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Elastic interactions between hydrogen atoms in metals. II. Elastic interaction energies
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The fully harmonic lattice approximation derived in a previous paper is used to calculate the elas-
tic interaction energies in the niobium-hydrogen system. The permanent-direct, permanent-indirect,
induced-direct, and induced-indirect forces calculated previously each give rise to a corresponding
elastic interaction between hydrogen atoms. The latter three interactions have three- and four-body
terms in addition to the usual two-body terms. These quantities are calculated and compared with
the corresponding two-body permanent elastic interactions obtained in the harmonic-approximation
treatment of Horner and %'agner. The results show that the total induced elastic energy is approxi-
mately 3 the size of the total permanent elastic energy and opposite to it in sign. The total elastic
energy due to three-body interactions is approximately 4 the size of the total two-body elastic ener-

gy, while the total four-body elastic energy is approximately 5% of the total two-body energy. These
additional elastic energies are expected to have a profound effect on the thermodynamic and phase-
change behavior of a metal hydride.

I. INTRODUCTION

In a previous paper [hereafter called I (Ref. 1)] the au-
thors derived a second-order perturbation theory for the
Hamiltonian of a metal hydride. This theory, which was
called the fully harmonic lattice approximation (FHLA)
goes beyond the customary harmonic-approximation
treatment of Horner and Wagner i in that it includes
second-order terms for the hydrogen-hydrogen and
metal-hydrogen potentials as well as for the metal-metal
potential. The inclusion of these terms gave rise to addi-
tional hydrogen-metal forces that do not appear in the
harmonic-approximation treatment. In this paper the
elastic interaction energies associated with these new
forces are calculated for the hydrogen-niobium system
and shown to contain three- and four-body terms (in addi-
tion to the two-body terms obtained in the harmonic ap-
proximation) which are of significant magnitude to affect
the thermodynamic properties and phase-change behavior
of a metal hydride.

Our development of the FHLA to describe the mechan-
ical and thermodynamic properties of metal hydrides has
been motivated by the apparent failure of harmonic-
approximation treatments to predict the experimentally
observed ordered phases of solid solutions at high hydro-
gen concentrations (see Refs. 4—7, and also I}. The har-
monic approximation was also felt to be inadequate be-
cause it does not yield many-body interactions which are
known to be significant in concentrattxl metal hy-
drides. ' Furthermore, the harmonic-approximation
theories do not explain such mell-known experimental
phenomena as nonlinearities in AVf V versus concentra-
tion curves" ' or the variation in a hydride's elastic con-
stants with concentration. ' *'

In the derivation of the FHI A, the hydrogen-hydrogen,
metal-metal, and hydrogen-metal potentials are expanded
out to second order in the hydrogen and metal displace-
ments. This analysis results in a differentiation between

two types of forces between hydrogen atoms and metal
atoms: the direct forces which act directly between an iso-
lated hydrogen atom and its metal neighbors, and the in-
direct forces which are effective forces between a hydro-
gen atom and a metal atom due to the presence of neigh-
boring hydrogen atoms. The indirect and direct forces
can be broken down into two components: a permanent
contribution which is the force between a hydrogen atom
and a metal atom in a lattice which has the elastic proper-
ties (or couplings} of the pure (hydrogen-free) metal lat-
tice, and an induced contribution (acting in the hydrogen-
free lattice} which corrects the permanent contribution for
the effects of the hydrogen atoms on the couplings. (Thus
one could think of the permanent forces acting in the real
lattice or the permanent plus the induced forces acting
in the ideal lattice. ) In contrast, the Horner and Wag-
ner harmonic-approximation treatment yields only
permanent-direct forces. The direct and indirect forces
and their permanent and induced components were
evaluated in I from experimental data on the hydrogen-
niobium system. The results showed that the indirect
forces have —,', the magnitude of, and opposite sign to the
dirtx;t force, while for each force the induced part was ap-
proximately —,

' the size of the permanent part and oppo-
site to it in sign.

In this paper the elastic energy terms in the FHLA are
evaluated using the force data calculated in I. The
permanent-direct, permanent-indirect, induced-direct, and
induced-indirect forces will each give rise to a correspond-
ing elastic interaction between hydrogen atoms. The
latter three interactions have three- and four-body terms
in addition to the usual two-body (pairwise) term In the.
harmonic theories derived previously only permanent-
direct interactions were considered with the exception of
work by Trinkhaus' and Kramer who performed calcu-
lations of induced interactions. Our results show that the
total induced elastic energy is approximately —, the size of
the total permanent elastic energy and opposite to it in
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sign. The total elastic energy due to three-body interac-
tions is approximately —,

' the size of the total two-body
elastic energy, while the total four-body energy is only
about 5% the size of the total two-body elastic energy.
These additional elastic energies are expected to have a
profound effect on the thermodynamic and phase-change
behavior of a inetal hydride.

