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The path-integral approach is used for determining quantum corrections to the free energy of
nonlinear systems. An effective potential, to be inserted in the configurational integral, is construct-
ed by a new variational scheme which gives the quantum modification of the potential due to the
anharmonic part together with the frequency renormalization. The single anharmonic oscillator is
studied first. Then the extension to fields is presented and a new general expression for the partition
function is given. The method is applied to the sine-Gordon chain and explicit calculations of the

specific heat are shown.

I. INTRODUCTION

Presently, great interest is being devoted to reexamining
methods which allow reduction of quantum statistical-
mechanical calculations to classical ones.!™3 Indeed, in
the latter case, the few well-known analytical methods for
evaluating the phase-space integrals can be implemented
by efficient numerical techniques. Following this trend,
Monte Carlo simulations have been extended to the quan-
tum case,>*> using the Trotter formula for spin systems.
Also, Wigner expansions find increasing applications to
fluid® and solid’ models.

In one-dimensional physics the transfer-matrix ap-
proach is also available for the classical equilibrium prop-
erties. However, experiments on one-dimensional magnet-
ic chains show that purely classical models are not always
satisfactory® for interpreting the features of the specific
heat in the ferromagnet CsNiF; (Refs. 9 and 10) and in
the antiferromagnets TMMC[(CH;),NMnCl;] (Ref. 11)
and CHAB [(C¢H;;NH;)CuBr;].!> Quantum corrections
to sine-Gordon and nearly sine-Gordon chains!>!* were
taken into account in the semiclassical (low-coupling) lim-
it, restricted to the noninteracting soliton approximation,
which is not valid in the range of temperatures where the
peak of the specific heat occurs.!!

In order to evaluate quantum effects in the high-
temperature regime, expansions based on the coherent
states'® and a rearrangement of the Wigner series'® have
been proposed. Similar rearrangements of the Wigner
series, by means of an expansion in powers of the interac-
tion potential, have been recently proposed!’ for different
applications.

We think that the path-integral approach!® is the ideal
tool for the treatment of quantum fluctuations. Indeed,
starting from the classical partition function, this method
permits one to construct an “effective” potential to be in-
serted in a configurational integral.

In preliminary work!® we have given a brief account of
a path-integral approach which improves upon previous
variational treatments.'® All of the quantum effects of
the harmonic part of the potential are considered, while
the variational principle in the first cumulant approxima-
tion is used to account for the quantum corrections due to
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the anharmonic part. An application to the sine-Gordon
chain was given in order to discuss specific-heat measure-
ments on real magnetic chains.?®

In this paper we explain the method in detail. In Sec. II
we present this variational principle applied to a single
anharmonic oscillator, directly deriving the frequency re-
normalization and all limiting cases. An explicit effective
potential for all temperatures is calculated for single- and
double-well anharmonic potentials. In Sec. III we extend
the method to fields. Its application to the sine-Gordon
chain is developed in Sec. IV, where explicit calculations
of the specific heat are shown and the results for real sys-
tems are discussed. In Sec. V we draw some conclusions.

II. PARTITION FUNCTION FOR AN
ANHARMONIC OSCILLATOR

The path-integral form of the partition function of an
anharmonic oscillator is'?
—p—BF_ — %~ 1S [x(u)]
Z=e fx<o>=x(ﬁﬁ)‘@[x(u)]e ’

where B=1/(kgT), the functional integral is evaluated
over all of the closed paths and

(2.1)

Bf .
S[x(u)]= fo du %xz(u)+V(x(u)) 2.2)

Due to the well-known first-order cumulant inequality for
the free energy'?

1

F<Fy+ B (5 —So)s, (2.3)
we shall approximately evaluate (2.1) by calculating
e P fx(O):x(ﬁﬁ)g[x(u)]e T Solx(w] ) 24
where we assume for S the functional
Solx (w)]= fomdu 1;—)& 24w (X)+b(X)x —X)
+ %a)z(f)(x -2, @5
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I ]
with f:-B—lﬁ- fo xdu, x=x(u).

The functions w (X ),0*x) will be determined in such a
way to minimize the right-hand side (rhs) of Eq. (2.3),
while b(X) turns out to disappear from the final result.
In this way, improving previous approaches,'®?! we con-
sider all of the quantum effects of the harmonic part of
the potential, while the variational principle determines
the frequency »*X) and the quantum spread of the
anharmonic part of the potential. It is also convenient to
introduce the notation

—BFO fdé- —Buw( §)f fz(o)_z(ﬁﬁ)@[z(u)]exp[

where the result is
172

—BFy | _m f
- f a8 sinhfe

—Bw(§) .
2B
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f=f(%)= 5o (%) (2.6)

which governs the amount of quantum effects.

