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Band structure and heat capacity of low-coverage helium films
on noble-gas-plated graphite
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Calculations are presented of the energy band structure of 4He atoms moving across the surface of
a monolayer of Ar, Kr, or Xe adsorbed on graphite. The results are very sensitive to adsorbate den-

sity, allocating the possibility of experimentally varying the degree of He 1ocalization. From the

dispersion relation, the density of states and low-coverage heat capacity are computed, In the case
of Ar plating, agreement is obtained with the isosteric heat measurement of Lerner and Daunt.
Speculation is made that the heat-capacity data of Crary et al. are influenced by Ar atoms on the

second layer. In the case of Kr plating, satisfactory agreement is obtained with the data of Tejwani,
Ferreira, and Vilches.

I. INTRODUCTION

The behavior of physically adsorbed, submonolayer
films varies considerably with the adsorbing surface. In
some cases, the only role of the substrate is to confine the
atoms to a plane. Such systems exhibit properties of
ideal, two-dimensional (2D) matter. In other cases, the
periodicity of the adsorbate imposes, for example, diverse
commensurate and incommensurate structures at low tem-
perature. ' Predicting this variability is a challenge for
the theory.

One of the most interesting kinds of adsorption system
is produced by depositing noble gases on graphite, and
then superposing a variable coverage of helium. This re-
sults in a controllable variation of the 2D helium proper-
ties. This is demonstrated in Fig. 1 in which substantial
differences are found in the specific heat of helium at low
temperature T. For example, the peaks seen in the specif-
ic heat of helium adsorbed on either argon or krypton
plated graphite are interpreted as demonstrating the coex-
istence of 2D vapor and commensurate phases. ' ' At
moderately high T, -4 K, the heat capacity approaches
the 2D ideal-gas limit C2D/Nka ——1. Finally, at higher T
than is shown in Fig. 1, excitation of surface-normal
motion causes C to rise above C20.

The theoretical interpretation of such data requires, in
general, the application of statistical mechanics to the
problem of a strongly interacting quantum system in an
external field. Rather than solve this intractable problem,
some thtxiretical efforts have utilized perturbation expan-
sions in the substrate field and/or the helium-helium in-
teraction. The work reported here employs an alterna-
tive route of neglecting completely the helium-helium in-
teraction but evaluating "exactly" the role of the sub-
strate. Further work may be directed toward systematic
improvement along the lines followed by Rehr, Bruch,
and their co-workers. ' '
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FIG. 1. Heat capacity per atom of a He film at coverage
near 0.025 A on bare graphite (dashed line) and graphite plat-
ed with a monolayer of He (0), Ne (6), Ar (+), and Kr (U).
Figure taken from Crary et al. , Ref. 4, using data from Refs. 3

and 4.

Our approach consists of a numerical evaluation of the
band structure of a helium atom in the potential presented
by a rare gas adlayer on graphite. This yields a specific
heat which can, in principle, be compared to the low heli-
um coverage extrapolation of the data. This route has
been followed for helium adsorbed on bare graphite.
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Calculations similar to these were performed some years
ago by Novaco and Milford for the cases of argon and xe-
non adlayers. ' " Our calculations for these adsorbates
differ in the numerical techniques employed, in the over-
layer density, and in the use of different atom-surface po-
tentials, revised in accordance with current understanding
of gas-gas' and gas-surface' ' interactions. The in-
teraction potentials used in this work have been found to
be consistent' ' with diffractive helium scattering ex-
periment results. '

and eigenvalues. The only difference between the method
reported in Ref. 7 and the current procedure is that the
former employed bound state energies and matrix ele-
ments determined from experiment, ' whereas we calcu-
late these quantities from Eqs. (3) and (4) directly. In
fact, the demonstrated consistency of V(r) with diffrac-
tive scattering data from rare-gas overlayers suggests that
this is a reliable procedure. '

The key input to the problem is the atom-substrate po-
tential V(r). We use the potentials developed by Chung,
et al. ' Briefly, these are of the form

II. CALCULATIONS V(r) = V, + V, + Vi '+ Vi (6)

where the position of the helium atom is r=(R,z), the z
axis is perpendicular to the surface and R is a vector
which lies in the plane of the surface. The wave vector K
also lies in the plane of the surface and G is a 2D recipro-
cal lattice vector chosen from the set

Gmn =nG}+ni G2 .

