitude of the lattice oscilla-
tions, and a is the lattice constant.

In Eq. (1) U, is the vector potential which causes decay
of the excited state via photon emission. The term Hfd
corresponds to the f dinterac-tion. Its origin lies in the
Coulombic interactions

~ rf; —
rd~ ( and the exchange in-

teractions —2JJsf; sdj. Here rf; and sf; denote the posi-
tion and spin coordinates, respectively, of the ith f elec-
tron, and J;, is the exchange integral. The term Hfr in Eq.
(1) represents the interaction off electrons with other lat-
tice iona. It is given by

Zfg 'g frf' Ri/ ' —frf; —R,.i, j
Here RJ is the equilibrium position of the jth site. The
last term of Eq. (1), HdI, denotes the interaction of the d
electrons with the lattice potential difference

—Zdg((rg; —R, [. ' —
( Rg; —R, (. '),

where
~
A ~, means value of A for the lattice of lattice con-

stant a. The lattice constant a;„corresponds to nf 1.
Here Zd denotes the ionic charge seen by the d electron.

The Hamiltonian of Eq. (1) involves much more detail
than any other Hamiltonian used so far in the study of
mixed valence systems. In fact, most of the existing
methods are divided into two classes —one for which
HfI+HdI 0, and the other for which Hfd+HgI 0. The
former class is based upon the electronic mechanism,
while the latter class is based upon the lattice mechanism.
There exists some, but very few methods, 'o which con-
sider the joint effects of the electronic and the lattice in-
teractions on the stabilization of the mixed valence phase.
But, such methods treat the electronic and the lattice in-
teractions in a highly parametric way so that it is not pos-
sible to gain information on the detailed roles of the true
interactions.

Exact solution of the eigenvalue problem of the Hamil-
tonian H will be of formal importance only. For practical
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purposes we have to employ approximation methods. In
order to develop a useful method we divide the Hamiltoni-
an H into two parts —one, say Hi, corresponding to nonin-

teracting f electron impurities, and the other, say H2, cor-
responding to interaction among various (f electron) im-

purities. H~ is given by

H) HI+Hd+HI+HId+H~+U, . (5)

Here "prime" on Hyq and H~~ implies that Hyq and Hp af-
fect only the f electrons and not the d-band electrons or
the lattice ions.

In order to specify the interaction H2, we first construct
the Hamiltonians of the d-band electrons and the phonons

by considering the effect of the interactions Hyq, HIi, and

H~I. Let Hg and HI denote these Hamiltonians; we then
construct them in the following way:

Hd -ad+H~+HdI, (6)

HI HI+ HII+HI" .

Here the interactions Hz~, Hz, Hj, and HI are defined as
follows:

Hz~ Tr(py&fd ) Hq Tr(pIHgi),

HI Tr(pfHf/) HI Tr(p/Hdl )

The density operators py and pg correspond to the spa-
tial parts of the Hamiltonians Hy and Hd, respectively,
and pI corresponds to the lattice Hamiltonian Hi. The
purpose of such definitions of py and pd is as follows. For
practical purposes we have to consider the interactions in

an approximate way. If we also include the spin part in

defining pI and pp it will be difficult to obtain proper sym-
metrization of the wave functions (of the interacting f and

d electrons). To retain proper symmetry of the wave func-
tions we first consider the electric interactions and then in-

corporate symmetrization by taking a spin structure of the

type si s2. The details of the interactions are included in

the exchange integral Ji2 through the wave functions.
Since the value of Ji2 is more important from the
viewpoint of magnetic properties of the system, we expect
that the present method will enable us to obtain a deep
understanding of the magnetic character of the system.

We are now able to define the impurity-impurity in-

teraction Hq. The contributions of Hyq and Hyf to H2,
denoted, respectively, by H& and HI, may be defined as
follows:

HI ~Tr(pdHId ) Tr(pgHyd )

HI -Tr(P IHp) —Tr(ply),
where pd is the density operator corresponding to the spa-
tial part of Hd, and Pl is the density operator correspond-
ing to the lattice Hamiltonian HI.

It is clear from Eqs. (9) and (10) that H and HI are
small from the viewpoint of their strengths. faut their sym-
metry properties are important from the vie~point of the
impurity-impurity interaction. The exchange interactions
involved in HI are, as discussed above, of the type
JjI 'f ' sjf. The exchange interaction in H& is also of the
same type. This means that the exchange interactions

S,(r, ) -S,«(r, )+S,J (r,), (13)

where the scattering matrix S~«describes the pth single-
site interaction process which may be either a scattering of
the d-band electron (due to the interaction HIg) or an ab-
sorption of a phonon (due to the interaction Hp)—
whichever is possible at the time t~. The multiple scatter-
ings made by the d-band electron generate coherence be-
tween the f and d states. s To see how far the multiple ab-
sorptions of phonons generate coherence between the f and
d states we consider the time taken by the excited state
(which is a mixture off and d states) to decay via phonon
emission. This time, say T~, is given by T~ I,where
I ~ is the energy width of the excited state caused by the
phonon absorption. I ~ is described in terms of the multi-
ple single-site absorption matrix MII as follows:

I;-2 g I (g'I ~I (r, ) I g) I
' . (14)

used here are different from the so-called RKKY interac-
tions.