The evaluation of the functional integral (2.4) will be
performed by summing first over all of the paths with a
prescribed average X and then integrating over all of the
possible values of X. Introducing the constraint X =§ by
the appropriate 8 function and letting z(u)=x (u)—§, we
get

coz 24 l—b z

fdu

| e

(2.8)

In order to minimize the inequality (2.3), we must evaluate the term 1/8(S —S;) s, Which, for the considered action,
can prove to be equal to (V — V) So- 13 A lengthy but straightforward calculation gives

BF, m |7 #Bf? 2 6ma | maf?
(V=Vo)s,=e °|=—0%= die P | ——= H(€)— (&) , 29
075,=¢ 277%2[3] J ase 6masinh’f e wiE+ g @9
:
where with
12
2
=2 [dgVE+me T, (210 Vo £)=w (€)= LIn(f /sinhf) . (2.14)
B B
and Observing that [the superscript (2n) denotes the 2nth
==L |othf(g)——L @iy demvavel
a=alf)= co .
2mf () f 3] n
_ —n2/a &S 1 |a n
The quantity a governs the quantum spread of the po- (a) ™12 0= 20 R 82"(n) 2.15)

tential given by ¥ (£). For real values of f it gives a
behavior determined by an harmonic oscillator in the
ground state (8— o) to that of a free particle (8—0).
Negative values of (&) and consequently imaginary
values of f can be allowed provided that the temperature
is so high that the paths can never go very far from z(0)
due to a large kinetic energy (f =iv, |v| <). Indeed, as
shown in the following, our variational principle prevents
this limiting situation and gives always real values of f for
lowest temperatures. Taking the minimum of (2.3) with
respect to w(§), we ﬁnd

ﬁZB

_maf?
X155

and the average (¥ — ¥, )5, vanishes. For these reasons,

we are allowed to introduce an effective potential Vg in
the configurational integral

172
_m_ ] [age ™ 13

w(g)= (2.12)

_BF *ﬂFo

e ~e

2m#B

we get the following equivalent expression for w(§)

maf?
#wpr

we=3 |2

(2.16)
n=0 4

2n)(§)

In order to obtain the best approximation to F we still
have to minimize F, with respect to w, i.e., with respect
to f. The equation 6F,/8f=0 reads

2
V(2n +2)(§)

S
NI
Ii

1 &1 |a
mn§n4

[ dn VP4 n)ma)= e~/ (217

3 |-

defining the frequency w(£) of the harmonic part of the
approximate functional S,. This self-consistent equation
cannot give negative solutions for w*(£) such that f =i
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which would produce unphysical divergences. In particu-
lar, for T=0, the value of w*(£) must always be positive.
This can be verified for all physical potentials.

Let us consider the partition function in the two ex-
treme temperature limits, namely very high (8—0) and
very low (B— «) temperatures. The first one corre-
sponds to a quasi-classical situation. From Egs. (2.14)
and (2.17) we have

]

e BF~ -B

172
—Z_ﬂmT] fdé’exp

which reproduces the first correction in the Wigner expan-
sion. 2122

In the opposite limit, f— «, the integral (2.13) can be
performed by the saddle-point method. Considering &,
as the minimum of Vg, we find for the free energy in the
low coupling limit

—BholE, )

") +g1+88), (2.21)

F=%ﬁw(§m)+%ln(l—e
where g, is the zero-point correction and g,(B) is a fur-
ther temperature correction due to the anharmonicity.
The main behavior of the system is that of an harmonic
oscillator whose frequency is modified by the quantum
fluctuations, a(T =0)=%/(mw), through Eq. (2.17).

It is worthwhile to note that the one-loop “renormaliza-
tion” is directly derived by our variational principle, since
the self-consistent equation (2.17) does not produce any
secular term. The improvement obtained by using varia-
tional methods with respect to perturbative ones, where
regularization procedures are in order,!” appears to be evi-
dent.

Let us now apply the method to an anharmonic oscilla-
tor with an interaction potential
2

_l‘_ 2L MK
V(g)—4 §_7» , A>0, (2.22)

the negative sign corresponding to a double-well potential.
From Eq. (2.12) we have

2
w(€)=V(E) -3 | < (2.23)
and the self-consistent equation for f reads
4 2
3 1 4
= |eothf —— |= |= | 3f2=2|= | t(3p?x1),
Al
(2.24)
where we have introduced the dimensionless quantities
, 1172 172
o=a|FX |2, . (2.25)
mu Iz B

The first one is the “quantum” parameter giving the ratio
between the energy of the ground state of the harmonic

#B Lo
VE)+ 50 V(O
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aﬁ:iV‘z’(g) (2.18)

m

and we find
w(&)=V(E)+0(B), (2.19)

so that only the first term of the expansion of the loga-
rithm in Eq. (2.14) has to be retained, giving

(2.20)

—

—

oscillator and the height (u’/41) of the barrier in the
double-well case.

Looking for real solutions of f, we observe that the
left-hand side (lhs) of (2.24) represents a function taking
its maximum value, equal to unity, for /=0 and mono-
tonically decreasing when f tends to infinity. The condi-
tion for real solutions to exist is therefore

2
19
4

RS
2

—1‘> +1-3y. (2.26)

t

Hence, if the temperature is sufficiently low, we always
have real solutions for Eq. (2.24). For a double-well po-
tential at highest temperatures, possible negative values of
w*(£) can arise, depending on &, until to the classical value
maw*=V'2(&), for B=0.