The total elastic energy for a metal hydride is evaluated
for two different lattice boundary conditions: periodic
(infinite lattice) and free surface (finite lattice). For
periodic boundary conditions, the two-, three-, and four-
body elastic interaction terms calculated from the forces
in the FHLA are just summed over all hydrogen and met-
al atoms. For finite-lattice boundary conditions, the hy-
drogen atoms are assumed to be distributed homogenixius-
ly throughout the lattice so that the microscopic
hydrogen-metal forces within the bulk of the crystal sum
to zero. The only contribution to the elastic energy in this
case comes from forces acting at the surface; this energy
can be expressed in terms of macroscopically measurable
quantities such as the strain and the compliance. The
difference between the finite-lattice and infinite-lattice
elastic energies (when both are evaluated for a homogene-
ous distribution of hydrogen atoms) is the so-called free-
surface correction22 which, when written as a sum of
many-body terms and added to the infinite-lattice elastic
interaction energies, makes the resulting interaction ener-
gies applicable to real, finite crystals. The free-surface
correction evaluated in the FHLA is significantly dif-
ferent from the free-surface correction found in Horner
and Wagner's harmonic-approximation treatment. At
concentrations c =1, the difference in chemical potential
between the FHLA and the harmonic approximation aris-
ing from the free-surface correction is almost 1 eV.

In order to determine the effect that the many-body
elastic energies calculated here have on the phase-change
behavior of a metal hydride it is necessary to perform a
statistical mechanical calculation of the free energy. Un-
fortunately the Monte Carlo method for the calculation of
free energies is ill suited to calculations involving greater-
than-two-body interactions especially on the complex in-
terstitial lattice appropriate to the hydrogen-niobium sys-
tem. In part 111 of this series, ' renormalization-group
techniques are used to simplify the lattice geometry and
transform the Hamiltonian to a new model in which hy-
drogen atoms sit on a simple cubic lattice and have rela-
tively short-range interactions. The free energy of the
new model (which still contains many-body interactions)
is solved using the Kikuchi cluster-variation technique
and the phase diagrams are calculated.

II. REVIE%' OF RESULTS FROM PAPER I

In this section we review the notation and results of pa-
per I in which we calculated the permanent and induced
components of the direct and indirect forces and the asso-
ciated displacements, stresses, and strains.

In paper I, we considered a lattice model containing X
hydrogen atoms distributed over a subset of NH
tetrahedral interstitial sites in a bcc metal lattice contain-
ing NL metal atoms. The metal atom sites are denoted by

m and n and the interstitial sites are denoted by a, b, c, or
d. In the hydrogen-loaded lattice the metal sites m and
the interstitial sites a are displaced to new locations by v
and u', respectively, from their respective equilibrium po-
sitions in the hydrogen-free lattice, R and Q'. The oc-
cupation index r, =(0,1) defines which interstitial sites
are occupied. The atoinic voluine of the pure metal is
A=V/NL where V is the total volume of the crystal.
Greek character subscripts indicate x, y, or z directions.
A double summation convention is assumed throughout
the paper.

The forces between hydrogen atoms and metal atoms
can be separated into direct and indirect forces as
described in I and each of these forces can be broken
down into permanent and induced contributions. The to-
tal permanent-direct force on metal atom m in the direc-
tion p exerted by all the hydrogen atoms is

—)I)„(r)=+ g'g„r, ,

where 'P„ is defined to be the force of a H atom at site a
on a metal atom at site m. The total permanent-indirect
force on metal atom m in the direction p, is

Om(r) 1/2 g (cagm+acgm)

Q, c

where "g„ is the indirect force exerted by a hydrogen
atom at c on a metal atom at site m due to the presence of
a H atom at a. The total induced-direct force on metal
atom m in the direction p is

qI„' (r)=——g~g' r, r), , (3)
a, b

where g&'~ is the induced-direct force on metal atom m
by hydrogen atom b in the p, direction caused by the dis-
placement field (or coupling changes) due to a. The total
induced-indirect force on metal atom m in the direction p,
1s

pI, m( ) y bgl, (4)
a, b, c

where sg&l™is the induced-direct force on metal atom m
by hydrogen atom b in the p direction caused by the dis-
placement field (or coupling changes) due to the pair
(a,c).

The permanent forces acting on metal atom m cause
permanent displacements which are given by

U„' =D„'„"[%'"„(r)+0"„(r)], (&)

where D&'„" is the Green's function of the hydrogen-free
lattice. These displacements can be broken down into a
direct and indirect part. The direct displacement of metal
atom m due to H atom a acting via the direct force 'f„ is
given by

and the indirect displacement of metal atom m due to the
pair (a,c) acting via the indirect force ~g„+"g~ is

)ac) m D, omn(cag + ,egn) (7)p pv v v

Thus the total permanent displacement of metal atom m
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O, m y a~m+ g(a, e)&m&

a

such that

0 Ie,i S——„ i (o„„+o„„). (16}

tmn ~ btmn
pv ~ pv b

b

(10)

Values for tP were obtained from Kramerb using mea-
surements of polarizability by Schober and Lottner. '

The t matrix can be used to calculate the direct and in-
direct forces in terms of the permanent-direct and
-indirect displacernents by

b.Ig, m btmn o~n
Pv p~

beI, m
barmn

(a, c)&n

In order to determine values for the permanent and in-
duced components of the direct and indirect forces it is
useful to define corresponding force-dipole tensors which
relate the macroscopically measured stresses and strains to
the microscopic forces. The permanent-direct, perma-
nent-indirect, induced-direct, and induced-indirect force-
dipole tensors are given, respectively, by

P~„—(1/N)R q
——%q (r),

11„„=—(X,/X')R„O„(r),

P„„=—(1/N )Rq%„' (r),
Ill (~2/~)R mOl, m( )

(12a)

(12b)

(12c)

(12d)

The dipole tensors can be determined from the macro-
scopically measured stress

r

o„,=(1/Q) g P„'„'+g II„'"„'~'cy c„, (13)

which when multiplied by the measured elastic compli-
ance S„i,„of the hydrogen-loaded lattice gives the ma-
croscopically measured total strain e,~, i.e.,

~@Ape =&ii. . (14)

The superscripts (x) and (x,y) on the direct and indirect
force-dipole tensors in Eq. (13) indicate which interstitial
sublattice the defects causing the forces are on and

c, =E„/N~ where N„ is the number of hydrogen atoms
on the xth sublattice. Note that all possible sublattices
are summed over. The permanent strain can be obtained
froin the stress and the elastic compliances of the unload-
ed lattice using

(15)

It is also convenient to define an induced stress o&„

It is very difficult to calculate the induced displacements
so these were not calculated in paper I.

