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The scattering of high-energy phonons at irregular surfaces without and with liquid He is dis-

cussed theoretically by taking account of all eigenmodes of phonons in a solid. It is found that the

diffuse component for irregular surfaces without liquid He increases with increasing frequency pro-

portional to v . The mode-converted surface phonons at irregular surfaces play a role in the diffuse

scattering observed in the time-of-flight phonon-reflection experiments. In this connection, the
causes of the anomalous behavior of high-energy phonons scattered at the solid —liquid-He interface
are discussed. It is pointed out that the mode-converted surface phonons are of considerable impor-

tance for the effective phonon transmission across the solid —liquid-He interface. This is concluded

from the analysis of the scattering processes of mode-converted surface phonons. The shape of
phonon-reflection signals is obtained as a function of time.

I. INTRODUCTION

With the advent of high-energy-phonon generation and
detection techniques, it has become possible to study the
scattering of phonons of known polarization, frequency,
and propagation direction in solids. These techniques
have been applied to investigations in various fields of
condensed-matter physics. ' One of the significant appli-
cations is the scattering of high-energy phonons at solid
surfaces or interfaces. Recently, Taborek and Good-
stein " have succeeded in distinguishing clearly the pho-
non modes when reflecting at sapphire surfaces with the
use of the heat-pulse technique. In addition, they have re-
vealed that bulk phonons (hereafter referred to as 8 pho-
nons) are scattered both specularly and diffusely at crystal
surfaces. An additional striking feature is that diffuse
signals are severely affected by placing liquid He at the
solid surfaces, but that the specular signals are only slight-
ly influenced. The underlying me:hanisms of these phe-
nomena are not yet well understood, though recent studies
of the scattering of high-energy phonons with the use of
the heat-pulse techni ue, s phonon imaging, " and
thermal conduction' ' have improved our knowledge of
boundary scattering.

The first part of this paper treats the scattering of
high-frequency phonons at irregular surfaces eithottt
liquid He, and clarifies theoretically the cause of the dif-
fuse scattering observed in the time-of-flight phonon-
reflection experiments. In the succeeding part, phonon
scattering at the solid-liquid-He interface will be dis-
cussed. In the present paper the sapphire surface is used
for illustration, because sapphire is a mildly anisotropic
crystal, which allows one to use the isotropic elastic ap-
proximation if the phonon-focusing effect is disregarded.
The plan of this paper is as follows: In Sec. II the eigen-
modes of phonons in a solid with a free boundary are
briefly recapitulated. With the aid of this formalism, the
scattering cross sections are obtained for all phonon eigen-
modes. Relations between the differential cross sections
and the time-of-flight reflection signals are obtained. In

Sec. III it is shown that the diffuse signals are due to two
causes. One is direct scattering at irregular surface, 8
phonon~B phonons, and the other is the process 8
phonons~surface phonons (referred to as R phonons),
where it is demonstrated that the mode-converted R pho-
nons are backscattered into 8 phonons by surface irregu-
larities and constitute the diffuse signal. In Sec. IV the
shape of the diffuse signal is calculated as a function of
time. So:tion V describes the couplings between phonons
and the He system close to the boundary: the
displacement-type coupling and the deformation coupling.
It is concluded that the direct interaction between 8 pho-
nons and the He system cannot give the effective energy
transfer below about 1 THz. In Sec. VI the R-phonon-
mediated energy-transfer mechanism is investigated. It is
suggested that the mode-converted R phonons play a role
in the anomalous absorption of phonons at the
solid —liquid-He interface at around 100 GHz. Conclud-
ing remarks are given in the final section.

II. MODE CONVERSION OF B PHONONS
AT CRYSTAL SURFACE

High-resolution time-of-fiight phonon-reflection experi-
ments have revealed that the reflected signals are com-
posed of both specular and diffuse parts. " The cause of
diffuse scattering of the phonons actually lies in the sur-
face irregularities which violate translational invariance
parallel to the surface. We could consider various surface
irregularities: a rough surface, iinperfections like disloca-
tions in the vicinity of the surface, and surfaces covered
by chemisorbed or physisorbed impurities. This paper
treats mainly the rough surface, since the sapphire sur-
faces used in the phonon-reflection experiments are
known to be well characterized by a scale of roughness of
about 100 A.

There are five phonon eigenmodes specified by J which
are orthogonal in the sense of Eq. (A4) (see the Appen-
dix). ' For the transverse (T) phonons, there exist two
kinds of eigenmodes which have a velocity spectrum
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c &ez., where cT is the velocity of T phonons. The first
mode is the TH mode polarized parallel to the surface [see
Fig. 1(a)]. The angle 8H of incidence and reflection is re-
lated to c by cot 8H ——P (c)=(c/cT } —1 and the range of
the velocity c is from cr (8H n.—/—2) to infinity (8H ——0).
The other T mode (referred to as the TV mode) consists of
T phonons polarized in the sagital plane followed by
evanescent pseudo-surface-waves [see Fig. 1(b)]. The velo-

city c of this mode is confined in the finite range
cT(c (cL, where cz is the velocity of longitudinal (L)
phonons. Another mode consists of mixed longitudinal
(L) and transverse (TV} waves with Uertical polarization,
which interact with each other through the surface [Figs.
l(c} and 1(d)]. In these modes c takes a continuous value
greater than eL.

A. Scattering of phonons at rough surfaces

Let us consider a rough surface whose height from the
plane z =0 is given by a function f(r), where r is the

two-dimensional position vector. The spatial dependences
of the mass density p(x} and the elastic constants
A(x),p(x) are expressed by combining the roughness func-
tion f(r) and the Heaviside step function as
g(x) =go8(z+f(r)), ' where go is the mean value of the
mass density or elastic constants. According to Steg and
Klemens, ' as a first approximation, the bumps of rough-
ness can be described as a mass-density fluctuation. The
effects of roughness on the elastic-constant fluctuations
are discussed later. For f(r) small compared with the
wavelength, as considered here, ~e can expand the step
function as

8(z+f (r)) =8(z)—f(r)5(z} .