In the following we consider the more interesting
double-well potential. At increasing temperatures, Eq.
(2.25) is not satisfied: we have imaginary » and conse-
quently f =iv with —7 <v <. Equation (2.24) becomes
in this case
2

41— . 27

- |4 4
Q Q
It is important to note that the solution for v, if any,
remains bounded away from *# at any temperature and
depends continuously on B, having v=0 for T— « and
1/T =2(4/Q)1—3y?), when, of course, the latter quan-
tity is positive. We stress this point, as it implies that no
singularity or unphysical result can arise in the partition
function at all temperatures, both for the double-well and
single minimum potentials.
For T=0 the effective potential reads
2

4
242

1
tgy——
cotgy —

_A gy
Ver=" 17"—75 1 3kymw
2
+ A o |- romy (2.28)
mo dmo

and the self-consistent equation for the frequency becomes
#

mo*=—p+3Ap2+3A— . (2.29)
mao

From the last two equations the minimum of the poten-
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tial is found to be, up to the first order in the coupling
constant, at the value

172
=2

Iy (2.30

§m=i

3, K
A melE,) l ’

where the renormalized frequency at minimum, w(§,, ), is
determined by Eq. (2.29) and turns out to be
172

(&)= —zrfli (1—-10)+0(Q?). 2.31)

This frequency renormalization derives from the quan-
tum effect of the anharmonicity, taken into account in a
perturbative way. This would be exhaustive for the
single-well potential. In our case, the quantum tunneling
is also present and, of course, it cannot be accounted by
our first cumulant theory [see Eq. (2.3)]. Therefore our
treatment holds whenever the frequency renormalization
is much greater than the effects of the quantum tunneling.
The latter, in turn, can be easily evaluated and results in

172
po=— || Lo-sore (2.32)
m w
with
I1Q)=3(1+V Q) E(q9)—VQK(q)], (2.33)

where E and K are the complete elliptic integrals of the
argument

9= (2.34)

I_Vzi 172
1+V§] '

The function I(Q) decreases monotonically from its
value % at Q=0 so that we are allowed to neglect the tun-
neling shift for Q <0.5, its value being less than 4% of
the anharmonic correction. The free energy for T—0 can
be essentially represented by

jﬁ‘ + iln( l1—e
um B

The self-consistent equation (2.24) has been solved for
wX(y) for different values of the temperatures at Q =+.
It appears that all of the frequencies tend to become real
when the temperature approaches zero (Fig. 1). The effec-
tive potential, to be introduced in the configurational in-
tegral is plotted in Fig. 2. From its behavior the physical
meaning of the quantum effects, according to our treat-
ment, can be easily inferred: the quantum fluctuations
make softer the potential, so that the jumps across the
barrier activated by the temperature are enhanced.

~Bhalt,,),

Fottio(Em)+ A (2.35)

III. PARTITION FUNCTION FOR A
SELF-INTERACTING SCALAR FIELD

Having discussed the partition function for the single
anharmonic oscillator, we now study a system of 2N +1)
interaction points {x,},|a | <N, which reduces to a sca-
lar field in the limit N— . We shall calculate the parti-
tion function

Z=e" Dx(w)]e * Sxwl  (3)

BF__
- f[xa(o)]=lxn(8ﬁ)]
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FIG. 1. Dimensionless quantity Q?=#0*A%/u* vs
y=(A/p)"% at different temperatures with Q =+ for the
double-well potential.

where again the functional integral is evaluated over all of
the closed paths in the configuration space of the system
and where

N
Sx@l= [du |2 3 Hwavaw) (. 62
a=—N

Moreover we shall consider potentials of the form

N N
> xBuaxp+g > ulx,), (3.3)
a,b=—N a=—N

m
Vix)= )

where we assume that the symmetric matrix B, contains
completely the harmonic part of the interaction. These
potentials are general enough to cover many models which
are frequently met in applications. We also require
periodic boundary conditions for our system and transla-
tion invariance for the matrix B, namely,

Xg+(2N+1)=%Xa> Baicb+c=Bab - (3.4)

The situation is therefore very similar to that of a single
oscillator, except for a number of additional technical
complications which we must take into account.

According to the procedure developed in Sec. II, we
shall calculate the “approximate” free energy F, deter-
mined by the functional

Vett
V(o)

0

T Ll
0 1 y

FIG. 2. Effective potential versus y at different temperatures
with Q = 1.
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N

N N
Solxl= [[au |2 3 224w+ 3 wElnw-%l+t 3

2 a=-N a=-N

[xo(1) =X, Jwap (X)) xp () —Xp] |,
a,b=—N

(3.5)

where, as in (2.5) X, is the average of x,(u), and the coefficients w, w,, w,, are going to be determined by the minimum
problem posed by the inequality (2.3), which keeps holding. As w,, is a symmetric matrix, it can be diagonalized by an
orthogonal matrix Uy, with determinant equal to unity. We define the eigenfrequencies w; according to

N
2
2 Ukawa,,Uﬂ,=mwk8jk
ab=—N

(3.6)

and, for each K, we again introduce the quantities corresponding to (2.6) and (2.10), namely,

fr=1Bfiy
#B 1
ak=—2;'}k7(fkcothfk—l) .