In order to relate induced quantities to permanent
quantities it is necessary to introduce the t matrix which
is defined so that the Green's function for the hydrogen-
loaded lattice, D&„", can be approximately related to the
Green's function of the hydrogen-free lattice D&'„"by

Dmn DO, mn +DO, mrt~ DO,pn (9)pv —pv pa aX A,v

The t matrix is itself approximated by

The induced stress is an effective stress which when added
to the measured stress gives the same strain in the
hydrogen-free lattice (with elastic compliances S„„,i) as
occurs in the hydrogen-loaded lattice (which has elastic
compliances S& i). The induced stress can be written in
terms of the induced force-dipole tensors as

o„„=(NQ/0) g Pq„"'+ g ll~'„'"'"'cy c,c, . (17)
X7Z

In paper I the goal was to calculate values for the per-
manent and induced components of the direct and indirect
forces for the hydrogen-niobium system and also to calcu-
late the permanent displacements. Since these are inicro-
scopic quantities, they cannot be measured directly. They
can, however, be inferred from macroscopic measure-
ments of strain versus hydrogen concentration and elastic
compliance versus hydrogen concentration using Eqs.
(1)—(15). The sequence of steps is the following: Using
Eq. (14) the stress can be determined from the measured
strain and elastic compliances. When this is combined
with information on volume dilation, assumptions about
the range of the hydrogen-metal force and Eq. (13), the
permanent-direct and permanent-indirect force-dipole ten-
sors are obtained. Equations (12a) and (12b} then yield
the permanent-direct and -indirect forces. The permanent
displacements follow from Eqs. (6) and (7) and a
knowledge of the pure lattice Green's function. The
induced-direct and -indirect forces then follow from Eq.
(11)combined with Kramer's (6) value for the t matrix.

In paper I it was also desired to calculate the induced
stress since this plays a role in the evaluation of the elastic
energies. This can be accomplished by first determining
the induced force-dipole tensors from Eqs. (12c) and (12d)
and then applying Eq. (17) to get the induced stress.

III. ELASTIC INTERACTIONS IN THE FHLA

A. General expression for the elastic energy

In this section we derive a general expression for the to-
tal elastic energy of a metal lattice containing hydrogen
atoms. Our derivation is based on the concept that an
elastic interaction between two defects will occur when
the forces exerted by one defect do work along the metal-
atom displacements caused by the other defect. The de-
fects in our case will be single hydrogen atoms, pairs of
hydrogen atoms, etc. Since the above concept is unfami-
liar to most readers we will illustrate it by reviewing the
Horner-%'agner harmonic-approximation treatment of
elastic interactions.

In the harmonic approximation, the total elastic energy
is given by —,

' %&(~)U„', where —%~(v) is the total force
of the hydrogen atoms on the metal atom at m, and v '

is the displacement of m (in the ideal lattice) caused by
the forces exerted by the H atoms. The total force can be
written as the sum of the forces exerted by the individual
hydrogen atoms as in Eq. (1}and the displacement can be
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written as the sum of the displacements of m caused by
the individual hydrogen atoms as in Eq. (8) (with "'s&
set to zero). The total elastic energy is then,

bum (a, c) m + (
(acgm+cagm} b m

1 bgI, m (a,c) m
2 P P (24)

a

( adam
bWm + ) bum a m

)
u, b
a+b

1 1= —, gW ~, +2 g W,br, rb.
a a, b

a+b

The first term,

W aymawm

(18)

(19)

t Suoh aS bg m ( c)S m —(d )S
I P I I&

(d, e}&(a,c) have been left out since these would be more
than three-body interactions. ] A term

'w„='w"„bt„„"'w„could also be included, but when
summed over all c its net contribution vanish~ because

b——t„„"g,'w"„=0. Using Eqs. (6) and (7), it is
found that the first and second terms in Eq. (24) are
equal, so that the three-body elastic interaction energy be-
comes

b.)m (a,c)Sm, ' bgl, m (a, c)sm
abc —Fp, p+ 2 p p

is called the self-energy, and is not of concern here. The
final term, where

0 1 I=$Vb, +—2W,b, , (25)

Wa T,T
) a+bwm+ ) bfmawm (20)

W (

adam bWm+
) bymaWm

+—''(((' w +—'
2 P P 2 p v (21)

We can write Eq. (21) as

may be interpreted as the elastic interaction energy be-
tween H atoms at sites a and b. It has the form of a work
term in which the forces exerted by one defect (say, defect
a) on the metal atoms do work along the displacements
arising from another defect (defect b)

In the FHI.A both the permanent and induced parts of
the direct and indirect forces contribute to the elastic in-
teractions. Since the indirect forces are forces exerted by
pairs of hydrogen atoms, the elastic interactions will in-
clude three- and- four-body interactions, W~ and Wab, d,
as well as the usual pairwise interaction term W,b In the.
remainder of this section, we systematically calculate the
two-, three-, and four-body interaction terms.