Thus, one can see that the random part of the mass densi-

ty is separated as hp(r) =pQf(r), where bp(r) has dimen-
sions of gem . We write the perturbed Hamiltonian due
to the mass density fluctuation as' '

Hi g(co——~coJ /4S )' f dz F(k+k')u~(z) u~ (z)5(z)[aJ(t) —a~(t)][aJ (t) ag (t)]-,
J,J'

(2.1)

where F(k+k )is'a two-dimensional Fourier transform
of the roughness function f(r) and k is the two-
dimensional wave vector [see Eq. (2.3)]. The decay rate of
the J-mode phonon into the J'-mode phonon is obtained
from the imaginary part of the self-energy given by
y= —21m(II(J, coq) },and one finds' '
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(2.2)

In Eq. (2.2), the ensemble-averaged Fourier transform of
the roughness function is defined by

(
I
y(k+k ) I'&=Sf dr e""+"'"(f(r)f(0)), (2.3)

where S is the normalization area introduced by integrat-

ing over r.

TV TV

iran@ y(J—+J')
der( J~J')= (2.4)

where QJ is the incident energy flux of J phonons with
the velocity cJ given by

1QJ= Tpo I u~ I
~ cJS . (2 5)

The scattering of T phonons at the solid surface has been

B. Differential cross section of L phonons

The differential cross section of J-mode phonons is de-
fined by

FIG. 1. (a) Transverse mode polarized parallel to the surface.
The angle of incidence 8H is related to P(c) by cotgH ——P(c),
where c takes the continuous values greater than cT. This mode
is denoted as TH mode. (b) Transverse mode polarized in the
vertical plane (TV mode). The longitudinal part is localized in

the surface. The velocity of the wave front (c) traversing the
surface takes the values between cT and cL. (c) Transverse
mode with vertical polarization (TV mode). The incident TV
waves are separated into the transverse and longitudinal waves

when reflecting at the surface. The angle of incidence 8& is ob-
tained through the relation cotOv ——5(c) and c )cL, . (d) Longitu-
dinal (1.) mode. The angle of incidence and/or reflection are
given by cot8L =5(c) for the L wave and cot8i ——P(c) for the
transverse wave, where c is greater than cL .
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discussed in a previous short report' (hereafter referred to
as I). The present paper describes in more detail the prob-
lem of the scattering of L phonons. Let us consider the
case where L phonons are incident at angle 8L on a rough
surface and are scattered into 8 phonons. The energy flux
of L phonons can be obtained from the first term in

square brackets of Eq. {A6) in the Appendix:

y(L-+R) of Eq. (2.2) yields from Eqs. (A6) and (A9),

2 kk' cos 4f i
R'I =

d g 5
+'Y 5f2

where f, =1—2yrt/(1+ii ) and f2 ——1 —2/(1+21 ).
From Eq. (2.4},one has the cross section

fico c
4rrct 5(c}

(2 6) dn(L R)=, ,
' (cos'4f', +y'5'f', )

2cgc K
(2.16)

The cross section [Eq. (2.4)] of L phonons into L phonons
is obtained as

(2~a) co

8 p2
(2.8)

where a is the characteristic length parameter of the sur-
face roughness. For the process L~TH, one finds

~et, sin gdx dg1cr(L~TH) =
cz c2x 2p'

(2.9)

where x =c/cT. The cross section into TV phonons with
spectral range larger than cL becomes

2dcr(L~TV) =
2 2, p'eos'g+, dy df,

CIc p
(2.10)

and the cross section into TV phonons of spectral range

cT & c & cq is obtained as

W iA'i«(L~TV)= 2 2 4
p' sco/2+ dxdp.

etc y p
(2.11)

In a manner similar to that used in deriving Eqs.
(2.7)—(2.11), the cross sections of the reverse processes
contributing to the time-of-flight spectra become as fol-
lows:

W~ g'(2sin2fdydg
3

CTcL,y 5
(2.12)

~~r
I

O'
I

' p'cos'dcr(TV~L)=
& 2, +5' dydee,

ct, c y

(2.13)

dcr(L~L)=
2 2 ~, +5 5' dydee, (2.7)

W (g'~ cos f
cLc y

where g=D+i3 [see Eq. (A7)], y =c/cL, , g is the angle
between the two-dimensional vector k and k', and the fac-
tor W is obtained by assuming the white noise for the
correlation function (2.3):

Although the above cross section is not observable directly
in the time-of-fiight reflection experiment, R phonons
converted at the rough surface should be rescattered into
8 phonons by the roughness and constitute the diffuse sig-
nal in the time-of-flight experiments. The detailed argu-
ments on the effect of mode-converted R phonons on the
time-of-flight reflection experiment are given in Sec. IV.

III. SPECULAR VERSUS DIFFUSE SCATTERING
OF TH-PHONONS

t A=co g I {TH J')/Q +%col {TH R)/Q
J'6 IJg I

(3.1)

where I'(TH~ J') is integrated over the scattered angle:

I'{TH~J'}=IJ y(TH~J'}dxdg

and [Jz j is the set of all J's except R phonons. The ex-
plicit expression for the first term of Eq. (3.1) is

(asap) co cI'iI'{TH~J')=
J'eI J~I (2n) (2p)2czP

(3.2)

Here the factor I'i Ii+I2+Ii is ——the numerical constant
of the value -3.5, where the first term {Ii——m) corre-
sponds to the process TH~TH, and I2 and Ii corre-
spond to the decay processes into TV phonons and L pho-
nons. The decay rate of a TH phonon into a R phonon
becomes

(any) co cf iI (TH~R)=
4 np czctcpE- (3.3)

In this section we discuss the frequency dependence of
the partition ratio between specular and diffuse parts by
illustrating TH-mode phonons. The scattering probability
of a TH phonon incident at an arbitrary angle 8H with
angular frequency co into the diffuse scattering part is ex-
pressed by

and the demode of the spectral range c~ &c &cL,

W ~g'~2 peos i)'I—+ 3, + (2.14)

Hence, the first term of Eq. (3.1) becomes

(adq)) co Fi
tisc(co, TH —+8)=

g 2 4

and the second term is obtained as

(3.4)

C. Decay rate of L phonons into R phonons

Finally, let us consider the rate (L~R} of L phonons
into R phonons. The scalar product in the definition of

(a~)2 4f2

t2st(co, TH~R) =
16p cTc~E

(3.5)

We see from Eq. (3.4} and (3.5) that the component of the
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diffuse scattering increases with increasing frequency pro-
portional to the fourth power. This is due to the fact that
the correlation function of roughness is taken as the white
noise. The extension to the surface which has different
correlation characteristics is straightforward, but this is
not essential in the present work.