(3.7

. - . —BF, . . - . . .
The calculation of the partition function e AFo is done by first diagonalizing the matrix w,, and then proceeding as in

Sec. II. The result is the expected one, i.e.,

- m QN +1)/2 N £ul8)
= = dEe Pw® — . 3.8
2B [ ase kENsinhfk(é') 3.8
In a similar way
2N +1)/2 172
BF, m i #B fr
V-V — 0 d —Bw(§)
¢ 0)s,=e 2HB f fe kEN 6may sinhf}
172
N | 6may N mayfi
X (X (&) — w(é)+
k=rI_1v #B k=E_N 7B
(3.9)
with
6m QN +1)72 N
F(&)= > fd'r] V(UTp+Eexp |— 3 (i /ay) (3.10)
mh B k=—N
Minimizing (2.3) with respect to w we get
N "’Izc/ak N makfl%
w(= [ dygVUTy+&) —— (3.11)
f kHN(ﬂ'ak)l/z Ky 7P

and again (¥ —V; )5 =0. Therefore, using the expansion (2.16) for each k we define an effective potential ¥ (§)

which accounts for the self-consistent one-loop corrections

N ay r w N
Vesr(§) =V (§)+ E T (UBU )i +8 2 2
k=—N
X, makfl% 1 X fx
- Y In | = .
k=2-N #wp? B k=2—zv " sinhf}

Using (3.12) we can write

(2N +1)/2

_/31-‘0_ f dé_e—ﬁl/eff(g) .

—BF m
e ~e s
2mH B

(3.13)

We now consider the minimum of F, with respect to

)

n=la=—N | k=—-N

n
2n)
U’%a uin(ga)
n!

N ay
4

(3.12)

[

wgp- It is shown in Appendix A that the search for the
extrema with respect to w,, is equivalent to that with
respect to wi(£) and to the elements of the diagonalizing
matrix U (&), once the appropriate constraints are im-
posed. The variational principle for these quantities leads
to the following self-consistent equations:
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N
S Ui|Bas+ S Pup(€) | U =0 (3.14)
a,b=—-N
with
@ a —nk/ak
P, (£)=38, fd"]u [U N+8)4] II v (T )1/2
1 (2n42) D, |’
=84 2 ;t—'u (&) T , (3.15)
= n!

where we have defined the quantum renormalization fac-
tor

D, (&)= 2 UL(&) | —

k=-N

(3.16)

Moreover, using Eqgs. (3.14) and (3.15), the expression of
the effective potential can be recast in the more compact
form

1 X S
Veg(E)=V (&) — B k=2_ sinh,
l ('l IER) "
e 3 Si=beng, 3.17)
a=—Nn=2 2

The self-consistent equations (3.14) and (3.15), although
easily solvable for a single anharmonic oscillator, become
formidable for interacting fields and their solution could
be obtained by a numerical procedure. However, the a
priori knowledge of the classical “trajectory” is not in
principle required.

The expression (3.17) for the effective potential holds at
any value of B. However, as it occurs in the case of the
anharmonic oscillator, the high- and low-temperature lim-
its produce a simpler expression for Vg, which allow a
better understanding of its physical content. The high-
temperature limit is easy to calculate. From the defini-
tions (3.7) we have a; —#*B/6m + 0 (%) as B—0, so that
ay is actually independent of k up to terms of the second
order in 8. But in this case

LU Yo % #wp & #
— U= U =—"— 18
kzN 4 |k 24mk£N K= 24m G.18)
|
172
2 27ka
2N +1 2N +1
Akg=Up,(E,=const)= {(2N +1)"12) k=0
172
2 sin 2mka
2N +1 2N +1 |’
At low temperatures equation (3.7) gives
ap— as B—w . (3.23)

(273

Observing that ay=a_; and using the explicit form
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by the orthogonality of U and

S | % lwBun-"B S B (3.19)
=l s = 2am =, T '
by the properties of the trace. Finally, since
N macfi L N Sk
>y (3.20)
k =2_ N #B B _2_ sinhf}

is vanishing up to terms of the second order in f3, so that
from (3.12) we find

ﬁzB N
cff g)—V(§)+ 24m 2 [Baa+gu ga ]
a=—-N
N
=vie+ 2L hzﬁ s Ly, poo. G2
m .- _nN aga

We thus recognize that the correction to the classical
potential is just the first term of the Wigner expansion, as
found in Ref. 18: indeed this limit is not sensitive of the
quantum properties of the harmonic oscillators that have
been completely accounted for in the functional S.

We now consider the limit of low temperatures, — .
From (3.13) it appears that in this case the most appropri-
ate way to calculate the partition function is by using the
saddle-point method. Its application requires the
knowledge of the minima of the effective potential: we
suppose that the absolute minima of V., i.e., the vacua,
are represented by constant configurations, §, =const, and
we are going to study the contribution to the partition
function of any vacuum sector. The contribution from
solitons, whenever such solutions are allowed, can be han-
dled along the same pattern: a detailed calculation will be
worked out in the next section for the sine-Gordon case.