The two-body elastic interaction energy between hydro-
gen atoms at a and b is the force exerted on the metal
atoms by a hydrogen atom at a multiplied by the rnetal-
atom displacements caused by a hydrogen atom at b plus
a similar term with a and b interchanged:

WO b,tm(a, c)Sm b,)mDO, mn (cagn~acgn}

Wl bgl, m (a, c) m (a,c)sm btmn (a, c)SnSp = '
S~ p~

' Sy .
(26}

W = ( (cagm+acgm) (b'd)sm+ )
(bdgm+dbgm} (ac)sm,

s

(cagm+ acgm }(b,d)s m

(cagm+acgm)DO, mn (bdgn+dbgn) WO
p, p, pe v v abed (27)

The total elastic energy, H,i„„will be the sum of the
elastic interactions for a given configuration of hydrogen
atoms I ~, I,

1 1

Hc)as( T g Wab ra+b+ T g Wabc ra rbrc

It wiB be noted that there is only one term contributing to
W,b, in Eq. (24) as opposed to two terms contributing to
W~ in Eq. (21), i.e., a term like w„"'t„„"w"„does not
appear in Eq. (25). This is because there is no t matrix de-
fined for the pairs ((t,c), but only for the isolated H atom
at a or the isolated H atom at c. This is a consequence of
Eq. (10), which defines the total t matrix t&,

" to be the
sum of the t matrices t„„"associated with the individual
H atoms. This also means that there is no four-body in-
duced elastic interaction, since this would require a term""s„''"'t „"""s"„.Therefore, the four-body elastic in-
teraction 8;bcd will have only a permanent contribution
~abed

0 IWab= Cps W)r +'gq' Wq ——Wab+Wab r (22) a, b a, b, c

where

adam bWm
aymDO, mn byn aWn bynab

prI a.yg, m bm bm atmn b n a m b.gj,m
(23)

(A more general expression would include terms such as
't&„"'w"„, but ——these would give three-body terms. )

The term W,b in Eq. (22) is called the permanent elastic
interaction energy, while the term 8',b is called the in-
duced elastic interaction energy. Throughout the rest of
this paper we will use the superscript 0 to indicate a per-
manent interaction, and the superscript I to indicate an
induced interaction.

The three-body elastic interaction between an isolated
hydrogen atom at b and a pair of H atoms at a and c, is

1+ 8 ~ ~abcd+a+b+c~d .
a, b, c,d

The coefficients in front of each summation are "weights"
that correct for overcounting in the sums. In each of the
summations it is assumed that a&b&c&d. We can
separate H, l„t into a permanent elastic energy H, l„t and
an induced elastic energy H,l„,

(28)

~clast i~ clast +~~ clast (29)

+ 8 ~ ~abcd+aVbVcXc
a, b, c,d

(30)

The energy H, i„, is found by summing the permanent
elastic interactions for a given configuration:

0 1 ~ 0 1 ~ 0
~clast 2 ~ ~ab a+b+ 2 ~ ~abc+a+b+c

u, b a, b, c



33 ELASTIC INTERACTIONS BET%'KEN H ATOMS IN METALS. II. 8103

The energy H,i„, is calculated in a similar fashion from
the induced elastic interactions,

I I0,)„,———, ~ 8',b~, Xb+ —, ~ 8'~~, Vb~, . (31}
a, b a, b, e

The coefficient in front of the suin over W,a, in Eq. (31)
is different from that in front of the sum over W,s, in Eq.
(30) because of the —,

'
multiplying W,& in Eq. (25).

B. Results for the elastic interactions on an infinite lattice

The infinite-lattice permanent and induced interactions
can be calculated from the permanent and induced forces
and the permanent displacements calculated in paper I for
hydrogen in niobium using Eqs. (23), (26), and (27). The
calculated two-body interactions are given in Table I, the
three-body interactions are given in Table II, and the
four-body interactions are given in Table III. The calcula-
tions have been done only for hydrogen atoms on the x
sublattice (where the tetragonal axis of the H atom lies in
the x direction). Not all of the interactions that were cal-
culated are shown. The values that are shown are for the
interactions with small H-H separations, since these in-
teractions tend to be the largest.

The pair interactions W,b and W,s agree roughly with
the previous calculations of Horner and Wagner, and
Kramer, respectively, as shown in Table I, but a direct
comparison is difficult since those authors used different
force-dipole tensor values and different force models from
those used in the present calculations. Horner and
Wagner used an isotropic force-dipole tensor having
P=5.33X10 ' erg, while Kramer used an isotropic
force-dipole tensor having P =4.33 X 10 ' erg. Our cal-
culations used P =(3 +28)l3=5.73 X 10 ' erg (Ref. 1).
Horner and Wagner used a force model that included
forces exerted by a hydrogen atom on its nearest and
next-nearest neighboring metal atoms. The same model
has been used in our calculations. Kramer considered
two different force models. The elastic interactions listed
in Table I under "model I"were calculated by Kramer us-

ing a model that considered only nearest-neighbor forces,
while the elastic interactions listed under "model II" were
calculated using the same force model as was used by
Horner and Wagner and the present calculations. It can
be seen that there is considerable disagreement between
Kramer's model I elastic interactions and the calculations
using the next-nearest-neighbor force model, for both W,b
and 8',~. Johnston and Sholl' have also noted that the
nearest-neighbor model gives much larger relaxation ener-

gies than a model with forces out to next-nearest neigh-
bors, even when the force-dipole tensor is the same. We
see that W,i, is anywhere from 0 to 37% of W,i„and of
opposite sign.

