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Magnetic and elastic fields have a strong influence on the phonon-scattering properties of accep-
tor states, which is experimentally well known from thermal conductivity measurements at low tem-
peratures. Our theoretical approach starts with a former theory of the degenerate electronic defect
states which are of the I'y type. It uses high-order Green-function techniques together with unitary
transformations. For the calculation of the thermal conductivity we take Callaway’s formula to-
gether with a one-mode relaxation rate of the phonons. We discuss the dependence of the calculated
scattering rates on physical parameters of the system. Under the influence of static fields the
dynamical behavior of the electron-phonon coupling can be disturbed (e.g., resonance structures in
the thermal conductivity curve can be destroyed). The changes due to those external perturbations
are studied and it is shown that our theory qualitatively explains the experimental thermal conduc-

tivity results.

I. INTRODUCTION

In recent years the study of defects in solids by mea-
surements with phonon techniques gained much interest.
Because of their high resolution these methods are better
suited for studying the dynamical behavior of the
electron-phonon interaction than optical methods. New
kinds of resonance structures were found, e.g., in p-doped
semiconductors.! ~® These additional phonon-scattering
mechanisms were seen in thermal conductivity measure-
ments as well as in experiments with monochromatic pho-
non techniques.” They are typically of nonadiabatic ori-
gin, i.e., they are due to the coupled dynamics of the in-
teracting subsystems (electrons and phonons), which have
to be solved. In previous papers®® the connection between
these resonances and the Jahn-Teller effect was demon-
strated. Therefore these resonances are a dominating
feature if degenerate electronic levels which can be split
dynamically are present in the system. Therefore we call
these resonances “dynamic resonances.”

By applying external elastic or magnetic fields the orig-
inal degeneracy can be destroyed by splitting the electron-
ic levels in a static sense. This has been used in several ex-
periments®* to influence these resonances. Together with
the static splitting in the electronic system direct phonon
transitions may occur. By varying the field strength one
has a tool to switch between both types of resonanes (the
static and the dynamic ones).

The existing theories of phonon scattering at such stati-
cally split electronic states use a perturbational ap-
proach'®!! and are not able to describe the dynamical res-
onances in the vanishing field limit. A first approach to a
more general theory was given in a recent paper for donor
states in semiconductors where the ground state is split
even in the absence of fields.!?

II. DEFECT HAMILTONIAN WITH FIELDS

In the following we consider acceptor systems (such as
Mn in GaAs, In in Si, etc.) with I’y ground states. The
derivation of the defect Hamiltonian without fields was
given in a previous paper of the authors’ and therefore
omitted here. We give the result which reads

2 3
He =3 |De 3 pirf*+D.p3 3, UiquA (bqk'*'b;k) ’
'y i=1 j=1

(1)

where D, and D, are the two independent deformation
potential constants. {p;} and {o;} are two commutin
sets of spin operators. Together with the functions r?
and s}”L they are shown in Appendix A.

These functions project the different phonon branches
which are labeled by A onto the normal modes of the cu-
bic cell around the defect. Group-theoretical arguments
show that only e and ¢ phonons can interact with the de-
fect. For simplicity we will use the abbreviation

2 3
A= Dpirf*+ 3, D.pso;sf*. 2
i=1 j=1

If we include elastic fields we arrive at a Hamiltonian of
the following form:

5
H=3 0,bfibp+3 Aby+bh)+ S &7, @)
aA 92 j=1
where the £;’s are abbreviations for the spin operators
pi»oj and p;0;. They are defined in Appendix B. The 7;
are the elastic tensions instead of the deformations. Like
the phonons two e- and three r-type deformations may
couple to the defect. These fields split the original I'g
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ground state into two Kramers doublets with energy
difference:'>14

s 172
3 @n)? 4)

i=1

Ae=

The interaction of the 'y state with magnetic fields re-
moves all degeneracies. The coupling terms are easily de-
rived by the use of group theory: A magnetic field
transforms like I'y. The coupling is with bilinear electron-
ic operators and therefore the decomposition of the
Kronecker product!® of I'y is needed:

FSXF3=F1+F2+F3+2F4+2F5 . (5)

I'4 is contained twice in this product. The operators given
in Eq. (1) belong to different irreducible representations of
the cubic group. The details are given in Appendix A.
The result for the Hamiltonian then reads:

Hpoa=g1 (0 I 1Bx +0 I,.2By +0 {‘4,313:)
+£3(0%,1B,+0%,28,+01,3B,) . (6)

For our purposes, in this paper only magnetic fields in the
z direction are considered. In this case the Hamiltonian
for elastic and magnetic fields has the following form:

Hegq=7 Ex+H, Eo+H, £5 @)
with
H1=g’2'Bz: H2=g'1' Bz .