The basis vectors Gi and Gz differ in direction by 60' and
have magnitude G, =4m/(v'3a ); a is the separation of
the adsorbed rare-gas atoms. In the commensurate con-
figuration assumed here for krypton and xenon,
a =4.26 A and hence 6& ——1.70 A '. For argon mono-
layers a is taken to be 3.97 A which refiects the smaller
size of argon relative to either krypton or xenon. ' In Eq.
(1) the basis functions P„are chosen to be the eigenfunc-
tions of the one-dimensional Schrodinger equation for a
helium atom in the potential Vo(z)

r

fi d
2 + Vo(z) P„(z)=s„P„(z).

2m dz2
(3)

Here Vo(z) is the leading term in the Fourier expansion of
the helium-substrate potential,

V(r)=VO(z)+ g VG(z)exp(iG R) .
G(~0)

Combining Eqs. (1), (3), and (4) yields

(4)

n', G'

f2
e„+ (K+G) 5G G5„„

2m

+&n
I

VG —o In )

( n
~

V
~

n') = J dz y„(z)V G (z)y„ (z) . (5b)

Equation (5a) is one of a set of infinitely many coupled
equations for the K dependent amplitudes a„G and energy
eigenvalues E. It is the latter with which we concern our-
selves. Note that states involving different n and G are
coupled via matrix elements of the corrugation. By stan-
dard matrix inversion techniques, these equations can be
solved numerically for both the partial wave amplitudes

We have used the method of Ref. 7., which expands the
wave function PK of the helium atom in a complete set of
states

(R z) y ~ y (z)e(}K+0}'R

with V, the interaction of a helium atom with a rigid ad-
layer, V, the potential due to the underlying graphite sub-
strate, V3

' the result of three-body interactions between
pairs of overlayer atoms and the adsorbed helium, and
V3

' due to substrate-adatom-He three-body interactions.
The last three terms in Eq. (6) are assumed to contribute
only to the lateral average of the potential, i.e., the term
Vo in Eq. (4). The term V, contributes to both the lateral

average and the corrugation in the potential. It is derived
from a pairwise summation of the He-adsorbate interac-
tions. Note for later use that we have calculated all the
Fourier components of the potential for which
6 „&36).

With the potential fully specified, we then use standard
numerical techniques to solve Eq. (3) for both the energy
eigenvalues and the corresponding normalized wave func-
tions. It is then straightforward to calculate the various
matrix elements which occur in Eq. (5). In order to solve
Eq. (S) we truncate the number of equations by limiting
the basis set to those reciprocal-lattice vectors for which
G~„&26&, and to the four deepest bound states of Eq.
(3). This leads to a basis of size 76. The resulting 76 cou-
pled equations are then solved on a grid in the irreducible
Brillouin zone, Fig. 2, for the energy eigenvalues.

The results for the band structures of helium on argon
and krypton plated graphite are shown in Figs. 2 and 3.
The band structure which results for helium on xenon
plated graphite is nearly identical to that of krypton-
plated graphite, as expected from their similar interac-
tions with helium. 's In obtaining these results we have
used for the helium-adsorbate interactions a Maitland-
Smith potential with two-body well depth of 29.4, 30.4,
and 27.4 K for the adatoms Ar, Kr, and Xe. ' ' ' The cor-
responding equilibrium distances are r =3.43, 3.64, and
3.98 A, respectively. As seen in Table I, the binding ener-

gy eo agrees within 2% for these cases. This is a result of
the weaker attraction in the xenon-helium case being com-
pensated for by its greater spatial extent than the other
cases; of course this conclusion is a consequence also of
the monolayer densities.