The three-body interactions 8',~, shown in Table II are
typically an order of magnitude smaller than W,b. The
W,i ~ are about two orders of magnitude smaller than

W,&. Both the permanent and induced elastic interactions
oscillate between positive and negative values as the dis-
tance between the defects r increases, but the induced in-
teractions die out more quickly with increasing distance
because of their r dependence, whereas the permanent
interactions have a r dependence.

Although the three- and four-body interactions are
much smaller than the two-body interactions, there are a
greater number of them so they make a sizable contribu-
tion to H,~„,. This can be seen by considering the total
energy due to each type (permanent, induced) of n-body
(n =2,3,4} interaction. These total energies are given by
the individual summed terms in Eq. (42) for the per-
manent interactions and Eq. (53) for the induced interac-
tions, and are tabulated in Table IV for both finite and in-
finite lattices. (The finite-lattice values will be discussed
in the next section. ) The two-body induced interactions
have a total energy of from —,

' to —,
' the total of the two-

body. permanent interactions, but the three-body induced
interactions are negligibly small. The three-body per-
manent interactions are also about —,

' the size of the two-

body energy, and the total four-body contribution is on
the order of 5% of the two-body energy. From these
numbers it is clear that ignoring the induced interactions

TABLE I. Comparison of W,b and W,b with the values calculated by Horner and Wagner, and
Kramer.

4(Q —Q')/a
3' Z

8',b(K)

This work H-W(2)
Kramer (5)

Model I Model II This work

W,b(K)
Krarner
Model I

0
2
0
2

2
2
4

0
0
2
2

0
0

2

0
0
2
2
4
0

0
2

—4122
—1961
—579
—210

353
—217

703
—57
—7.4

—4174
—1967
—589
—212

377
—183

688
—61
—16

—9995
605

—1975
548

—355
1662

—126
—147

—4812
—2155
—625
—252

452
—166

780
—54

52

1528
196
108
—9.8
—2.7
—0.3

7.0
—1.4

0.5

2828
—101

221
29

—5.0
—2.2

TRACE(~~)f3=5. 33X10 ' erg for Horner-Wagner (Refs. 2 and 3).
TRACE(P~)/3=4. 33X10 ' erg for Kramer (Ref. 6).
TRACE(P~) j3=5.73&10 ' erg for this work (Ref. 1).
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TABLE II. Permanent and induced three-body elastic interactions for various defect-defect separa-
tions and orientations.

4[(Q' —Q')1/a
{X,y, z)

4(Q —Q')/a
3' Z {K)

{0,2,2)
IW,b,

(K)

(0,—2,2)
8',

(K) (K) (K)

{2 -22)
~ abc

(K)

08',bc

(22 -2)
8',b,

) (K)

96
61
96
61
58
13
22
55

1.6
0.02
1.6
0.1

0.1

96
61
58
22
58
13
22

—2.3

1.6
0.02
0.1

0.02
0.1

60
98
65
13
13
31

10

0.6
—0.7

0.6
0.01
0.01

60
98
10
10

—33
31

10

0.6
—0.7

04
1.8

—0.04

and the elastic energy due to the indirect forces as is done
in most methods using the harmonic approximation gives
an incomplete description of the elastic energy of a metal
hydride.

The total pe~anent elastic energy, Ho(mt, can b writ-
ten in terms of the microscopic forces and displacements,

0 & ~b &nb m ~ b m(ac) m
Helast i ~ Cls toit rarb+ T ~ 4p p rarb c

a, b a, b, c

C. Calculation of the elastic energy of a finite lattice + t ~ (cagm+acgm) (b, d)&m r r r r8 ~ p JM, JM a b c d
a, b, c,d

(32)

It has long been recognized ' that the choice of boun-
dary conditions for a lattice will affect the elastic energy
of defects in the lattice. On the microscopic level the
placement of the metal atoms is roughly periodic, and the
displacement fields near a defect (assumed to be in the
bulk of the metal) should be determined using periodic
boundary conditions (infinite lattice). Far from the de-
fect, however, the influence of the free surface of a finite
crystal will affect these displacements, and the use of
periodic boundary conditions is no longer valid. In this
section the macroscopic elastic energy of hydrogen atoms
in a finite metal lattice is calculated. In order to calculate
the macroscopic quantities we assume that the hydrogen
atoms are homogeneously distributed throughout the lat-
tice (i.e., r, =(r, )). In the first part of this section we
will calculate the permanent elastic energy in terms of the
force-dipole tensors and the elastic constants. Again we
will use the FHLA to relate the microscopic hydrogen-
metal forces and the metal-atom displacements to the
macroscopic stresses and strains.

HO g ~+ g( cg +c gm) Do,

a, b c

)( bqn+ t y (dbga+bdga)r
d

(33)

Equation (33) can now be written as a sum over all m

of the product of the permanent force on metal atom m

%„(r)+8„(r)= —g 'Q„+ —,
' g ("8„+"8„)r,

and the permanent displacement of metal atom m

(34)

It is desirable to get H, t„t into a form that depends on the
total forces and displacements. By inserting Eqs. (6) and
(7) into Eq. (32) and summing the terms together, we
achieve the result

TABLE III. Permanent and induced four-body elastic in-
teractions for various defect-defect separations.