This operator is not yet diagonal in the electronic sub-
space. The operators of a fourfold state form a SU(4)- Lie
algebra which is given in Appendix B. This Lie algebra
has rank 3 (Ref. 16), every diagonal electronic operator
therefore may be written as a combination of up to 3
simultaneously diagonal operators of the algebra which in
our case are

A€1p3+A€203+A63p303 . (8)

Figure 1 shows the level scheme in the general case.
For further use we take only one single 7, nonvanishing.
In this case the energy splittings of the system are easily
calculated:
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FIG. 1. Energy levels of the electronic I'y state split by exter-
nal fields.
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(a) For k=1,
A€]=TI, A62=Hl, A63=H2 . (9a)
(b) For k =2,5,
Ae;=(H?}+7)'?, Ae;=H,, Ae;=0. (9b)
(c) For k =3,4,
Aey=(H3+72)'2, Ae;=H,, Ae;=0. (9¢)

In cases (b) and (c) only four different energy differences
appear. To simplify the formulas in the text and the nu-
merical calculation we will therefore neglect case (a).

Because of the two independent I representations con-
tained in the I'y Kronecker space the shape of the magnet-
ic coupling terms is not unique. The usual way'® to derive
this interaction is by the use of angular momentum opera-
tors. Here we give the connection between the different g
factors used in the literature:

(10a)
(10b)

g1=0.5g,+5¢, ,
g5 =5.66g, .

To clarify the following expressions and calculations we
introduce the parameter

|H | .
W in case (b)
D=1 m
m in case (c¢)
and (11)
E=(1-D?'?.

D =0 marks the case of the pure elastic field, whereas
D =1 gives the pure magnetic one. In the discussion of
transitions the introduction of energy differences is useful:

€=0, &=2|46|, &=2]| |2 | —|Ae] |,

12)
€3=2|A61|, €4=2(|A61| + |A€2| ).
Instead of Eq. (7) we use the short form
Hﬁcldzszgm » (13)
m

where the summation is restricted to the values k (index
of applied elastic field, from 1 to 5, 9, and 15).

III. EQUATION OF MOTION HIERARCHY

In a Green-function-based approach the relaxation rate
of a physical system is related to the imaginary part of the
T matrix which can be expressed by a thermodynamical
Green function.!”'®8 This reads

G=G0—G()TGO . (14)

The index 0 denotes the unperturbed system where no re-
laxation occurs. The calculations of the relaxation rate
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7,2 therefore implies a determination of the Green func- W {(&;6, ) =S CQ[ELALEN + 3 Tm (€1 Em )il ) -

tion of the perturbed system G. g.A m
For the relaxation of a phonon the phonon Green func- (15)

tion is needed which has the form (&;;£;)). We use the

equation-of-motion method for the evaluation of this  For the next Green function (( QE;¢;)) the following ex-

Green function. The first step reads pression results:

(0~ 2 VCQEEN + 3 KK COLLE &1, Em EN
Lm
=5 (QIESD T+ S (PIE&ED 0 3 (QQTEALEN +0 S K (QIESLE)
g\ !
top X (POIEATED +20u(AEL ) + 3K [0(QIELLS, »—5r (QUE&LEDT
g\ ) !

— 3 (QQ'IE&LATLED | - (16)
q' A

In this context E denotes an arbitrary electronic operator of the Lie algebra SU(4). In general [[E,£],£] will not
reduce to E. Therefore Eq. (16) leads to a system of linear equations. The solution can most easily be accomplished by a
unitary transformation technique with

§i=Uij§i7 i,j=1y21~~'!15 (17)

and the demand

([Em En E11=A"Emy n1=K,9,15. (18)

This matrix is easily found because the double commutator in Eq. (18) decomposes in small units which are analytically
diagonalized. For one case we give the matrix U in Appendix D. In transformed space Eq. (16) closes to yield E. With
the abbreviation

1

1

= (19)
EA. (w,qu)

EE' ’