The component of specular reflection coefficient is ob-
tained by extracting the part of the diffuse scattering from
unity as

rs = 1 (flM+t2M) ~ (3.6)

The sapphire surfaces used in experiments2 ' have a
roughness scale of the order of 5=100 A. This indicates
that one can treat the surface with mean variation in
depth and width of 5=100 A with the areal density
ur=0. 55 .' The characteristic length 5 of roughness
should correspond to the length scale a given in EIIs. (3.4)
and (3.5}, and one can replace (alhp)2 by w {l&f), where
the averaged mass of "bump" is estimated as
ddf =pou =3.99X10 '

g for a =100 A. The resultant
probability of the diffuse scattering for TH phonons of
frequency v in GHz yields for sapphire crystal,

td;ff 10 v (3.7)

where the following values for sapphire are used:
cL, ——11X10 cm/sec and cTH ——6X10 cm/sec. This in-
dicates that TH phonons with frequency around 100 GHz
are scattered dominantly into diffuse part and, for suffi-
cient low frequencies ( ~~100 GHz), most of the incident
phonons are specularly reflected. The same conclusion is
true for L phonons. We omit the discussion on this point
for L phonons. It should be emphasized that the proba-
bility of diffuse scattering td;t cannot exceed unity. From
this condition we can estimate the frequency regime
where the present analysis is valid. In the case of rough-
ness parameter 5=100 A, one has the condition v~200
GHz. This value is reasonable because the corresponding
wavelength of 200 GHz phonons becomes about 300 A.

IV. DIFFUSE SIGNALS IN THE TIME-OF-FLIGHT
REFLECTION SIGNALS

do'(J~J
& c, tP)cos 8S{t 2d/cJ—g )

(r'+h') (4.1)

Here cqq is defined as cqq 2cqcJ——/(cq+cz ) The .cross
section dtr(J~J') is defined by Eqs. (2.9)—(2.14). The
diffuse signal Ri(t) as a function of time is obtained by
integrating Eq. (4.1) over r (over the irradiated surface)
and assuming the heat pulse described by a 5 function

S(t)=5(t)SO . (4.2)

This approximation is valid for the crystal of about 1 cm
in thickness because heat pulses used in the experiments
were of 10—100 nsec duration. The relation between r
in Eq. (4.1) and x in Eqs. (2.9)—(2.14) is obtained from

x2=cot 8+1=(hlr) +1, x =c/cq . (4.3)

Using this relation, the diffuse signal as a function of time
is represented by

A. Direct process: B+ roughness~B

Let us consider the case in which the heater and bolom-
eter are very small and close together. Figure 2 shows the
geometry of our system with the definition of the thick-
ness of crystal h and the polar coordinate r T. hen each
element of the area dA =r dr dP on the top surface is ir-
radiated by B phonons emitted from the heater of the
Lambertian source and the element dA reradiates pho-
nons. Since the heater and bolometer are assumed to be
very small and close together, the bolometer detects only
the phonons backscattered with the same angle as that of
incident phonons: that is, the element dA can be con-
sidered as a new source. Defining S(t) as the heat flux
emitted by the heater and taking into account the time de-
lay of arrival at the bolometer t =2d leJ, where
d =(r +h2}'~2, we have the fraction of the reflected in-
tensity

2' do'(J~ J')cos 85(t —2d/czar )Ri(t}=SO dP r dr
J,J'c{Jg} (r +h )2

(4.4)

Here the definition of the cross section is

do' (J~J')=dtr(J~J')Idx dg .
The resultant expression for L phonons of (4.4) is obtained
by defining Ri ——g,. r;, where

4 ~PW ~g ~

(ct't'l4 h)'—
ri(L~L) =

Cl' t'
t & 2h /cL, (4.5)

3' hPWcr(ciTt /4 h)—
r2(L~TV ) =

CI CLTt

t & 2h /cLT, (4.6}

4 nPWcL(cLTt l4 h)—
r3{L~TH)=

CTC LTt h

t & 2h/ci T . (4.7)

Here the definition of P is

2'h4S,P=
CJJ

(4.8)

The other processes concerning T phonons have been
given in I.
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rough surfhce t(BW) t(RW) t(RW) t(RW)

r(RW)

r(R~)

(RW)

FIG. 3. Higher-order processes of scattering of mode-

converted R phonons. The incident energy is normalized to be

unity; that is, t (B~R)+r (B~B)= 1.

Source
8 Detector

FIG. 2. Geometric arrangement of the present system. The
heater and bolometer are assumed to be close together. The
crystal thickness is h,

2' icoFi
I (R~B)=

CTCRE
(4.9)

This transition rate is similar to that abtained by Maradu-
din and Mills' except the numerical factor. For the pro-
cess (R~R), one has the transition rate,

I (R R)=HWto(fi+2y fi)/(cttK ) . (4.10)

We see, from the ratio of Eqs. (4.9} and (4.10), that the
transition rate of R phonans into R phonons is 3.21 times
as large as that of R phonons into 8 phonons:
I (R~R) =3.211'(R~B). It should be noted that Mara-
dudin and Mills' obtained the result I'(R~R)
=10I (R~B) in their calculation of the attenuation of R
phonons due to roughness. In a similar manner done in

B. Component of R phonons in diffuse signals
and its time delay

8 phonons scattered at the surface have a high proba-
bility af mode conversion into R phonons as shown in the
next subsectian [see Eq. (4.16)]. At first, to see the effect
of mode-converted R phonons on the diffuse signals, let
us consider the transition rate of R phonons by roughness.
(Note that the mode-converted 8 phonons at a rough sur-
face are assumed to reach the detector without scattering
in the present calculation. } The inverse of the lifetime of
R phonons into 8' phonons can be obtained by using Eq.
(2.2) as well:

deriving Eq. (3.4), i.e., replacing the roughness by the de-
fects with the average mass of bumps ~ pott3, one
finds the effective lifetime of R phonons taking account
of Eqs. (4.9) and (4.10),

rq-100m 5 sec, (4.11)

where v is in 6Hz. In deriving Eq. (4.11) the known
values for sapphire are used: cL ——11.0X105cm/sec,
cT ——6X10 cm/sec, cd 0 9——2cT.H, and po

——3.99 g/cm .
By taking v=50—100 6Hz, we have ~z —10 nsec. These
results indicate that, when R phonons propagate along the
rough surface, the R phonons should be backscattered
into 8 phonons with the life time hatt. This should result
in the time delay in the temporal signals of diffuse
scattering. However, it is too small to distinguish this
time delay in the diffuse signals with our experimental ac-
curacy (since the time duration of heat pulse is 10—100
nsec). Thus, we can neglect the time-delay effect in the
analysis of the temporal shape of diffuse tail for the pro-
cess of mode-converted R phonons.