Some of the results reported in Table I and Figs. 2 and
3 can be interpreted qualitatively in terms of perturbation
theory. Near the ground state, at the I point, this gives

no en —~0+i)1 (G +2K.G)/2m

Near K=0, this may be expanded to obtain
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TABLE I. He energy levels with and without band-structure effects; all energies are expressed in kelvin. ro is the ground-state
eigenvalue of Vo(z}; Eo —g is the band-structure shift computed here (or in Ref. 7 for the case of bare graphite). The calculated ef-
fective mass enhancement is m*/m and (0

~
V~

~
0) is the expectation value of the lowest nonzero G Fourier component of the po-

tential.

Substrate

Bare graphite

Ar/graphite

Kr/graphite
Xe/graphite

Theory

—55.2'
—56.1

Experiment

144+0.6'

—54+1.6~

—56+1.7"

Eo—cg

—5.3

—5.7
—5.1

Theory

—62.0
(—71')
—60.9

61.2

Experiment

143+2'

—69+4

1.06

1.20

1.23
1.22

(oi v, io)
32'

—5.1

—5.7d

—5.2d

'From Ref. 19.
From Ref. 20.

'From Ref. 9.
dFrom Ref. 15.
'Derived in the text at Ar density 0.087 A ' used in the experiment of Ref. 2.
Derived from the isoteric heat data of Ref. 2 as described in the text.

~From Larese et al. , Ref. 17.
"From Bracco et aI., Ref. 17.

Eo=.,-6~ &0~ V, ~0& [X,

m '/m =1+12K, ,

x=2mi(oi v, io) i/rPG', ,

(9b)

(9c)

and V, corresponds to G~. A, is an expansion parameter
in the theory.

E=Eo+A E /2m' .

The lowest-order approximation neglects the contribution
of terms for which n&0 and G values wih magnitude
greater than 6&. The result then includes only six terms
SI1d 1S

For a Kr adlayer, the energy shift at the center of the
zone is thus predicted to be Eo —so ———9 K, a factor of
nearly 2 larger than the actual value presented in Table I.
The effective mass m'/m calculated with Eq. (9b) is -2
while Table I reveals a value of 1.2. Another prediction
of this perturbation theory is that the gap at the M point
is 2~ (0~ V& ~0) (

=10 K, more than twice the result
shown in Fig. 2. These inaccuracies of second-order per-
turbation theory were not observed in the bare graphite
case, for which the parameter A, assumes the value of
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FIG. 2. Band structure of He on Kr-plated graphite along
the lines I M, ME, and I E in Brillouin zone, shown at upper
right. Energy is measured relative to the ground state value Eo
in Table I.

FIG. 3. Band structure of He on Ar-plated graphite. Nota-
tion same as Fig. 2. Dashed curve is spectrum obtained in the
hypothetical case when the matrix elements of the periodic po-
tential are set equal to zero in Eq. (Sa); in that case the value of
Eo 1s Eg.
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0.06, instead of 0.3 in the present case. This difference
arises from the much larger corrugation' ' and the fac-
tor of v 3 smaller value of 6, in the overlayer case.

We turn next to the density of states per unit area

g(E)=A '+5(E —E„K) . (10)

This may be computed from the solutions of Eq. (5) for
sufficiently many K values. The fiuctuations in the re-

sults, shown in Figs. 4 and 5, are due to the finite number
(-8000) of K values which are evaluated. These figures
show for reference a strictly 2D density of states go and
the form of a smooth surface approximation to Eq. (10),
g, (E):

go ——m /(2m%2),

g, (E)=gage(E —e„) .

(1 la)

(1 lb)

In the latter expression one sees Heaviside-step-function
contributions e(E —s„) corresponding to the threshold
behavior for excitation of vibration perpendicular to the
surface.

One observes in the results for g (E) an effective mass
enhancement at very low E [i.e., g(E)/go& I] and zone
boundary splittings at higher E. Especially important at
low T are the minima in g(E) near E —Eo-5 and 13 K.
Because of the larger corrugation th ese sp hatt&ngs are
larger than in the graphite case except at the K point.
To understand this exception it suffices to consider the
equations of the form (5) involving the three vect G(0
and

vec ors
an two others) which would give degenerate t te sacs

+G) at the E point if there were no corrugation. In
the presence of coupling, the solution of these equations
yields energy shifts

fi' 2K
Eg — -2V, —V, —V,

2@i
(12)

l

4010
I

20 30 50
E —E() (K)

FI
(10

IG. 4. Relative density of states g(E) jg d f ed
' E0, as e In 10 qs.