—2 U

EE'
this equation reads

|3 QBN+ SEPLE D~ 5 KQUE 16D

(QE;& N = z[A( -
0,0, q

+o 3 KQQTE A LEN -3 K 3 CQQ'IIE &1, A L6 M + 20,2 (AE"E N
e TRPTFY

+op 3 (POTENTEN +20 SKCOIE &16D | 20)
'y
With the additional definitions
1 2 Ul U, b3}
K(w,0q2) | KE(w,qu)
M(“’l“’qk) E K (o, (jqk)]EE K A(w,lqu) (22)

this is transformed to
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%‘:Ti(p[E',g,.])T—-EI-W—ZI',KI(Q[[E',&L&])T

o 2 (PQTE A LEN +20, (AESE N +0 3 CQQ'E,A'LEN
q,x aN

<P[E”§1])T—'——2K (QIIE".Em).E D) 1

(QE;& N = 2 m %<Q[E’»§i]>T+
’ EE!
-3 K 3 (QOTIEE1LATE) ]
q,
e B

+o 3 CQQE",ANLEN — X Kn 2 KQQ'IE",En],A'L;E: D)
q'\A m q',\Af

+wg X (PQ'LE",A'LEN I . (23)
q' A

From Egq. (14) the relaxation rate is given in terms of the electronic Green functions:

T =4mnVIm{ AT AR

(24)

where n is the defect concentration and V the volume of the crystal. Therefore, only the “diagonal” Green functions are
needed for the calculation. With the introduction of a projector P in the electronic space and the complementary projec-

tor Q one obtains

wZ—IzK,Kmﬁtltg,-,gngm1—»§.-> KEsEN

% S KAEn& )& D r+o ZUQLELALEN + 3 K D KOI1EHE1LALE D
1 q.A 1 q,A

+ lzK,KMQ<[[§,-,§,1,§".1—»§.-><<[[g,-,m,gml;g,- » . (25)

From the Green functions on the right-hand side of Eq.
(16) only (( PQ'[E,A’];£; ) has phonon terms which do
not commute with the unperturbed Hamiltonian. There-
fore this function is expanded and yields

oG PQ'EsE ) =5~ (PQIE&D r+0p ( QQ'E:&: )
+w, A PP'E;E N +2(Q'AE & )
+3 K (PQ'LE £ :6:)

+ 3 KPQ'Q"[E,A"LE N - (26)
q"A"

Inserting Eq. (26) in Eq. (16) gives the final equation for
the relaxation rate calculation which reads in a formal
way

wl-lzK,Kmﬁu[gi,g,],gm1—»§.~> CEsE N

E(0)+Glw), (27

1
2T

[

where E (w) denotes the expectation values and G (w) the
higher Green functions. To reach a closure of the hierar-
chy Eq. (27) the following approximations are used

(a) RPA factorization of all quadratic phonon terms
(A=P,Q):

(4466 ) = (44") 1 (Ei36; )

(b) Neglect of all terms higher than quadratic in the
static splittings K.

(c) Further development of nonclosing functions
{(&x;E; )) with respect to b.

(d) Simplification of electronic operator products by the
limitation to one-electron-parts, i.e.,

§i§j5%[§n§j] .

(e) Closure of all remaining terms with odd numbers of
phonon operators with restriction to b with an expectation
value:

1
w4856 N~ T<A[§i»§j]>T .
T
For the control of the approximations several sum rules'®

and especially the required positive definiteness of the re-
sult (24) are checked.
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IV. CALCULATION OF EXPECTATION VALUES

The application of the equation-of-motion technique to-
gether with the described RPA approximation leads to
several thermal expectation values which have to be calcu-
lated in the base of the perturbed Hamiltonian. To ensure
high accuracy we use a unitary transformation ap-
proach.?’ The expectation value is written as

(é,-)H=(§i)g=<e‘S§;eS>g=(§;)§+<[§.~,S]),;+‘ T
(28)

where S denotes a Hermitian matrix which may be deter-

mined by the U matrix equation. With the abbreviations

(7% €;
ql___‘l_._ qh__ P
Wi = 5 Dl. =" i=

qu € War—€;

0,...,4 (29

the S matrix can be brought to the following form:

The coefficients R” and R are given in Appendix D.
In the transformed space according to Eq. (30) the follow-
ing electronic operators give nonvanishing expectation
values:

(E))r=D{(&)r=D(1—e P1_ %
(B))r=—E(&)r=E(e P pe™P_e™

A

(Eg)r= —D(§6)T=D(e—&3+e— —e—ﬂg‘

e Py ze,

B _1sze,

—1/z°,
31)