Let us consider the case £, =const. From (3.15) it can
be seen that the elements P,, are constant and indepen-
dent of the index a: hence the matrix P is a constant mul-
tiple of the identity matrix and U is just the matrix which
diagonalizes B. Due to the condition (3.4) of translation

invariance for B, the matrix U can be explicitly calculated
and reads
—N<k<-—1
(3.22)
1<k<N
T
(3.22) for Uy,, the quantum renormalization factor (3.16)
reads
D= — |- as B— o (3.24)
k=—N 2 k=—N 2m ()%
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recovering a previous result.!*?} This expression can be
inserted in Eq. (3.14) and, through Eq. (3.15), we obtain
the usual self-consistent equation for the renormalized
frequencies of the small oscillations around the vacuum.
Note that in this case P, and U, =A,, are constant
with £.

Another important limiting situation occurs when the
coupling g is low. We consider, as unperturbed frequen-
cies ; the square roots of the eigenfunctions of the ma-
trix B or

N
S AuBapAw =018y . (3.25)
ab=—N
We can now expand the matrix U,(§) defined in Eq.
(3.14) according to

Ug=Ai,+840 . (3.26)

Following the procedure explained in Appendix B we ob-
tain
0i~Q} + & 2 ARLPL,=0 404" . (3.27)
m,_—_n
Letting fi0=(B#A0 /2) and fi''=(BAwy’/2), the loga-
rithmic term in the effective potential (3.17) can be given
by the form

1 N f(O)
"B =E_ smhf“”
N (1)2
-5 3 f‘lO) —cothf( ffw)‘ (3.28)
k=—N

Some explanations are in order about the validity and
the meaning of this expansion. Note first that even if
vanishes for some value of k, Eq. (3.28) is valid g’rovided
that the temperature is not too low, so to have fk << 1;in
this condition the main contribution to (3.28) comes from
terms with high Q,. Moreover, the perturbative expan-
sion (3.26) apparently fails when Q; goes to zero, where a
low coupling can completely modify the spectrum of the
small oscillations. (Typical instances occur when noncon-
stant minima like solitons or solitary waves are con-
sidered.) However, for f,‘c“<< 1, the error deriving from
the use of (3.28) is again very small. On the other hand,
the nonperturbative effects, as the presence of translation
modes, are correctly included in the configurational in-
tegral.

Eventually, after some algebra, we can write the expres-
sion of the effective potential for low values of g as

N
V) =V(E -~ 3 In
Bl

(0)
_Jk
sinhf{ }

Lyteng,) |2 (3.29)

As shown in Eq. (3.28), the quantiti& a; in Eq. (3.29)
can be approximately evaluated using fi”, so that the
quantum renormalization factor D turns out to be in-
dependent of & and the calculation of V. becomes
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straightforward. The equivalent free energy F, describes
a system of quantum harmonic oscillators with an added
contribution due to nonlinearity calculated by a configura-
tional integral in which the parameters of the potential are
modified by the quantum fluctuations.

IV. SINE-GORDON CHAIN

In order to show in detail the applicability of our
method, we consider the discrete sine-Gordon chain with
lattice constant a. We have

Vig)=ma®3 [+ Q3@ —pp 11> —Qlcosp,], (4.1)
b
so that
Bay =Q5(284 — 845 _1— 845 +1)+ 2380 ,
(4.2)

2
u(l@)=maiy ll—q; —cos@y
b
In the continuum limit this system exhibits kink soli-
tons with classical energy Eg=8ma’Q,Q,. The quantum
behavior of the system is ruled by the parameter

Q =#Q,/E, (4.3)

generally known as the “coupling parameter”!® (the cou-
pling parameter of Ref. 13 is 8 times larger). The
strength of the anharmonicity of the system (4.1) is mea-
sured by

e=1/(4R?*)=(0,/20,)?, 4.4)

where R represents the length of the kink in lattice
units.'> For largest values of R (displacive limit'%), the
discrete chain is well described by a continuum model.
The frequency of the radiation in the classical case is
given by
O} =03 +4Q3sin%(ka /2) . (4.5)

Up to some inessential additive constants, the effective
potential of Eq. (3.17) specifies to

1 Sx
Vesr(@)=+ma’Q} S (g, — P——iIn|—
eff\P) =7 o% Po —Pb+1 B % sinhf,
2025 ,-D/2 D
—ma’*Qi e 1+7 cos@y , (4.6)
b
while from Eq. (3.15) we have
P, =8,ma’03(e ~P 2cosp, — 1) . 4.7

On this particular case it can be explicitly checked by
the use of Eq. (3.16) that (3.14) cannot produce negative
values of w} for lower and lower temperatures.

In this temperature range the main contribution to the
partition function arises from local minima. These are
given by the following equation:

Q5205 — @b 11— @b 1)+ Qe ~2 %sing,
U,
% aa aq)b
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For low coupling we observe that the third term is of
higher order in Q? so that in the continuum limit Eq. (4.8)
becomes the well-known sine-Gordon equation with the
renormalized frequency ;= exp(—D /4).