O, m Do, gmba+ t y (bdgm+dbgm)

b d

(35)

4(Q' —Q')/a
X P Z

0 0

4(Q"—Q')/a
X P Z

2
—2

2
—2

0
0

—34
3.2

—15
—1.2

3.5

3.2
—29
—1.2

—14
3.2

—6.7

—15
—1.2

—29
1.0

—15
3.1

4(Q' —Q')/a
{0,2,2) (2,—2,2) (2,2,2)

0 0 0~ abed ~ abed ~abed
(K) (K) (K)

i.e., H,~, becomes

~0 t [tItm( )+Om( )] o,m (36)

In the bulk of the crystal the forces %„(r)+e„(r)will
vanish because of lattice symmetry (recall that we are con-
sidering a perfectly homogeneous distribution of H
atoms), but near the surface they do not vanish since the
surface atoms are unattached on the outside. ' Instead,
these forces cause a homogeneous deformation of the lat-
tice; i.e., U&' ——e„Q, , where e„„is the strain that occurs
in the pure metal as the result of the stress o,i, see Eq.
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TABLE IV. Sums of interaction energies for two-, three-, and four-body interactions for H atoms in

niobium.

g W,),
b

g gr I,xx

b

Finite lattice boundary conditions

g gr 0@xxx —'g w'-
b, c b,c

(K) {K)

1049

gr 0~xxxx

b, c,d

{K)

{K}

g W1~ xx

(K}

Infinite lattice boundary conditions

g Wo+xxy y W~lxxx

b, c b, c
(K) (K)

4 g W2Yi"
b, c,d

(K)

-7084 1955 1326 205 —424

(15). Thus, Eq. (36) becomes

H,i,———,
' R „[4'„(v)+8„(~)]»„„.

Inserting Eqs. (15) and (23) of I into Eq. (37) produces

H,i,———(QNL /2)o„gq„,i a,i,0

(37)

for a homogeneous distribution of H atoms. Equation

(38) is significant in that it shows H,~„, to be dependent
on the boundary conditions of the crystal, and therefore to
be a macroscopic quantity. This expression is a familiar
result in elasticity theory, and is also valid in the har-
monic approximation (where H,i„,——H,~„,).

The concentration dependence of H,i„, is found by in-

serting Eq. (13) into Eq. (38):

H",),——( NL/2Q) g— P,'„"'+Q II',„'"c, S,„„i P',»'+ g II,'"„' 'c C„C»,
x,y z W

(39)

which can be expanded to give

0 (x) 0 (y) (x) 0 (y, w) (x,z) 0 (y, w)
Helast (NI. /2Q) QPqz Svzv&Pv&cxC» + g Pzlz S

& i Il„i' Cxc»cw+ g 11~' Sqcv&II„& CxC»C Cz

x,y x,y, w z,y, z, w

This expression can be compared to the result obtained when Eq. (30) is evaluated in the limit of a homogeneous distribu-
tion of hydrogen atoms on each sublattice, (r, )„~N„. To do this we convert the summation over interstitial sites in
Eq. (30) into an initial summation in which site a is on the xth sublattice, site b is on the yth sublattice, site c is on the
zth sublattice, and site 1 is on the icth sublattice, and then a second summation over all sublattices. Thus, in the limit of
a homogeneous distribution of H atoms on each sublattice, Eq. (30) becomes

H,i„,=(NL, /2) g (Nl. /NQ) g W,I,
"» C„C»+(NL ) g (NI2/2N»HNH) g Wo(»' C,C»C,

x,y b x,y, z b, c

+(NL /2) g (Nl /4N»HN'HNH ) g W,gg~ C,C»C, C

x,y, z, w b, c,d
(41)

where NH is the number of interstitial sites on the xth
sublattice. The sum g& W,g'~ is restricted to sites b on
the yth sublattice surrounding site a on the xth sublattice.
Similar definitions apply to g&, W,I"»', etc. For the
tetrahedral sublattices in bcc metals, NL /NH = 1.

A comparison of Eqs. (40) and (41) allows one to write

g W,g»= —(1/Q)P', ~'S,q„i„Pg~g',
b

The evaluation of H,i„, for a finite lattice is done in a
similar manner, although it cannot be reduced to a simple
function of stress and strain like H, »xt in Eq. (38). If the
terms in Eqs. (23) and (26) are inserted into Eq. (31),
H,~„, can be written as

I & ~a mb mna n
He)~t T ~ $D~ tp~ N~ 7a7b

a, b

(42) a, c&m btmn (a,c) n

a, b, c
(43)

—,
' g W~~= —(I/Q)III„"Sqvi, II'

b, c,d

With the definitions for the induced forces st/ and s&™
[Eqs. (6) and (7)), Eq. (43) becomes
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~I & ~ bgjma m~ clast 2 ~ V'P, P +a+b
a, b

+ ( ~ bef, m (a, c)&m
p a b c . (44}

a, b, c

In this form Hli„, cannot be written in terms of the total
forces and total displacement as H, (m, was in Eq. (36),
and so cannot be derived as a function of stress and strain.
The final result we are looking for, however, is a relation-
ship similar to Eq. (40), in which H,i„, was given as a
function of the permanent force-dipole tensors. An ex-
pression for H,)», that is analogous to Eq. (40) can be
achieved by assuming that if the defects are placed in a
regular fashion, then the strain fields of the defects will be
approximately additive. This is equivalent to saying that
a contribution to the homogeneous strain can be assigned
to each defect.