—E(l—e Pi_o7Po Py ze

—Bé,

(Ei)r=E(&s)r

@-15)7"—'“(é‘ls)r:(é’_ﬂe‘—e—&’-&e —-1)/Z°¢,

-8,

with Z¢=1 +e_ﬂe‘+e_&3+e , where Z°¢ denotes the

5 15 ' .
§=3 > 17;17‘ p Ré’pqx + iRi?Qq}‘)é'j _ (30) :::gmcal Zustandsumme. The other expectation values
gri=1 j=1
J
’ (P9 , _
(QQ’) 1 =548 coth Zq +4 g Ci8L W WI N nPng ™ (E,) 7
LKkiLm
" . N By N N
“2, 3 EMR(En)r oot Wi Df*ng ¥ nf* +-coth | =1 ]WJ“D;*nl*n? * (32a)
hKi,m
(PP')7= =bgbuceoth —4 2 Ciitm DI*DI i * (En ) 1
LK m
w v ! ’
42 3 FYDEn)r |coth |2 I Dpiag ¥ coth | 220X | wphpg g | (320)
jkdm 2
=y )T ot (32¢)
< Qét >T= -2 12 (Ig,g)Wﬂ’Wﬁ*(Em >T+2COIh 2 (Igté')qukn?A(Em )T ’ 324)
sbm Jlm
(P& )T=2i ), CJ,,,,E)DH H e )T—2zcoth (I'flg)mgkn?;\(gm yr, 520
shm AR

where the respective summation range is evident from the
definition. The various types of F and C matrices were
determined by a numerical procedure.

V. DISCUSSIONS OF RELAXATION RATES

From Eq. (24) the expression for the phonon relaxation
rate can be brought to the following form:

ﬁa)fl(w)c

PCA

2 AMm{ExE N, (33)

(7 w))=n

where the A’s result from the angular integration within a
isotropic Debye model. They are given in Appendix E.
p=M/V is the mass density, c; (A=I/1) the longitudinal
and transverse sound velocity, respectively, and
¢%=1/(3,1/c3). By standard methods all ¢ summa-

[

tions are converted to integrals with nontrivial imaginary
parts which describe the irreversible behavior of the sys-
tem. The temperature dependence of some of these in-
tegrals is caused by the expectation values. The integrals
are given in Appendix F.

The formal structure of the result for the relaxation
rate is the same for the applied magnetic and elastic
field.?! The difference appears only in the summation of
the splittings and the actual values of the coefficients.
The result can be brought to the following form:

Z(a)
o)’

(&j6; 0 = (34)

where N (w) and Z (w) are given as
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v '(arb.units)

10! 1 10 hwimeV)
FIG. 2. Phonon relaxation rate of GaAs (Mn) with small
magnetic field (1 T).

14
N(w)=3 niw), Z(@)=—~ ZZ
i=1 Tji=1
The explicit form of the terms n;(w) and z;() is given in
Appendix G.

It is easily seen that the dynamical terms (A ) contri-
bute as well as the static sphttmgs (ky). For small
electron-phonon couplings A} the perturbational result'®
is obtained. In this limiting case the terms n, to ny4 in
the denominator can be neglected as well as z¢ and z; in
the numerator. In contrast to perturbation theory our
method gives a closed form for all scattering terms
without distinction between direct and Raman processes.

The numerical evaluation for different cases is shown in
Figs. 2—4. Independent of the kind of applied field the
direct resonance is sharp only if the static splitting is
larger than the Jahn-Teller resonance. Smaller static
fields appear only through a broad absorption structure.
This result fits very well in the intuitive picture of the
dynamical scattering mechanism.

The small fields do not destroy the dynamics of the
Jahn-Teller effect, therefore the static splitting is modu-
lated by the momentary dynamical splittings and there-
fore smeared out.

Figure 5 shows very well the disturbance of the JT reso-
nance by the application of a magnetic field. In the upper
right the magnetic field applied to GaAs (Mn) in the z
direction is weak and therefore the JT resonance, shown
as a small peak is not disturbed. With higher magnetic
field this resonance structure gets weaker and weaker, i.e.,
it is smeared out by the static splittings induced by the
external field. Figure 6 shows the completely different

' (arb units)

107! 1 10 hw(meV)
FIG. 3. Phonon relaxation rate of GaAs (Mn) with magnetic
field strength of 10 T.