For B— o the only contribution derives from the vacu-
um sector @, =0. Taking into account that Uy, is in-
dependent of @, being the matrix that diagonalizes B,
[see Eq. (3.22)] we obtain from (3.14) the self-consistent
equation

w} =4Q%sin*(ka /2)+ Qlexp[ —Do(T =0)/2] ,

m(14+4R*)V2" | (144R?)!/?

1 o (4.9a)
Dy(T =0)= .
oI =0=2n 11 § 2ma’o,
At lowest order, Dy(T =0) turns out to be
Dy(T =0)= 8OR [ 2R ] (4.9b)

in agreement with previous results.!3

When the temperature increases, the quantum renor-
malization factor Dy(T) decreases, indicating that the sys-
tem becomes more and more classical. According to Eq.
(3.16) for the case @, =0, we find at lowest order in terms
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The behavior of Dy(1) is plotted in Fig. 3 for Q=0.1 and
R=2 and 10. (See Appendix C for details.)

For nonvanishing T the contribution of other local
minima (i.e., static solitons) @=¢'® must be included.
The diagonalizing matrix Uy, is now space dependent,
representing the new density of states caused by the modi-
fication of the spectrum of small oscillations by the pres-
ence of the soliton in the dilute-gas approximation.?*
However, it has been shown!>?’ that the corrections to the
factor D are vanishing for infinite length of the system.
Therefore, the ¢ dependent U,,, which takes into account
the phase shift of the radiation,?*2% must be inserted only
to evaluate the logarithmic term.

As mentioned in the Introduction, some magnetic
chains?’ present some interesting features of the specific
heat™!!"!2 which seem to be caused by sine-Gordon soli-
tons. However, the peak of the specific heat occurs in a
range of temperatures (z~0.2) where the dilute-gas ap-
proximation is no more valid and the contribution of
soliton-soliton interactions must be taken into account yet
in the classical case.?*?° On the other hand, the quantum
renormalization factor Dg(¢) is only 30% of the value at
T=0 in this range of temperatures (see Fig. 3), signalizing

of the reduced temperature ¢=kpT/Egs, with that, at least for low coupling, the quantum fluctuations
p=(1 +e)l7? should not affect too much the nonlinear contribution. It
1> 2 is instead essential to entirely consider the quantum char-

Dy(t)= AOR Y |(nm)t+ QR -li% (nm)? acter of the harmonic oscillators.'!
t o om=t pt | 16R The expansion (3.29), valid in the displacive limit
2R 21-122 (€ << 1) appears to be promising in these conditions, ex-
+ —Q—T ] ] , (4.10)  tending the results obtained by a Wigner-type expansion.!®

2pt Using the equation (3.29) we obtain

]
(2N +1)/2 .
—BF, ma 2 ﬁBQosm( ka/2) ma 2 2 2 2 —Dy/2
= d —B— Q - — .
21928 Il Son#eogsintka /2] J dpexp | —B=5 2 [0o(gs =@y 41— 20 cosgy ]

(4.11)

This expression for the free energy, valid for ¢ > Q /2, constitutes an important improvement with respect to previous
theories. In order to give a physical meaning to (4.11) we first consider the high-temperature limit. In this case we re-

cover from (4.11) the first Wigner correction (3.21):

(2N +1)#2B203 ma’Q}
=" t2 |73
b

The first term represents the quantum correction!® of the
oscillators of frequency 2Q¢sin(ka /2) due to the interac-
tion of nearest neighbors. At this order they are
uivalent to (2N +1) Einstein oscillators with frequency
2Q,. The quantum effects related to the sine-Gordon
cosine potential are accounted by a simple renormaliza-
tion of the frequency Q;.

For decreasing temperatures, the quantum effects must
be completely considered for the aforementioned harmon-
ic oscillators, while the renormalization of the frequency
Q,, with the appropriate D factor, is again consistent.
Therefore the free energy (4.11) presents a Debye behavior
with an added renormalized contribution due to the non-
linearity, in agreement with the fully quantum results

(@p —@p 41 —ma’0}

1 ———— .1
5 . 5 |coses (4.12)

[

based on the massive Thirring model.’*3!

Summing up, the nonlinear quantum contribution to
the free energy can be reduced to the calculation of a clas-
sical configurational integral where all modifications of
the radiation due to nonlinearity are included. We are
thus able to overcome the dilute-gas approximation and
use the well-known classical techniques, as the
interacting-soliton model,?® high-temperature expansions,
and eventually transfer-matrix numerical calculations.