) and (11) for He on Ar-plated graphite (solid curve).
Dashed line represents Eq. (11b), obtained if matrix elements of
the corrugation are assumed to be zero.
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(16)

Figure 6 compares the present results for He on Xe-plated
graphite with those of NM. We observe a substantial
band-structure effect (deviation from the value

The distribution of levels is not the same for bare
graphite, presenting a triangular array of sites, as for the
overlayer, a honeycomb array. As seen in the figures, the
two degenerate solutions are lower in the latter case

V~O) than the third solution. This degenerate pair
separate, however, along the line KM so that there is no

gap in g(E). In contrast, for bare graphite ( VgO) the
upper state at the M point does not converge to the lower
state at K, but merges instead there with a higher lying
state, leaving a gap.

Figure 5 compares the present results with those ob-
tained previously by Novaco and Milford" (NM) for the
case of a Xe overlayer. The most dramatic difference is
the presence of a substantial gap (-7 K) in the work of
NM. This may be attributed to their use of a 13% lower
density for the Xe. The more open structure produces a
more corrugated potential for the the atom. Thus the
owest band of NM is about 60%%uo as wide as that found

here.
This difference in density of states appears also in the

heat capacity C(T). In the limit of zero coverage, the
classical expression is applicable.

d lnZ
C/Nk =P

d
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0

C2D ——Nkz) but not so large as was obtained by NM.
Note that another difference in Fig. 6 is the effect of de-

generacy; i.e., at finite coverage C vanishes at T =0 if
l)l/3&0. This affects the NM results in the regime
T &2 K. Finally, we note the expected rise at high T
above the 2D value. For T ~7 K, this is qualitatively
represented by the prediction based on g,~(E). Figure 6
shows also results for the case of Ar plating which reveal
somewhat smaller band structure effects than for Xe.
These are shifted to a somewhat higher T because the
higher adsorbate density produces a gaplike reduction in

g (E) at higher energy E than occurs for Xe.

2 4 6
TEMPERATURE (K)

FIG. 6. Heat capacity computed from Eq. (14) for zero cov-

erage He on Xe-plated graphite (solid curve) compared with

prediction of smooth surface model (dashed-dotted curve). Also
shown is the Xe-graphite result {dashed curve) of Novaco and
Milford {Ref. 11) at He coverage 0.028 A '. The plusses are
the present prediction for the case of zero coverage He on Ar-
plated graphite. The Kr case is essentially identical to that of
Xe.

The sums here run over the vibrational bound states.
While these sums are totally dominated at very low T by
the ground state (so that f= 1), at T = 10 K our comput-
ed values' yield f=0.97, a small correction. Thus we
conclude that the "experimental" value of the ground-
state binding energy

~
Ec

~
=[q„—,

'
p]—/f is actually 69

K. This is about 10% higher than the value~in Table I,
calculated for Ar density 0.073 A . The difference can
be interpreted in terms of the higher density in the experi-
ment; using the value 0.087 A estimated by Lerner and
Daunt, 'z we obtain a ground-state energy of

~
Ec

~

=71 K, which is consistent with the data. The con-
verse procedure may be used to compute q„directly
without resorting to the smooth surface model: in gen-
eral, for zero He coverage, q„=5/(2P) —E, where E is
the average energy computed from g(E). This yields
q„=85.8 K at T =10 K, consistent with the result of
Lerner and Daunt.