<" (arb units)

107! 1 10 hwimeV)

FIG. 4. Phonon relaxation rate of GaAs (Mn) with applied
magnetic field of 500 T.

temperature behavior for the static and the dynamical res-
onance. In this case a static splitting of Ae=4 meV is ap-
plied to GaAs (Mn) by an elastic field. At low tempera-
tures the static splitting is easily seen because it is at
higher energies than the dynamical splittings and there-
fore it is not smeared out. For higher temperatures the
occupation numbers of both static levels get the same and
therefore this resonance is saturated. The dynamical reso-
nance, which at low temperatures is completely dominat-
ed by the static one, survives at higher temperatures near-
ly unchanged because there are no static levels which can
be equally populated. Therefore only this resonance is
seen at higher temperatures.

The range of validity of the theory given here is limited
by two parameters which are used for an expansion. The
coefficients A (respectively, D,D,) and the static split-
tings «;. Both are required to be small. Additionally, we
included the electronic splitting term in the unperturbed
H,. For very small fields this is not adapted to the physi-
cal situation in which the fields act as a perturbation for
the stronger electron-phonon coupling.

V1. CALCULATION OF THERMAL CONDUCTIVITY

With the relaxation rate Eq. (34) the thermal conduc-
tivity can be calculated using Callaway’s formula?
(x =fiw/k T)'

BD/kB 4, x

xX'e
o ?;—;1—)21')‘()() , (35)

1

K(T)——

A Ca

FIG. 5. Phonon relaxation rate plotted against magnetic field
strength and phonon energy. The energy scale is logarithmic,
the magnetic field scale is linear.
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Hwlmev)

0" ‘540!

FIG. 6. Temperature dependence of the relaxation rate for an
applied elastic field with Ae=4 meV. The energy scale is loga-
rithmic, the temperature scale is linear.

where 7)(w) gives the total relaxation time of phonons of
branch A. For independent scattering processes the in-
verse relaxation rates have to be summed up:

=3 (36)

For the evaluation of the thermal conductivity we added
boundary scattering (75), Rayleigh scattering (7g), and
Umklapp scattering (7y) to the calculated relaxation rate
Eq. (34) (Refs. 22—26). The parameters of the acceptor
systems are given in Ref. 9. It should be stressed that our
theory contains no adjustable parameters and the values
used are determined by independent experiments.

The thermal conductivity for different cases and con-
centrations is given in Figs. 7 and 8. Figure 7 shows the
influence of elastic fields on the thermal conductivity of
Si(In). The solid lines gives the degenerate case (without

K(T)
W
(k)

100!

|002

/ Si(In)

! 10 T(K)

FIG. 7. Calculated thermal conductivity of Si (In) with dif-
ferent elastic fields: without field (solid line); Ae=50 peV
(dashed line); Ae=3 meV (long-dashed—short-dashed line);
Ae=10 meV (broken line). The upper curve corresponds to the
undoped crystal.
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K(T)
D

1008

0*2

GaAs(Mn)

1 10 T(K)

FIG. 8. Calculated thermal conductivity of GaAs (Mn) for
different elastic field strengths: without field (solid line);
Ae=50 p eV (dashed line); Ae=1.5 meV (long-dashed—short-
dashed line); Ae=3 meV (broken line). The upper curve corre-
sponds to the undoped crystal.

applied field). A small elastic field reduces the thermal
conductivity at low temperatures in analogy to experi-
ments with a distribution of internal fields. A further in-
crease of the field reduces the thermal conductivity in the
whole range of temperatures and destroys completely the
resonancelike structure. Figure 8 shows the influence of
elastic fields on the thermal conductivity of GaAs (Mn).
Fields much smaller than the resonance energy do not af-
fect the dynamical resonance structure but reduce the

KT
(&)

Km
]O‘!

10+2

GaAs(Mn)

1 10 T(K)

FIG. 9. Influence of a magnetic field on the thermal conduc-
tivity of GaAs (Mn): without field (solid line); 1 T (long-
dashed—short-dashed line); 5 T (broken line); 20 T (dashed line).
The upper curve corresponds to the undoped crystal.
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thermal conductivity at lower temperatures. For very
high fields the resonance structure gets weaker and finally
disappears.

For magnetic field splittings the situation is analogous
as is shown in Fig. 9 for the case of GaAs (Mn). In con-
trast to the case with elastic fields a minimum in thermal
conductivity is built up at medium magnetic field
strengths. Such a minimum was experimentally detected.’
In contrast to former approaches for the degenerate case’
the theory presented here cannot reproduce the thermal
conductivity minimum of the field-free case in GaAs
(Mn). This is due to the much simpler approximation
scheme in the case here which was necessary for the in-
clusion of the field terms. Nevertheless, our theory shows
qualitatively the influence of fields on thermal conductivi-
ty of these defect systems.