In the classical case the full nonlinear contribution to
the specific heat, 8C,*? is much lower than the first-order
transfer-matrix result.* The latter coincides with the
dilute-soliton gas approximation.’* The quantity R8C is
a universal function of the reduced temperature ¢. It has
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0 02 t

FIG. 3. Quantum renormalization factor Dy(z) versus the re-
duced temperature ¢ =kgT /Es of a sine-Gordon chain for dif-
ferent R with Q=0.1.

been shown?’ that the large difference with respect to the
classical dilute-soliton gas approximation is mainly due to
the soliton-soliton interaction (see Fig. 4 and Appendix
D). Therefore it is evident that the quantum correction
must be superimposed to the interacting system rather
than to the dilute-gas results. In this framework, for
evaluating the quantum 8C in the region of the peak
through Eq. (4.11), we can simply replace ; with
Q,exp(—D /4) in the classical expansions given in Appen-
dix D. The results are given in Figs. 4 and 5. For the
considered range of R and @, the quantum corrections,
which are indeed important for the harmonic part, do not
much affect the anharmonic contribution in quantitative
agreement with the results of the quantum sine-Gordon
model,30:31,33

If the one-dimensional ferromagnetic CsNiF; could be
thought as a fully easy-magnetization-plane system and
consequently as a sine-Gordon system, the appropriate pa-
rameters would be @~0.11 and R ~5 for a magnetic field
of about 5 kG. Hence, as shown in Fig. 5, the quantum
effects on the nonlinear contribution to the specific heat
would be small, not overcoming 10%. However, the ex-
perimental data are much lower than this prediction,
showing the already observed inadequacy of the easy-
magnetization-plane model. A theory which could take

(") ' 0.2 ) t

FIG. 4. Nonlinear contribution to specific heat of a sine-
Gordon chain versus ¢. Solid line represents the classical result.
Dotted line represents the classical result without soliton-soliton
interaction. Dashed lines represent quantum results for 0=0.1,
R=2 and 10.

FIG. 5. Nonlinear contribution to the specific heat versus ¢
at 0=0.11 and R=>5 (dashed line). The solid line is the classi-
cal result. Triangles are experimental data from Ref. 9 as
presented in Ref. 33. Dotted line as in Fig. 4.

into account the out-of-plane fluctuations is essential, but
it cannot be limited to the dilute-soliton gas approxima-
tion.'*

V. CONCLUSIONS

The new variational approach, developed here, seems to
offer a useful tool for calculating the quantum corrections
to the classical free energy. Our theory unifies the
methods described in Refs. 5, 13, and 16 giving a correct
effective potential to be inserted in the configuration in-
tegral, at any temperature, in the low-coupling limit.
Moreover, the frequency renormalization is a direct conse-
quence of our variational principle.

The expansion for small anharmonicity [Eq. (3.29)] has
been applied to the sine-Gordon chain the displactive lim-
it showing, as a new result, that the specific heat can be
calculated by the previous classical expression with a sim-
ple renormalization of the frequency. Moreover, in this
limit, the quantum renormalization factor is approximate-
ly evaluated using the spectrum of the small oscillations
around the vacuum.

The method appears to be very general and can be sim-
ply extended to the calculation of static correlation func-
tions. Work is in progress in this direction, together with
its application to other nonlinear models which could
better describe some real system.

APPENDIX A

We present here the explicit evaluation of the minimum
of F, with respect to wg,. Since the matrix wg, is sym-
metric it can be diagonalized by an orthogonal matrix
Uka- We therefore split the problem in two steps: First
we calculate the minimum of F,, with respect to the eigen-
frequencies of w,,, i.e., equivalently, with respect to fy.
Secondly, we minimize with respect to Uy,. Of course
some care is due in this second step, and we have to use
Lagrange multipliers to account for the orthogonality
constraints on the matrix U,. We have
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aVe N © N
L UBUT) +¢ S SUL| S
afk 4 a=—-Nn=1 I=—N

Q.
4

so that the equation 8F,/6f; =0 gives

5 ﬁZﬁZ N
fk="—4'"_ Y UkalBap +8Pas(8)]Uss
a,b=—N
where P, is given one of the following two expressions:
n
© N a; u(2n+l)(§ )
Pupy=80 X | X e Ui "“——,-a—
n=0 | I=—N (G
(2) T, i e_n’z‘/ak
=§ dnu'“[(U'n+§) _—
w J dnu®[(UTy & I i

2
Ula

n—

1
u™(g,)  4fE | dax

(n—1)!  #8 | 3fx A
(A2)
(A3)

Equation (A2) shows that the quantities mw? are the diagonal elements of the symmetric matrix U(B +gP)UT. Ac-
tually we shall prove that the latter matrix can be supposed diagonal, so that mw} are just its eigenvalues.
The minimum with respect to U must be evaluated under the orthogonality constraint

vuT-1=0 (A4)
so that, letting

M(E)=Vu(&)+Tr[(UUT—DA], (AS)
where A is the matrix of the Lagrange multipliers, we have to solve the system

OM(§) oOM(&) —0. (A6)

U, Oy

The second of these equations gives the constraint (A4). To write the explicit form of the first equation, we calculate
the variation of M, AM, under a variation AU. After some lengthy algebra, we get

N |a N ax | uPE)
AM =2 2 -~ [(AU)BUT]kk+2g 2 —* ————“g—a'—
k=—N ak=—N 4 (n‘—l).
n—1
< | |, 4 T, T
X(AUUia | 3 - |Va + 3 [ADUTA+ADw  (AD
l=~N k=—-N

from which it is straightforward to compute the deriva-
tive of M with respect to Uy,. As U is nonsingular, the
first of equations (A6) is equivalent to

il oM
) =2_~ Uagg ~ U, =0 (A8)

whose explicit form reads
Ok
4
But (A+AT) is symmetric, so that, defining the diagonal
matrix