We turn next to the specific heat of He on Ar-plated
graphite. The data of Crary et al. are taken with
more than a full layer of Ar. This may explain the other-
wise perplexing behavior of the heat capacity in the re-
gime 3& T &4 K. What we refer to is that the zero-
coverage extrapolation is C/Xks-l. 8. This is much
higher than the theoretical value -0.8 in Fig. 6. More-
over, the measured coverage dependence (dC/dN &0) is
the opposite of expectation based on the virial expansion
in this range of T. Without presenting a quantitative
analysis, we speculate that the data may indicate He con-
densation in the vicinity of the Ar atoms in the second
layer. Consistent with this is the fact that the 3He data do
not exhibit the enhanced C(T), as expected from the
weaker binding. We note also that the sparse data of
Koutsogeorgis and Daunt have C/Xks &1 in the vicini-
ty of 3 K, closer to the theoretical value.

III. DISCUSSION

A set of experiments performed on plated graphite sur-
faces is relevant to these calculations. We refer first to
the isosteric heat q„measurement of Lerner and Daunt
on Ar-plated graphite. These authors found q„=82 K
(+5%) for low-coverage He data in the vicinity of T= 10
K; from this, they estimated a binding energy in the range
57—67 K, depending on the model used. %e revise this
analysis as follows. At high T, the smooth surface model
represents the thermal properties satisfactorily (Fig. 6).
Using it allows us to calculate coexisting vapor, as ap-
propriate for low coverage, the model yields

IXl

p 1.0-.
O

xx

0.5--
3.0

0 Q
0

xo~ c, o

I I

3.5
TEMPERATURE (K)

xx
X

3
qsc=

2p
+ pxge

= 3 +flEol . (18)

FIG. 7. Computed zero-coverage heat capacity of He on
commensurate Kr on graphite (solid curve) compared with data
of Tejwani (Ref. 4) at the coverages 0.0094 A '

( g ), 0.015 A
(), and 0.023 A ~ (0 };these data, called Kr III in the paper of
Crary et al. (Ref. 4) were obtained using commensurate Kr on
graphite foam. Note suppressed zero on ordinate.
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Finally we turn to data of Ref. 4 for He/Kr/graphite.
The results most relevant to our calculations are com-
pared in Fig. 7 with data of Crary et al. At low He cov-
erage on commensurate Kr. The lowest coverage results
are seen to lie about 15% above the theoretical prediction.
One may again speculate about the effect of heterogeneity
as a potential explanation of the discrepancy, but we can-
not test that idea quantitatively without a more substan-
tive characterization of the heterogeneity. ' '

Calculations have been presented concerning the effects
on He properties of varying the substrate. Missing from
the comparison with experiment is the ability to identify
accurately the state of the monolayer on which the He is
adsorbed. The clearest exception, presented in Fig. 7, per-
tains to the commensurate Kr regime. There we find sa-
tisfactory agreement with the data of Crary et al. It
would be of particular interest to study similarly the He
C( T} dependence on the Ar density. In that case we have
conjectured that second layer Ar atoms are responsible for
the anomalously high value of C at T =4 K. This is test-
able by employing a reduced Ar coverage. Similarly use-
ful would be the systematic study of the isosteric heat's
dependence on the density of the monolayer. The evi-
dence presented above indicates that our calculations are
consistent with the q„data of Lerner and Daunt for the
case of the Ar plating. It is perhaps useful to emphasize
that this agreement is of some importance with respect to

understanding the role of many body forces. ' ' ' Our
calculations include three-body forces in the triple dipole
approximation. In the net these represent a contribution
to Ec of order + 6 K; i.e., a substantial reduction in the
He binding energy which would be predicted with only
two-body forces. The relative size of this contribution is
the same as that found in other bulk and surface prob-
lems. ' ' '

The binding energies
~
Ec

~

computed by Novaco and
Milford" are substantially larger than those appearing in
Table I. Thus for Xe the NM value is

~
Ec

~

=77 K,
more than 20% larger than our value even though the Xe
density was lower. The differences are due to their omis-
sion of the repulsive triple dipole energy and their use of
more attractive He-Xe and He-graphite potentials. Each
of these factors contributes about the same amount to the
binding-energy excess. It is seen, therefore, that adsorp-
tion data can complement surface scattering data in
enhancing our understanding of noble gas interactions.
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