VII. CONCLUSIONS

Based on former work on the degenerate I'y state®?” we

investigated the dynamics of the field-split electronic I'y
state at acceptor defects in cubic semiconductors. We
developed a Green-function method to evaluate the
phonon-scattering rate due to the electron-phonon interac-
tion.

By changing the field-induced splitting one can switch
between the degenerate case (dynamical limit) and the
nondegenerate one-level case (static limit) without JT in-

0010 00 —i 0 1
0001 00 0 —i 0
PiI=l1 o0 o0”P~=|i 0 0 o} P~ |o
0100 0i 0 O 0
01 00 0 —i 0 0 1
1000 i 0 0 0 0
911000 1" %50 0 0 —i|] 93 |o
0010 0 0 i O 0

They satisfy the relations p,g=a}= 1, [pi,0;]1=0, and the
usual spin commutation relations [p,,p,]1=2ip;; [0},0,]
=2i0;3, and cyclic.

From these definitions the representations of the prod-
ucts p;0; can easily be found. The commutation relations
are given in Appendix B. The two sets of electronic
operators which transform according to the two I', repre-
sentations and which couple to the magnetic field have

the form:%°

A1 . Al . Al
Or,1=01; Or,2=0y Or, 3=0;

and
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teraction. Therefore these systems are very well suited to
study the electron-phonon dynamics in detail.

From our Green-function result of the relaxation rate
we calculated the thermal conductivity. The theoretical
results agree qualitatively with several measurements on
these systems. For a more quantitative approach in the
case of the acceptor systems considered here the higher-
order terms have to be evaluated, which seems to be not
feasible with the numerical methods available to the au-
thors. Nevertheless, the behavior of the electron-phonon
system studied here is of theoretical interest and may be a
dominant feature in other systems with a weak dynamical
JT effect within a defect level.
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APPENDIX A

The definitions of the spin operators p; and o; and of
the coupling functions rf* and sf* are given below. The
spin operators p; and o; can be represented as 4X 4 ma-
trices:*8

A V73
0%‘4,1=—%P101+TP201 )

V3

0% —_1 X2
[,2=—72P192— 2 P202

A 2
Or,3=pi03.

The coupling functions are defined by

1 A ~ A
rYA=a(q)f(q)§(2qzn/\z_qxnkx""qynky) ’

1 A ~
r§* =a(q)f(q)73(4x"kx“qy"ky) ’
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., 15) and commutation relations for SU(4) in the product-spin representation. The results have to be multiplied by 2i.

TABLE 1. Definitions of the operators &; (i =1,2, ..

o3

(4p]

P2 P30 P30 P303 P3 P10 P102 P103 P20 P20, P203

P

(=

(=}

P30 P303

P30

—pP20] —p202 —pP203 —P2
P10 P103

P3

0

pr=§
Pzi‘gz

o

—p302 —pP303 0 0

—pP30|

—p302
P30y

P303

0
P2

P2

0

0
—P30,

—pP303

0

0
—p102

P10}

P302

_pl
—p103

0
P202

0
P20

Jooco

P102

0
—p10)

—p3

P20

—0;
o,

a3

P3015§3

—pP102 —03
—p103

P20

p302=x,y

—0,

a;

203

paoy=Es
p3=Es

0
P103

0
0

—p101 —pPi10;
—p103

P203

0
—p2

—p1

P30y

P2

0
0

P3

—0

(4]

—p20,

0

0

0
—pP301
—pP302
—pP303

p1o1=6;
p10==Ey
p1o3=Ey
Pzﬂ’leflo

Pzazﬁé'n

0
—p10,

P3

gy

—03

—p20
—p203
P10

0
0
P1
0

P30

0
—pP20
P20
0

P10

—0,

P303
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— P20

—pP3 a3 - P203
0 —pP3 0 gy —pPa203 0
P103 0 0 —p3 —0ay P202
—p102
P10
0

P102

P1

0
0
0 0

p203=E1y
Ulegn

or=fyy
a3=f)s

P303 —pP30 P103 P203 —p20; 0 o3 —0)
—pios3 0 P30y —pi03 0 —p203 0 0 oy
— P30, 0 P02 —p10} P20, —p20, (23 -0 0

P30

0
0
0

1 A A
s‘{"=a(q)f(q)—‘/—-5-(q,nu+qyn,\,) ,

sg":a(q)f(q)—‘/l—s(fiznxx +3xmis)

1 ~ A
s§" =alg)f (@)% @emay +8mas)

with  gi=q;/|q| and  alq)=(fiwg,/2Mc})/%
my(=n,,,n,y,n,,) is the polarization vector. f(q) is a
cutoff function. In the most simple case it is given as

fl@=[1++(a*) q’172,

where a* is the Bohr radius of the defect, describing the
extension of the defect wave function.?!