C. Ratio of intensities of diffuse signals
between two processes: B~Band B~R-+8

R phonans converted at rough surface should be back-
scattered into 8 phonons as mentioned in the previous
subsection. This is analyzed in more detail by the follow-
ing arguments considering the higher-order scattering
processes. Let us define the normalized rates of the mode
conversion as r(J~J'&R) for B~B and t(J +R) for—
B~R [see Eqs. (3.4) and (3.5)]. When a J phonon is scat-
tered at rough surface, the incident energy normalized to
unity is shared by 8 phonon and R phonon. This situa-
tion is expressed in the fallowing form by considering the
higher-order scattering processes (see Fig. 3):

r(J~J')+t(J~R) g r(R~J')+t(J~R) g [1—r(R~J')] g r (R~J")
J"G f J~j

+t(J~R)[1— g r(R~J')] g r(R~J")+ . = g r(J~J'}+t(J~R) .
J'e IJ~ j J"EjJ~j

(4.12)

Here the first term of the left-hand side is the lowest-order process corresponding to the scattering 8~8. The second
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term is the second-order process representing the process B~R~B and the third term indicates the process
B~R~R~B. One can sum up the left-hand side into the form of the right-hand side of Eq. (4.12} which should be-
come unity from the law of energy conservation. All energy converted from J-mode phonon into R phonon is backscat-
tered into B phonon. Though the more systematic treatment should be made in terms of a Green function, these are not
necessary in the analysis of the diffuse signals in the time-of-flight experiments.

Now let us consider the case where J phonons are incident at the rough surface and scattered into the definite J'&R
phonons and R phonons. These processes are given in the following expression from Eq. (4.11):

r (J~J')+ t (J~R)r(R~J')+ t (J~R) 1 — g r(R~J') r (R~J'}+
J'e Is~ I

=r(J +J')—+t(J~R)r(R~J)/ g r(R~J') . (4.13)
J'F I J~ I

By comparing the first and so:ond term of Eq. (4.13), we have the partition ratio of the processes (J~R} and

(J~J+R),

t (J~R)r (R~J')
r(J~J') g r(R~J')

J'6 IJ~ I

(4.14)

For example, the ratio between the processes (TH~ TH) and (TH~RE TH) yields

t (TH~R)r (R~TH)
r (TH~ TH)[r (R-+TH)+ r (R~TM)+ r (R~L})

(4.15)

Equation (4.15) is estimated as

ir fi cz.
PTH-yH = (Ii +Ii +Ii )

CR
(4.16}

where Ii Ii are defi—ned in Eq. (3.2). Numerical estima-
tion of Eqs. (4.16) is made in the next subsection together
with the analysis of the temporal shape of reflection sig-
nals.

defect interaction includes the scalar product of the polar-
ization vectors, and this vanishes for the processes be-
tween L phonons and T phonons (L~TH and L~TV).
Provided that the fluctuation of the elastic constants are
taken into account as done in Ref. 18, one can obtain the
sharp peaks for curves 2 and 3.

D. Numerical results

For the calculation of the time-of-flight reflection spec-
tra, the parameters for sapphire are used by identifying
the velocity of slow transverse phonons (ST) as that of TH
phonons and the fast transverse phonons (i 1') as TV pho-
nons; cs~ ——6.0X10' cm/sec, c~——6.5X10' cm/sec, and
ct ——11.0X10 cm/sec. Figure 4 shows the calculated
shape of reflection signals. The thicknesses of crystals are
taken to be Ii =1.0 cm. Curves 6, 5, and 4 correspond to
the T phonons TH~ TH, TH~ TV, and TV~TV.
Curves 3, 2, and 1 are due to the L phonons L~TH,
L~TV, and L~L. Curve A comes from the mode con-
version from B phonons to B phonons, and curve B shows
the component of the mode-converted R phonons. The
ratio of height of curves 6A and 68 is p&H rH ——0.2 and of
2A and 28 is prH rv ——0.07. These are calculated from
Eq. (4.14). In Fig. 4 we find that curves 2 and 3 are
rounded in comparison with the other processes. This in-
dicates the absence of the forward scattering in the pro-
cesses L~TH and L~TV. This is attributed to the fact
that the roughness has ban simplified as the mass defects.
As seen from the interaction Hamiltonian (2.1), the mass-

L
c

C

Vl

4
Time(psec)

FIG. 4. Calculated results of reflection signal taking into ac-
count all phonon modes. Curve A comes from the mode con-
version to 8 phonons. Curve 8 represents the component of the
mode-converted R phonons. The thickness of crystal is taken to
be h =1 cm. The peaks (1—6) correspond to the processes
L~L, L~TV, L~TH, TV~TV, TV~TH, and TH~TH,
respectively.
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V. PHONON TRANSMISSION ACROSS
THE SOLID-LIQUID He INTERFACE

This and following sections discuss the origin of effec-
tive phonon transmission across the solid-liquid He inter-
face. This so-called Kapitza problem above about 1 K
has been studied theoretically in two different views:

the modification of acoustic mismatch (AM) theory by in-

corporating surface irregularities, and the quantum
mechanical extension taking into account the interaction
between phonons and the He system or adsorbed impuri-
ties. The modified AM theory yields valuable informa-
tion with regard to the role of surface irregularities for
this problem, but it is unable to provide insight on the
striking features observed with the aid of new techniques
of phonon generation and detection such as the cosine law

of transmitted phonons, ' and the isotope effects between
He and He. Figures 5(a) and 5(b) are the schematic

diagram showing the anomalous transmission of high-

energy phonons across the solid-liquid He boundary. A
brief outline was published earlier. z' This paper gives the
theory in greater detail with various extensions, and
brings out clearly the physical significance of the mecha-
nism proposed in the present work.