[U(B +gP)U ]+ 5 (A+AT)y=0. (A9)

A= adix (A10)
from Eq. (A9) we get the commutation relation
[4,U(B +gP)UT]=0. (A1)

Therefore, there exists an orthogonal matrix U deter-
mining a similarity transformation which simultaneously
diagonalizes both U(B +gP)UT and 4. Since 4 is al-
ready diagonal, we can suppose, without loss of generality,
that U commutes with 4. By substituting U with UU we
conclude that, up to an inessential redefinition of U, the
matrix U(B +gP)UT is diagonal. Equation (A2) is then
written in the general form given by Eq. (3.14).

APPENDIX B

We present the detailed derivation of (3.27). Observing
that, up to the first order in g we have (in matrix nota-
tion)

U™'=(4+g4")"'=(I —g4~'4")4~! (B1)
equation (3.14) gives



33 QUANTUM CORRECTIONS TO THE THERMODYNAMICS OF NONLINEAR SYSTEMS

w0t =[ABA~'+g(A'VBA~'—ABA'4'V4 )

+8APA VN . (B2)
However,

(AVYBA—'—ABA~'AV A,

=[AVA" L, ABA" 1 (B3)

and from (3.25) we note that (4ABA ~1); = Q2 is a diag-
onal matrix. Therefore, the evaluation of the (k,k) ma-
trix element of the commutator (B3) gives a vanishing re-
sult and Eq. (B2) reduces to

0t =02 +g(APA i (B4)
ie., to (3.27).
APPENDIX C

The quantum renormalization factor D, for the vacu-
um sector has the general expression (3.24). Under the
usual conditions we shall replace the sum by an integral.
Recalling the explicit form (3.7) for a; and using the no-
tations introduced in Sec. IV, we find that a convenient
expression for calculating D, at low temperatures is

coth-Q—
Do) =80R ["dx 24 Q" 1)
° P (2 — (AT —x2)]2

[A=(144R?!?] which gives immediately (4.9) for
T=0.

To evaluate D, at high temperature, instead, the fol-
lowing form turns out to be more convenient:

1
thx — —
4Q°R M co x
Dyn=22R %, (2
=== 1, I —Ahas—ey2 P

where A;=Q/2t and A=
known expansion

(Q/2t)A. By using the well-

cothx——_2 2

(C3)
n=1X%X 2in 17'2

and performing the change of variable x —x?

dx
o= ,,%fm (x +n2m)[(x —AD(AZ—x)]'"?

(C4)
whose evaluation is elementary and gives (4.10). For very
high temperatures the series (4.10) gives

D=2 R +0(1/22)

, we get

(CS)

describing the asymptotic vanishing of the renormaliza-
tion factor when the system approaches the classical re-
gime.
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APPENDIX D

The well-known formula which allows the calculation
of the speciﬁc heat from the free energy is

aT2

F
B B2
In the classical case the free energy F, is expressed in

terms of high- and low-temperature approximations. A
standard high-temperature expansion gives

1+ 3 Azn—lqzn_ll

n=1

2kaﬁzg kmfi3 3 (D1)

Eg
Fa=(N +1) e (D2)

with g =(4t)"2=(BEs/2)*. At low temperature an ex-
pansion for the classical free energy has been found by us-
ing an accurate transfer equation approach and reads

Eg
Fy=0Q2N+1)— 2 a t"—1,(t) —1(2) (D3)
8R | <,
where
)=16V2t/me =" ¥ b,t",
=0 (D4)
Tss(t)=§ie"2/' 1n4—y~%t 1+lnitl
m t t
2 1142 47’ ,

and y~0.5772 denotes the Euler-Mascheroni constant.
The explicit values of the coefficients 4, of Eq. (D2) as
well as a,, and b, of Egs. (D3) and (D4) can be found in
Refs. 5 and 27. It must be observed that the low-
temperature expansion (D3) has a transparent physical in-
terpretation in the framework of an interacting-soliton
theory.?”3* Indeed the first series in (D3) gives the contri-
bution of radiation and radiation-radiation interaction; the
function ¢ accounts for the one-soliton and radiation-
soliton interaction and, finally, g contains two solitons
interacting both between themselves and with radiation.

According to what we have developed in Sec. IV, the
free-energy including the quantum corrections in the low-
coupling approximation is obtained from (D2) and (D3)
by replacing the soliton energy Eg with its renormalized
counterpart

E{"=Egexp(—D/4) . (D5)

Consequently, also the reduced temperature ¢ must be
substituted by t,=texp(D/4). As the renormalization
factor is t dependent [see, e.g. (4.10)], the appropriate cau-
tion is needed to evaluate the derivatives giving the specif-
ic heat (D1).

*Also at Sezione di Firenze, Istituto Nazionale di Fisica Nu-
cleare, 1-50125 Firenze, Italy.
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