APPENDIX B

Table I represents the operators for a fourfold state.

APPENDIX C

The transformation of the electronic operator set for
k =2 is shown as

~

&y =—D& —EEy,,
E,=(1/V2)E&+Dés+£15)
Ey=—D&—E&y,
Ey=—DE+EE;,

E=¢s,

€s=¢,
E;=(1/V2NE&—E,+DEy)
Es=(1/V2)—E&;—£&s+DE)

~

§9=—DE&+EEy ,
EIO=§10 ’
Eu=§n ,

E,=—E& +D¢Ey,
Eis=(1/V2(—E&—&—DEy)
Eu=(1/V2)(EE;—E&—DEy)
Eis=(1/V2)E&+Dés—£1s) .

APPENDIX D

The coefficients R¥ and R€ of the S matrix are given
below. If we restrict ourselves to the case of an elastic
field =7, and an arbitrary magnetic field we have
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TABLE II. Definition of the functions 4 } as the result of an angle-dependent integration over the
phonon coordinates.

A 1 2 3
1 waD? & mD? 0
) - sb? $nD
3 ap? D3 D
4 S nD? = nD? taD?
s 18 0p2 LaD? 57D}

R} =E*w$* +D*W§*, RY,=DD{*,

RZ,=E*W§ +D*W$*, R$,=0.5EXD{*—D$*)+D?Df*,
RY;=0.5EX W +wi*)+D*Wi*, R%,=0.5E%D$*-D§")—D DI
R} ,=0.5EX W3+ wi*)+D*Ww{*, R¢s=-DD%*,

Rf{s=w3", RP.=EDY,

RL,=0.5E(W§* —w$*), R$,=—0.5E(D$*+DY),
REs=0.5E(W3$ — W), Rfs=—0.5E(D$* +D§"),
RE,=ED(W§* —w%*), R,=—_ED$*,

R? ,=ED(W§* —w$"), R$,;=—ED(0.5(D}* —D3$*)—D7"),

Ry 3=ED(.5(W$ +wi*)—wi*), R$,4=E D(0.5(D{*—D%$*)+D7"),
R} u=—EDO.5(WP + Wit —wit) .

All the other coefficients vanish. The expressions can be simplified to those of an elastic field alone by
E=1, D=0, Wi*=w§*, wi=wi=wi=we.
APPENDIX E

Table II represents the angular integration within an isotropic Debye model.

APPENDIX F

The definitions of integrals needed for the Green-function equations are given below. We use the following abbrevia-
tions for the integrals, where s,g,d may have the values O to 4:

A “p co:k 2
Rs(n):=fo dqu—r-*zf;‘(qu) )
Wgr—E€;
Bogi
a);,\,COth g
~ )] 2
A
R ,(n):= fO dwq;‘ 2 ~2 f;L(cqu) ’
qA_Es
0)2—-(4)2,\—}-?,2; mZA

®p
Sg’}(co,n):=f0 dagy, = fi(wq;‘) ,

[(w—?d)z—mgk][(w+?d)2—ngl w;'k_fg

Bwgy,
wZcoth g
A o) wz_wzk_i_@‘zi q9
S - g 2
Sgd(w’n)‘_ f() dwa A 2 2 A 32 2 2 a2 fk(qu) ’
[(w—€y) —wq;‘][(a)+ed) —wal Wgr—€yq

n

1 Dgi
. A2 fi(wa) ’

Viony=[ "d
w,n),= Wa) = -
& 0 ‘ [(a)—fd)z—w;A][((O'f'Ed)2-—6031] w;;‘—Gg
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Bw
° ) a)ZACOth gk
Vi on):= [ dog FHwa) -
8 fo f [(a)—?d)z—mgk][(a)—ké\d )2—6031] a)gk—?g ¢

Restricting ourselves to the simple Lorentzian form of the
cutoff function, i.e.,

2

2
a)qk

-2

f (a)q;,)—— l1+ 2€

the temperature-independent integrals result in rational
functions. So they may be easily solved.’® The calcula-
tion of the temperature-dependent integrals cannot be
done analytically. A numerial integration is impossible
due to CPU-time considerations. We therefore developed
the coth-part:*!