A. He system close to the boundary

Apart from poorly defined surfaces such as metal sur-
faces (hard to handle theoretically), one can consider
well-characterized surfaces such as those of sapphire used
in the phonon reflection experiments. i It has been well ac-
cepted for these cases that the first adsorbed layer of He
(next to the surface) is immobile at sufficiently low tem-

peratures with a density similar to that in bulk solid He at
a pressure of about 100 atm. z' At the location far from
the range of the attractive substrate potential, the liquid
He should maintain its bulk properties. The He atoms be-

tween the first adsorbed layer and bulk liquid are bound
weakly to the substrate and their motion is quite restrict-
ed. One can regard it as a dense fiuid with no long-range
order 5' 6 at temperatures around 1 K, where the most ex-
periments of phonon reflection and transmission have
been performed.

no-3X 10'9 erg-'cm-'. (5.1)

This is quite large compared with the density of tunneling
states in glasses reduced to per unit area:
no-1025 erg-' cm-'."

The two-level tunneling state (TLS) model has been in-

troduced for hquid He or He by Andreevz ' to explain
the observed T-linear specific heats above the quantum
degenerate temperature (no long-range order). The con-
cept of the TLS's for the He system is quite analogous in

many respects to the TI.S model in glasses originally pro-
posed by Anderson, Halperin, and Varma, and Phil-
lips. M The TLS's are responsible for the universal low-
temperature properties shared by all configurationally
disordered systems (see Fig. 6). The essential differences
of the TLS's between liquid He (or He) and glasses are
that He atoms possess high tunneling probabilities due to
a large overlap of the wave functions of the He atoms and
the density of states per unit energy n (E) of the TLS's is
larger than that of glasses by a factor of the order of 10
as shown in the later discussion. The TLS model has been
also introduced independently by the present author for
the He system close to the interface, ' where the positions
of He atoms should be quite irregularly distributed (no
long-range order).

It is interesting to note that the observed specific heats
of the adsorbed He system are explainable by the TLS
model above a few degrees K both for He and He.
These results are to be compared with those of inelastic
neutron scattering on He-layered surfaces revealing
dispersionless surface excitations. The maximum energy
difference E~ can be estimated to be about 100 K from
the binding energy of van der Waals potential to the sub-
strate. The magnitude of the level density v(E) per one
He atom becomes z/E, where z is the effective number
of neighboring vacant positions. By taking z-5 and
E~ -100 K, the density of states per one atom can be es-
timated as v(E)=3X10' erg '. The number density of
He atoms in the first few adsorbed layers is @=10'
cm, so that the density of states per unit area no be-
comes

narrow cone cose

He

Sotid

He

5ofid

Low energy
(&)

High 808rgp
(b)

FIG. 5. Schematic diagrams of the scattering of phonons at
the solid —liquid-He interface. (a) This shows the scattering of
low-energy phonon. The transmitted phonons are within the
critical cone determined from the law of momentum conserva-
tion. {b) This is the diagram of scattering of high-energy pho-
nons. The angular distribution of transmitted phonons follows
the cosine law. The diffuse component of reflected phonons are
much influenced in the presence of liquid He.

FIG. 6. Double-well potential for He atom or local groups of
He atoms close to the solid surface in a configurational space.
The potential barrier V and the distance d between wells takes
the distribution due to the randomness of the environment of He
atoms.
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B. Coupling between phonons
and He system close to the boundary

An important task in understanding the effective pho-
non transmission is to determine the type and strength of
coupling between phonons and the He system. Under the
circumstances that phonons are incident into the the sur-
face in contact with liquid He, the interaction has the ef-
fects of scattering and energy absorption. The two types
of interaction could be considered for our system. One is
the displacement-type coupling and the other the defor-
mation coupling.

1. Displacement-type coupling

Though the displacement-type coupling between ada-
tom and substrate phonons has been studied for many
problems since the work of Lennard-Jones and Strachan, "
this coupling needs caution when applying it to our prob-
lem, as discussed by Brenig and Schoenhammer. They
pointed out that, if in the expansion of the substrate-
adatom potential V only term linear in the substrate dis-
placement are taken into account, the resulting Hamil-
tonian does not conserve the total momentum.

Let us consider a TH phonon incident at angle 8 to the
surface (with parallel polarization to surface) defined
through the relation cot 8H =(c/cH) —1 (see Fig. 1).
The displacement vector of TH phonons is written as'

2no~kmHe
tD —— tanh(ficok /2kti T) .

pocT
(5.8)

(2.5) and ftcod is the energy difference between the ground
state and the first excited state of the He atom bound in
the attractive potential from the substrate. The transition
rate (sec ') for the normal incidence of the TH mode
phonon I D due to the coupling Eq. (5.4) becomes, using
the first-order perturbation theory,

Xficogr, = 5(f „—f,), (5.6)
pocTS

where N/S is the number of He atoms per unit area. In
deriving Eq. (5.6) we have used the relation co& f lm——H, .
As a result, one has the one-phonon absorption probability

2NftcokmH,
5(fuuk —fuud ) . (5.7)

pocTS

It should be noted that this absorption probability is ex-
pressed by the known physical parameters. We can obtain
the same sum rules from Eq. (5.7) with those obtained by
Maris. i9 The absorption rate of a TH phonon by the TLS
with a broad distribution of energy difference can be ob-
tained by replacing the 5 function 5(ficok —Aco&)N/5 in

Eq. (5.7) by no Tak. ing account of the temperature
dependence, one has

ilTH(x, t) =g
2ppcok

1/2

(ay+a g)uTH(z)e

By using the explicit value of no of Eq. (5.1) we have the
absorption probability ta (corresponding to the transmis-
sion coefficient) to be

(5.2) tD =-6.9X 10 v (5.9)

where
' 1/2

u» (z)=- ky 2kc
cos(Pkz),

n.cd p

u TH(t) 0
(5.3)

V= —,f[a—u(t)] (5.&)

where a is the coordinates of the He atom measured from
the equilibrium position, and f is the coupling constant
between the He atom and the substrate. The one-phonon
(TH mode) absorption proability (dimensionless) is de-
fined by

AcodI D

QTH(cok)
(5.5)

where QTH(cok ) is the incident energy fiux defined by Eq.