Let the density operator corresponding to the approxi-
mate Hamiltonian H Hi+H2 be denoted by P. Since
H2 is a small perturbation, we can assume that

P P&+@2 ~

where pi is the density operator of the state of the nonin-
teracting impurities. Treating H2 within the first-order
perturbation theory, we find that p2 is given by

[Hi,p2]+[H2 pi) .P2 (12)
r

To obtain an expression for the density operator pi we
employ the time-dependent collision theory developed ear-
lier. s4 The interaction term H&z of Hi [Eq. (5)) causes
the d-band electron to make multiple single-site scatter-
ings with the impurity ion, so that the impurity will under-
go f d and d f transitions. The role of the interac-
tion H&& is to cause multiple emissions and absorptions of
phonons by the impurity, so that again the impurity makes

f~ d and d f transitions. We describe the joint effect
of these two types of processes formally by a single, multi-
ple single-site scattering matrix M, (t, ), where t, is the
time when the sth scattering is completed. The sth
scattering may correspond to a scattering by a d-band
electron or to an absorption of a phonon. To specify r, pre-
cisely we first realize that, in general, the magnitudes of
the group velocities of the d-band electron and the phonon
will be different. Thus, the time of the multiple scatterings
by the d electron will, in general, be different from the
times of the multiple absorptions of the phonon. Let the
number of scatterings made by the d electron and the pho-
non up to the time t, be given, respectively, by n and m.
Then s m+n will be the total number of scatterings
made jointly by the d-band electron and the phonon. The
times/, follow theorder ri &r2(t3. . . .

The multiple single-site scattering matrix M, (t, ) can be
expressed in terms of the single-site scattering matrix
S~(t~) formally in the same way as in Ref. 3. The scatter-
ing matrix S~(t~) is contributed by two matrices —one
corresponding to the interaction Hyq, the other corre-
sponding to Hy~. That is to say
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Here g denotes collectively the f state and the d states, and
g' runs over all these states. If T~&)r~, where r~ is the
time difference between two successive absorptions of a
phonon, the excited state produced by phonon absorptions
will be a coherent mixture of the various f and d states.

The joint effect of the above two processes prepares an
impurity in a state described by the density operator pi as

follows:

pi(t, )- g p„-,(t, )8-8, . (is)
g .g

Here 8t and 8s are the creation and destruction operators
corresponding to the state I g).

The matrix elements of the density operator pi at a time
t are given by

pi tt,,«) -( g (g"; k"~&,P."K I ~. I g k~d PwK)(g; «~' PN'K I ~. I
g' k'&gi P

'
lt ))av

g,k,ad, , ~

Here I kcrq) is the d-band state corresponding to the wave
vector k and spin trq, p„g is the number of phonons in the
state I u K) of energy u and wave vector K, and ( ),„
denotes average over the various scatterings at the time t,

It must be noted that the contribution of the scattering
of the d electron and the absorption of the phonon to the

I

strength of the coherence which makes the off-diagonal
elements of pi nonzero will be different. This is because
the d electron and the phonon differ in their velocities.
The net contribution to the coherence is better understood
in terms of the collision-generated hybridization which is
given by

(g kcrg P K I (Hfd+Hft) I g; «~; p~x)Tr((f, d&-cr&p (t, )]&,„. (i7)

d,d, w, w,
K,K

The above method for finding out the density operator
of the state of the f-electrons under the interactions Hfq,
Hf(, and Hpt is a self-consistent method having four steps.
In the first step we have considered only the noninteract-
ing impurities and have obtained the density operator pi.
The second step corresponds to the lattice dynamics under
the interactions H,„b, Hf, and Ht" [cf. Eq. (7)J. The aver-
age interactions H!f and Hid are basically attractivei i in na-
ture since their origin lies in the interaction of an electron
with positive ions. Therefore, the effect of Hft and Ht will
be to contract the lattice. But since the anharmonic term
H„b causes expansion of the lattice, the net effect will be
that the lattice will assume an equilibrium position with a
changed lattice constant. This mechanism is consistent
with that of Anderson and Chui. '2

The third step of the self-consistency lies in the pertur-
bation of the d band. Since in the second step the lattice
constant has changed, the d-band energies will also
change. This will induce changes in the density operator
pi. In the final step of the self-consistency of the method,
the f electron impurities interact with each other so that
the final state of the felectron is characterized by the den-

f

sity operator p; and in particular, the f-state occupation is
given by

nff Tr(f,t f; p) .

In conclusion, we have formulated a method which takes
both the electron-electron and the electron-lattice interac-
tions into account iri an approximate but realistic way.
The method is capable of providing information on the
roles of the electron-electron and the electron-phonon in-
teractions in driving and stabilizing the valence-change
transition. The method suggests a mechanism of stabiliza-
tion of the mixed valence phase. The mechanism is
governed by the joint effect of the electronic and lattice in-
teractions. The collision-generated hybridization is an ex-
perimentally measurable3 quantity. Moreover, the method
opens a way for realistic calculations of the exchange in-
tegral, whose value finds importance in determining the
magnetic behavior of the mixed-valence system.
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