The contribution from an individual defect to the total
strain field can be found by considering Eq. (8) which, in
the limit of a regular or spatially average distribution of
defects, g, r, ~NL g„c„,becomes

(Nl. /NH ) 'iv„

+ —,
' g (Ni'. /NHNQ) g (c'a)s„cy c, .

y C

where k is the interstitial shell number, defining what
shell of interstitial sites c is in with respect to a. Equa-
tions (4S) and (46) have the same concentration depen-
dence, so that we can equate terms to get

a(vm = —(SO,„,P(x) /QN, )R m (47)

(45}

The summation has been broken up so that a is on the
xth sublattice and c is on the yth sublattice. The factor
NL /NH is again unity for tetrahedral sites in bcc metals,
and can be ignored. A macroscopic expression for the
displacement v&0' can also be found for a homogeneous
strain e„, by writing v&' ——e&,Rm, as a function of the
permanent force-dipole tensors using Eqs. (13), (15), and
(36) of I:

P

=(S„,„k/Q) g P(„"k)+g g kII„('ky)cy c„R,
x y k

For the case of a homogeneous distribution of H atoms,
~, =(r, ) =g,c, and +blab N——l g„c„. Equation (49)
may be written as

x,y a

—(1/2Q) g g g II„""S„,„"II,'„"'*'c„cc,
x,yiz k a

which becomes

(50)

x,y

= —(N, /2Q) g g kll', „(y)S0„„krl(' )c, c, c,

k x,y, z

(51)

when the expressions from Eq. (89) of paper I are inserted.
This expression for H,i„, depends only on the permanent
and induced force-dipole tensors, in analogy with the ex-
pression for H,i„, in Eq. (40). Because these quantities
are macroscopic, H,i„, is also macroscopic; i.e., it wi11 de-

pend on the boundary conditions of the crystal.
We can now relate the individual components of Eq.

(51) to the induced interaction energies in Eq. (31). For a
homogeneous distribution of H atoms g,~, =g„c„,Eq.
(31) becomes

H, i„,=(NLl2) g (NL/NyH) g W,(,
"»

Cxcy
x,y

+(Nl. } Q (Nl'/4NyHN'H ) g W,'jy' c,c,c, ,
z,y, z b, c

~ Wl, xyz (1/Q) ~ kill, (y)SO kli(x, z)
2 ~ abc Av vkcP, I,P

b, c k

(S3)

since Nl /NH ——1. These expressions will be used in a fol-
lowing section to determine the elastic energy in a finite
lattice and to compare with the result for a lattice with
periodic boundary conditions.

where the superscripts x, y, and z restrict the summations
over a, b, and c to a on the xth sublattice, b on the yth
sublattice, etc. A comparison of Eq. (52) with (51) gives
the following relationships:

g W.'q y = (1/Q)P—',„'y'S'„„„P",
b

(c,a)&m (S0 kll(x, y)/QN }Rm
P PLVA, VA, L a (48)

D. Free-surface correction to the elastic interactionfor a and c on the xth and yth sublattices, respectively.
Equations (47) and (48) can be combined with the ex-

ressions for the induced force-dipole tensors
'P '(=R g' ) and II "'"(=R "0' ) [Eq (70) of I]
to become

H,i,———(I /2QNi. ) g bPk„"'S„k P',„'~,~b
a, b

—( I/2QNL } g Ilk„""S„k II~"r, ebs, . (49)
a, b, c

In a statistical mechanics calculation of a metal-hydride
free-energy, the short-range and long-range elastic interac-
tion terms are treated separately. The short-range elastic
interactions between hydrogen atoms may be evaluated as-
suming an infinite lattice since the lattice atoms will devi-
ate only slightly from their periodicity in the interior of
the metal. These short-range interactions are summed
into the so-called reference system Hamiltonian H0 and
the free energy associated with the Hamiltonian, the refer-
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ence system free energy Fo(N, T), is calculated. The
longer-range elastic interactions between hydrogen atoms
must be evaluated using the real boundary condition, since
the long-range strain fields of the H atoms will interact
with the stresses acting at the surface of the metal. This
additional energy that is present in the real lattice but
does not occur in the infinite lattice is the free-surface
correction.

Because the free-surface correction to the elastic in-
teraction energy is long range, the free energy associated
with this correction may be calculated using the mean-
field approximation (1). Since a mean-field treatment is
equivalent to treating the system as though the hydrogen

t

atom were uniformly distributed, the free-surface correc-
tion may be evaluated assuming a homogeneous distribu-
tion. Thus the free-surface correction is H,i„,—H,]„„
where the infinite lattice Hamiltonian H, i„, is given by
the sum of H, i», [Eq. (41}]and H,i„, [Eq. (52)], and the
finite lattice Hamiltonian H, i», is given by the sum of
H, i„, [Eq. (40)] and H, i„, [Eq. (51)]. The total free ener-

gy F(N, T) of the crystal with a free surface is found by
adding Fo(N, T}and the free-surface correction

F(N, T)=F0(N, T)+(H,i„,—H,i„,) . (54)