Here po is the mass density of solid, cok the angular fre-
quency, k the two-dimensional wave vector parallel to the
surface, and c is the velocity of the wave front traversing
the surface, respectively. aj and its Hermitian conjugate
aJ are the annihilation and creation operators of TH
mode phonon satisfying the ordinary commutation rela-
tion of the Bose type. Following Brenig and Schoenham-
mer, the interaction Hamiltonian can be represented by
the quadratic form with respect to the relative displace-
ment between the He atom and the substrate

where v is expressed in GHz. If one considers a phonon
of 100 GHz incident at the surface, the rate becomes
td 6 9X10——.. This is too small to transfer energy effec-
tively in the frequency regime considered here as well as
the conclusions of Ref. 39. These calculations are, how-
ever, based on the assumption of noninteracting He atoms
close to the boundary. When the surface density of ad-
sorbed He atoms becomes high, we need to incorporate
the interaction of He atoms. As a result, ficoD in Eq. (5.7)
is replaced by the smaller value than the value estimated
from the van der Waals potential for a single atom.

2. Deformation coupiing

The other important interaction arises from the cou-
pling proportional to the strain called deformation cou-
pling. We should bear in mind that the physical natures
of He atoms close to the boundary include the contribu-
tion from the He atoms and/or substrate surrounding the
He atoms. When a TH phonon is incident at the rough
surface, the substrate surface atoms are deformed locally
by an incident phonon; i.e., the phonon works as a defor-
mation coupling proportional to the strain e ~. The He
atoms close to the surface should change the states by
rearranging the atomic configuration quantum mechani-
cally from this coupling. As a consequence, the He sys-
tem close to the interface has a new energy state Ef,
which differs from the initial one E;. Because the spread
of the wave packet of He atoms is small with respect to
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the special change of the strain, one can estimate the
atomic energy difference as

BE;
Ef E;—=g e p, a,P=x,y,z .

+ p Be~p
(5.10)

We can estimate the strength of deformation coupling
constant g p=BE/Be p for the TLS from Eq. (5.10) by
postulating the complete deformation of e p= l. Due to
this deformation the change of the binding energy of the
He atom should be of the order of the van der Waals po-
tential so that the deformation coupling constant becomes
about g =100 K. Thus, the interaction Hamiltonian be-
tween a TH phonon with the wave vector k and the He
system is expressed in the second quantized form,

+k 8k 9k+x ~ (5.11)

where the operator o„ is the Pauli matrix. The strain rii,
is obtained using the displacement field of a TH phonon
of normal incidence as

iiik'
g

sin(k, z)(ak+a k) . (5.12)

For phonons with much longer wavelength compared
with roughness scale 5, the above strain component van-

ishes at the boundary (z=0), of course. For phonons
with short wavelength this is not the case, and there is a
nonvanishing contribution of the strain component. If the
variation of roughness is comparable with the wavelength
of an incident TH phonon, it is reasonable to take the
average value

(sin (k,z)) =—f sin~(k, z)dz .
a

As a result, the absorption probability due to the above
deformation Hamiltonian (5.11) becomes, using Eq. (5.5),

2ng npa) incog
tanh (5.13)

PAT 8
is ——

In deriving Eq. (5.13) we have used the following transi-
tion rate calculated by the time-dependent perturbation
theory

g co np Rcok
I s= tanh

PoeT B
(5.14)

ts=2 56)& 10 (5.15)

The density of state per unit area np is estimated in Eq.
(5.1). If we take the values for the mass density of a solid
and the velocity of a TH phonon for sapphire as pp ——3.99
gcm, eT ——6.0&(10 cmsec ', and g =100 K, the ab-
sorption probability for frequency v in GHz is

those of glasses. ' The phonon absorption rate for these
cases is obtained as well by using Eq. (5.13) which is the
same as that obtained by Kinder. From the density of
states per unit volume obtained for fused silica
n0-10 cm erg ', as a typical value, we can estimate
the density of states per unit area as

no-10 cm erg (5.16)

The deformation coupling constant is known to be of the
order of g=l eV. Using these values, we have the
scattering rate for frequency v in GHz as

tG-1. 12& 10 v . (5.17)

This is also too small to explain the phonon-reflection ex-
periments as well as Eq. (5.15). In this connection it
should be mentioned that Shingh et al.4' searched for the
existence of TLS similar to glasses in the adsorbed layer
of water molecules on small y-alumia particles with an
average diameter of 70 A. They could not, however, ob-
tain the evidence showing the TLS in these layers.

VPL L
10 4

3
pseT

(5.18)

where the mass density of liquid He of pL ——0.145 g cm
and the velocity of phonons in liquid He of
vL ——2.38)& 10 cm sec ' are used. Because the transi-
tion rate of the TLS by emitting a phonon into liquid He
is as large as that obtained in Eq. (5.18), it is appropriate
to consider that all phonon energy absorbed by the He
system is emitted into the He system. Thus, it is suffi-
cient to calculate the absorption probability of phonons by
the adsorbed He layer using formula (5.5) in order to dis-
cuss the origin of phonon transmission across the solid-
liquid He interface.

C. Interaction between phonons in liquid He
and two-level systems close to the boundary

Prouided that the TLS is excited by absorbing the pho-
non energy from a solid, it returns to the initial state by
emitting a phonon into a solid or liquid. We can conclude
from the following arguments that the coupling with pho-
nons in liquid He are very strong compared with that of
phonons in a solid so that the excited TLS emits a phonon
into liquid He dominantly. The type of coupling between
phonons in liquid He and the TLS close to the boundary
should be the deformation type. ' The expression of the
decay rate I H, L of the TLS due to the interaction with
phonons in liquid He becomes the same form with Eq.
(5.14), where the mass density and the velocity of phonons
are replaced by those of liquid He. As a result, one has
the ratio of the transition rates from Eq. (5.14) as

For the incident phonon of v=100 GHz, the absorption
probability becomes ts-2. 56& 10 . This is too small to
explain the experiments ( —10 ') as well as the case of the
displacement coupling obtained in Eq. (5.9).