2%B,,

cothx = l + 2 ——==x2%=-1""B . Bernoulli’s numbers .

< (2k)!

“)KIKm ,
o) =0t 27A[N](az A(a),5)+ o

n(w)=0*-o?

VMw,5K K, 1A}

This series converges for |x | <m. Even for k<5
good results are received in accordance with numerical
calculations. Together with this series no new type of in-
tegral is needed, therefore this method was chosen despite
other methods with better convergence conditions.’’ All
the integrals are of Cauchy-principal-value type. The
imaginary parts of the integrals can be calculated analyti-
cally.

APPENDIX G

A listing of the terms appearing in expression (35) is
given below. In the following, summation convention is
used:

n, w)=w42 S varal N SMw,4)+ Nigpm VMo, MK K, JA2AF RY (1)

oA g A

n4(w)“‘ 42 2 ?’k?’k[ abkn w,3)+N] bknlm
q.r g A

ns(@)=0*3, 3 Ya¥x[NapnSM0,4)+Njssenim VM w,4)K K, IR
q,A g\

wlgy [N VSM@,6)+Njagm VM0,6)K K, 142

VMaw,3)K K, IRY ()AL AF K, (E) T

M3raral Kk, (&)1,

ny(w)=w’ z S VAV NjaipSM@,4)+ Nigopim VM@, 8K K, 143 A2 RY (4K, K,

Yy

ng(@)=03 3 vavalNiasmp S
i g\

2 (14
=@ 2 2 Ylyl[ ]abnp
oA ¢'\A

15
SMe,5) +Naipim V

no(@)= 3, 3 Y22l NjabmpS™(@,6)+Nisonpim V*(0,6)K K 145 A7

@A g\
niolw)=w? z
A q
2 N (20

n l =0 A ]alm
A

o

-

2

np(w)=w varal

A

L]
>
Q

n13(m)=a)2

A

£
>
.q

nuylw)=0

Q
>

q' .\

and the denominator terms

nn[ abnpSM@,4) + N jdpim VM@, OK K, 1424} R

SMe,5)+ N jagnpim VMw,5)K K AL AF RY(DK, (&) 1,

VMw0,5)KimKnlALAFRY WK, (E) 1,

R¥)K, (&) 7,

M(5)Kn(Ey) 7

SMw,3)+ 0 Njgm VHw,3) 1K K A
Njgoim S} @,4) +0*Njgoim VM w,4) 1K Ky AL AL R (4)
Ya¥a[Njasim S M@,3)+ 0’ N, VHw,3)1K K AL 4} RY (1)

2 YAV V[ NjosimSM0,4) + 0N Zp, VM0,4) 1K Ky A5 40 R*(3) ,
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Zl(m)r—'szka(é])r »
Z)(0)=0* 3 1A Z2SMw,4)+ Z g VM0,4)K K, 14}
q.A
Zi(w)= “):n[z};‘,l.,s (@,3)+ Zjgpm VM0,5)1K({Em Y 7 A)

Zio)=0 “an Z S SM0, WK+ Z i S M0,5)(Em ) T1KIA)

'

=w 271[

Zs(w) Mw,5)+0’Z

i VM@,5) 1K (€ ) 7 AL

Zs(w) wz 3 (ZSMw,6)+ ,‘,,‘,,‘,1,,V*(w,s)K,K,,,]A,}A;"R*’(:t),

oA g\

Z;(0)=03, 2[ Z, 32 SM@,6) + Z apimip VM 0,6)K K, 142 A} R

ok g\

The values of the coefficients N

N3)K (Em )T -

and Z' are not given explicitly. They contain the algebraic properties of SU(4)

through different kinds of commutators. In our case they were determined numerically.

*Present address: Abteilung Forschung Physik und Technolo-
gie, Robert Bosch G.m.b.H., D-7000 Stuttgart, Federal
Republic of Germany.
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FIG. 5. Phonon relaxation rate plotted against magnetic field
strength and phonon energy. The energy scale is logarithmic,
the magnetic field scale is linear.
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FIG. 6. Temperature dependence of the relaxation rate for an
applied elastic field with Ae=4 meV. The energy scale is loga-
rithmic, the temperature scale is linear.