The free-surface correction per interstitial site is

(1/NH)(H, i„,—H, i i)= —, g (NH/NQ) g(EW, I,"»+YAW,'1,"y) r„ry
X,y b

+ g (NH/N»HNH) gb, Wgi}y'+ —,
' gb, W,)»' ~„~yrz

X,y, Z b, c b, c

x,y, z, m

,'(N /NQ—NHNH) g b W,i"d r„ryrzr~
b, c,d

(55)

where 6W= W —W, the difference between the finite lat-
tice and infinite lattice elastic interactions, and
~, =c,(NL /NH). Equation (55) can be written as

(1/NH)(H, i„,—H, i„,) = —,
' g y"iyr„my+ g y2 'r„rye

x,y x,y, z

+ ~ X3 +x +y+z+m
XJCN

Xiy, z, N

I

In the following discussion Eqs. (58) and (59) will be
called the harmonic-approximation formula for the free-
surface correction, while Eqs. (56} and (57) will be called
the FHLA formula for the free-surface correction.

The hydrogen chemical potential p ="d[F(N, T)/
NH ]/dr may be separated into a reference term po and a
contribution from the free-surface correction biu (Refs. 1

and 2). Since the latter is a mean-field quantity it is easily
found to be

(56)
where the quantities yp, y2»', and yi are defined here
to be

biM =B[(1/NH )(H,i„,—H, i»i )]/Br

= Q(NH/NH)ri'&y+ 2 g (NH/NH)}'2"rye
X,y xjl,z

}p=(N„/Ng) g (sW.'I,'y+aWII, "y),
b

}~'=(N'„/NgN'„) g aW.'g+-,' g aW.'g,
b, c b, c

+2 g (N H /NH ) Y"i 'ry
x,y, z

for the FHLA treatment, and

(60)

1~~=(N'/4N&N'N:) Z ~W.'edy-
b, c,d

If the free-surface correction is computed in the har-
monic approximation, as is done by Horner and
Wagner, ' the result is simply the part of Eq. (55) that is
due to 68' g"y:

~iuharmonic g (NH/NH)j 0 &y

X,y

(61)

in the harmonic approximation. The variation with hy-
drogen concentration of these two correction factors and
their effect on phase formation will be discussed in the
next section.

(NH/N»H) JEW,b"y r r
X,y b

=2 X}or.r,
X,y

where the coefficient yoy is given by

yoy ——(NH/NQ) g 6W,g"y .

(58}

(59)

IV. EVALUATION QF THE FREE-SURFACE
CORRECTION TO THE CHEMICAL POTENTIAL

The effect of these additional many-body and induced
interactions is most easily seen by considering the free-
surface correction to the chemical potential. This correc-
tion depends on the magnitude of the terms
~~ab = ~ab ~ab ~ ~~abc ~abc $Vabc, etC. With the
sums in Table IV the coefficients in Eq. (57) are found to
be
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FIG. 1. Comparison of the free-surface correction to the
chemical potential hp in the FHLA and in the harmonic ap-
proximation.

FIG. 2. The difference between the free-surface correction to
the chemical potential hp in the FHLA and in the harmonic ap-
proximation.

y)~ ———16830 K,
y2~' ———27122 K,
y",~ =-52417 K. .

Although the three- and four-body coefficients are quite
large, they are multiplied with additional v„ terms in Eq.
(55), so that their contributions to the energy are not as
large as the coefficients imply. For the harmonic approx-
imation the free-surface correction is given by Eq. (58)
with the coefficient

yo~= —18150 K .

The value of yi" differs from yg for Horner and Wagner
because y~" includes 8',b as well as 8',b terms, while yo
includes only W,b terms. Using the coefficients calculat-
ed above, bp the free-surface correction to the chemical
potential in the FHLA [Eq. (60)] and in the harmonic ap-
proximation [Eq. (61)] are plotted in Fig. 1. While hp, for
the harmonic approximation decreases linearly with ~, bp
for the FHLA has a slight curvature due to the r and r
terms. This curvature can be better detected by plotting
the difference in the two calculated by the two inethods,
as shown in Fig. 2. The large difference between the
values for Ap, in the FHLA formula and in the harmonic
approximation means that critical phenomena will be
suppressed to lower temperatures in the FHLA. No pre-
dictions about the magnitude of the change in critical
temperatures can be made here, however, since p will also
depend on po which will be different in the FHLA treat-
ment from its value in the harmonic-approximation treat-
ment.

The preceding calculations demonstrate the importance
of many-body effects on metal-hydride thermodynamics,
and the improvement of the FHLA over the harmonic ap-
proximation in describing the changes in elastic properties
and elastic energy that occur during hydrogenation. As
Oates and Stoneham have noted, the significance of the
many-body interactions may be greatest during develop-
ment of order and during nucleation of a new phase, ener-
getically. Although the complexity of the many-body in-
teractions makes it difficult to perform a lattice-gas calcu-
lation of the phase behavior, it is felt that results of the
FHLA should be used in any further statistical mechani-
cal calculations.

These are also the first calculations to account for the
effect of the H-H forces on the elastic energy of a concen-
trated metal hydride. Normally a solid solution of gas
atoms in a metal has a very low concentration, and
defect-defect forces are assumed to be nonexistent in the
calculation of elastic energies. Metal hydrides can have
very high densities, however, and the additional elastic en-
ergy that comes from the H-H forces (in the form of the
indirect H-H forces) is significant. These H-H forces will
also cause many-body electronic interactions, but it is not
possible to estimate how large these interactions will be.
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