Apart from the phonon absorption by the adsorbed He
system, there is an interesting possibility that adsorbed air
molecules constitute two-level tunneling states similar to

VI. EFFECTIVE ENERGY TRANSFER
INTO LIQUID He

In Eqs. (5.9) and (5.15), we have shown that the direct
interaction process of phonon absorption (B phonons to
He system) is negligible. Let us be reminded, however, of
the experimental evidences that diffusely scattered
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phonons play a key role to transfer the energy effectively.
In Sec. IV we clarified that diffuse signals are due to two
causes. One is the direct scattering of 8 phonons at irreg-
ular surfaces (8 phonons+ roughness~8 phonons), and
the other due to the mode-converted R phonons (8
phonons + roughness-+R phonons —+8 phonons}. Thus,
another possibility of the effective energy transfer occurs
through the interaction between R phonons and the He
system: The R phonons converted from 8 phonons at
rough surface interact with the He system, and the energy
of R phonons are absorbed by the He system (see Fig. 7).
If the lifetime of mode-converted R phonons due to in-
teraction with the He system (rH) is shorter than that of
R phonons due to scattering by roughness (rii), the pho-
non energy converted into R phonons should be
transferred into the He system. (Note that due to the
large acoustic mismatch, the classical leaking of energy of
R phonons into liquid He for rough surfaces is small
compared with that from the decay of R phonons to the
TLS.) As a consequence, the component of R phonons of
diffuse signals (-20%) should vanish when liquid He is
present (see Fig. 4}. Let us compare in the following sub-
sections the lifetimes rH and rR of R phonons due to the
above two scattering prccesses.

The lifetimes of mode-converted R phonons due to in-
teraction with the He system are obtained from the fol-
lowing two types of interactions.

u, (0)= —y
Rk

2pgcokKS

' 1/2

fl«k+& i)-(6 1)

The inverse of lifetime rH g becollles, from Eq. (6.1),

w ril™H«okf zno
2 3 2

tH d
(6.2)

Taking the numerical values for sapphire, we have the
lifetime of R phonons with frequency in GHz under the
condition ficok ~ 2k& T,

A. Displacement-type coupling

The lifetime due to the displacement-type interaction
between R phonons and the He system is calculated
straightforwardly by replacing the surface displacement
u TH(0) in Eq. (5.4) by that of R phonons (A9) as

0.88 X 10 v sec . (6.3)

tH, s

%77oh)kg
2 2

Acok
tanh

p~~l It 2k' T
(6 4)

It should be noted that the frequency dependence of Eq.
(6A) is different from that of bulk phonons -cok.l6 This
comes from the fact that the energy density of R phonons
is localized in the vicinity of the surface of order of its
wavelength; i.e., the energy density is frequency depen-
dent. The numerical estimation of Eq. (6.4) for frequency
v in GHz for sapphire gives

tH & 1.02' 10 v sec . (6.5)

The ratio of lifetimes of R phonons due to scattering by
roughness and the TLS is obtained from Eqs. (4.11) and
(6.3) as

rHd~ Rr10 v (6.6)

from the displacement-type coupling. For the deforma-
tion coupling one has the ratio from Eqs. (4.11) and (6.5)
as

rH, Ira 10 v (6.7)

From Eqs. (6.6) and (6.7) we see that the mode-converted
R phonons are absorbed effectively by the He system for
the frequency about 100 GHz. Note that if the influence
of surface irregularities to the density of states of TLS is
taken into account, we should have a much shorter life-
time than the estimation of Eqs. (6.3) and (6.4). As a
consequence, the diffuse tail arising from the mode-
converted R phonons vanishes when the surface is in con-
tact with liquid He at around 100 GHz of phonon energy;
i.e., the diffuse signal to the mode-converted R phonons
(curve 8 in Fig. 4) vanishes. These are the reasonable re-
sults for explaining the anomalous phonon scattering at
the liquid-He —solid interface.

VII. CONCLUDING REMARKS

B. Deformation coupling

The lifetime of R phonons due to the deformation in-
teraction can be obtained by using Eq. (5.11) and the wave
function of R phonons as

( )f
He

Solid

FKJ. 7. Two possible channels of energy transfer. Process (1)
represents the direct process and (2) represents the R phonon
mediated process of energy transfer.

The scattering of high-frequency phonons at irregular
surfaces without and with liquid He has been discussed
theoretically by taking into account all phonon eigen-
modes in a solid with a free boundary. We have calculat-
ed the frequency dependence of the partition ratio between
the diffuse and specular component for the surface
without liquid He, and obtained that the diffuse com-
ponent is proportional to the fourth power of frequency.
The shapes of phonon reflection spectra have been calcu-
lated as a function of time. The role of mode-converted R
phonons to the diffuse signals in a time-of-flight spectra
has been discussed in detail by considering the higher-
order scattering processes of the mode-converted R pho-
nons. It has bam shown that there exist six processes of
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the mode-conversion when reflected at the rough surface.
The additional important conclusion is that the diffuse
signals are composed of two causes: One comes from the
direct scattering (8 phonons~B phonons), and the stand
is due to the R phonon mediated scattering process
(B~R~B, B~R~R~B, and so on). The mode-
converted R phonons are of considerable importance in
the interpreting of the origin of the diffuse scattering of
high-frequency phonons as seen from Fig. 4.

It has been experimentally revealed that the diffuse sig-
nals are strongly influenced by placing liquid He at the
solid surface. " ' In this connection, the mode-converted
R phonons should play an important role for the effective
energy transfer into liquid He, as concluded from the
comparison of lifetimes of R phonons due to the surface
roughness and the interaction with the He system. Of the
characteristic features observed by the transmission or re-
flection experiments, we need the consistent theoretical
explanation of the following experimental findings: The
cosine law of transmitted phonons into liquid He, z the
importance of the surface irregularities, i the role of dif-
fusely scattered phonons for phonon transmission, '

and the presence of an "energy gap" for phonon absorp-
22, 44 —46

At low frequencies it is well accepted that the classical
channel obeying the AM theory is restricted by the critical
cone. By increasing frequency, the angular-distribution
measurements show that there is another channel for con-
ductance which carries most of the energy. The shape of
the anomalous channel is not restricted by the critical one
and radiates phonons into all directions. In the present
mechanism this cosine law of transmission follows from
an isotropic distribution of two-level tunneling states.
The cosine law does not result in the surface irregularities.
Considerable theoretical effort has been expended in an at-
tempt to elucidate how surface irregularities perform their
role for the energy transfer. " ' The present mo:hanism
is different from these in many respects. The anomalous
energy transfer is observed even for the surfaces in contact
with solid He and He. ' These surfaces are exposed to
air and would be covered by a few adsorbed air molecules
in which He atoms can be embedded. For these dirty sur-
faces, He atoms close to the interface should be randomly
distributed due to the misfitting of atomic configuration
between the substrate atoms and He atoms. Thus, it is ex-
pected that, for the dirty surface, the TLS's are composed
of both He atoms and disordered layer.

We have treated the problem as simply as possible in
order to clarify the underlying the mechanism of the
problem. The isotropic elastic approximation is used for a
solid. Solids are generally anisotropic in an elastic proper-
ty which results in the focusing effect of the phonon prop-
agation as discussed in detail by Taborek and Goadstein.
For the detailed comparison with experiments it is neces-
sary to consider the anisotropic nature of crystals. This is
an interesting future theoretical problem. The formula
determining the ratio of diffuse and specular scattering,
Eq. (3.1}, is valid under the condition t & 1. This scatter-
ing probability t is proportional to the roughness scale 5,
namely, sensitive to the substrate characteristics. Crystal
surfaces covered by a few adsorbed air molecules possess a

possibility that this layer constitutes the highly attenuat-
ing layer for high-energy phonons. Especially, if the
wavelength of incident B phonons is coinparable with the
thickness of these dirt layers, these layers should affect
the interaction between 8 phonons and the He system.

In conclusion, the results presented here will be useful
for resolving the unsettled problem of anomalous phonon
transmission across the solid —liquid-He surface. After
completing this manuscript, the author found the experi-
mental works ' ' concerning .the present subject. Burger
et al. ' have observed only specular reflection and no He
effect for low-energy phonons. For high-energy phonons
a big change of the diffusely scattered component was
found when the Si surface was in contact with liquid He.
These results seem to be explainable from the mechanism
discussed in the present work.
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APPENDIX: PHONONS IN A SOLID
WITH FREE BOUNDARY

Provided that an isotropic elastic continuum occupies
the half space z )0 with a street-free boundary at z =0,
the displacement vector at a point x=(r,z} and time t can
be expanded in terms of eigenmodes'

u(x, t)=g
2pM J

[aJ(t)+a J(t)]uj(x), (Al)

z f dk g J f(k,c,m)+f(k, c&,R)
~a

(A2)

where D denotes the spectral range of the velocity c for
the mode m, and k is the two-dimensional wave vector
parallel to the surface. R represents the Rayleigh mode
(representative surface mode) whose amplitude decreases
exponentially with the distance from the surface. In Eq.
(Al) aj and aj are an annihilation and creation operator
of the J-mode phonon satisfying the fallowing commuta-
tion relation:

faj~aj') ~JJ' .

where p is the mass density of a solid, J=(k,c,m}
represents a set of quantum numbers which specifies the
eigenmodes of phonons, c is the velocity of a wave front
traversing the surface, and m specifies the mode. The
sum over J is defined as
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Here the symbolic expression 5/ J should be understood to
be

LT kj
uj «(z) =-

k 2m

1/2

[5—1/2(e i5—kz D iskz)

5Jj ——5 5kk5 (A4) +pl/2' i jikz]

(A6)

If c and c' belong to continuous spectra (B phonons), we

use the definition 5„=c5(c—c'). The r dependence of
uj(x) is described by a plane wave originating from the
translational invariance parallel to the surface:

u LT(z)

where

' 1/2

[51/2(e i5—kz+D eiskz)+p —1/2geiPk]z

uj(x) =uj(z)e'"'/S'/ (AS)
5( c)=[(c/cL, ) —1]', P(c)= [(c/cr ) —1]'

(A7)

where S is the surface area and uj(z) represents the am-
plitude of 1phonons along the depth from the surface.

The L phonons are reflected at a surface into both L
phonons and TV phonons as a result of the interaction
with each other through the surface [see Figs. 1(c) and
l(d)]. The wave function of L modes are constructed
from the linear combination of the mixed L-TV mode as
obtained by Ezawa. ' The explicit form of the wave func-
tion of the mode depicted in Fig. 1(c}becomes

(p2 1)2 4~p 4(~p)1/2(p2 1)
(p' —l)2+4ap (p' 1)+4—5p

The first two terms in the square brackets of Eq. (A6)
represent L waves, and the third term means TV waves.
The factor D has the physical meaning of the reflection
coefficient of L phonons at a surface. The angle of in-

cidence and/or reflection is defined by the relation
cot8L ——5(c).

For the modes shown in Fig. 1(d}we have

uj zy(z} l
k 2m

' 1/2

' 1/2

[5
—1/hei skz+ pl /2( e i Pkz+—De iPkz) ]

(AS)

u,T"(z)=iTi.
2m'

[51/2ge iskz+ p 1/2(e—ijtkz —D i jikz) ]

where the first term represents the L waves and the last two are the TV waves, in which D represents also the reflection
coefficient of TV waves at a solid surface. The angle of incidence and/or reflection is obtained from the relation
cot8& ——p(c). In the above two modes [Eqs. (A6)—(AS)], c takes the continuous value greater than cL.

The wave function of R phonons is expressed as
' 1/2

R
( )

~ —ykz y } —Vkzk 2
k EC

' 1/2

u (z)= —y
R k

K
kr 2 —kz

1+q

(A9}

Here, y =[1 (cR/cT) ], rj—[1 (cR/cL ) —], and & =(y rj)(y rj+2yr—I )/2, w—here cR is the velocity of R-mode pho-
non.
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