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Brillouin spectroscopy of polarization fluctuations in a Rbt „(NH4)„H2PO4 glass
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Brillouin scattering spectra of modes coupling linearly to the polarization have been obtained on a

single crystal of the mixed ferroelectric-antiferroelectric system Rbl „(NH4)„H&PO4 with x =0.35, a
concentration where a structural glass forms at low temperatures. A phenomenological description
of the dielectric susceptibility is used which accounts perfectly for all aspects of the unusual line

shapes observed. Crucial parameters of that theory are found in agreement with values derived

from other independent measurements, such as dielectric-constant ones, giving strong support to the

phenomenological description. Evidence for the existence of a broad distribution of relaxation times

and of a dynamic central peak below the onset of freezing is presented. Besides the piezoelectric

coupling effects, couplings of higher order in the polarization are found to play an important role as
well, in particular for longitudinal modes.

I. INTRODUCTION

There is considerable current interest in the statistical
mechanics of systems with randomly competing interac-
tions. These can freeze into "glasses" at low tempera-
tures. Better understanding of the associated dynamics
could clarify the entire subject of the glassy state. '

Among structurally frustrated mixed crystals, the new
solid solutions of rubidium-dihydrogen phosphate (RDP)
and ammonium-dihydrogen phosphate (ADP) have rapid-
ly attracted considerable attention. In that system, the
competition is between the ferroelectric (FE) transition of
RDP and the antiferroelectric (AFE) one of ADP, both
characterized by specific orderings of the acid protons.
The AFE order is induced by a competing hydrogen
bonding of the ammonium ions. The random distribu-
tion of the NH4's in Rb, „(NH4)„H2PO4 or RADP pro-
duces the frustration. For 0.22&x &0.74, both the low-
temperature FE and AFE transitions are suppressed and
the crystals manifest glasslike properties on coohng.
One great interest in these particular solid solutions, be-
sides the ease of growing high-quality homogeneous and
stable single crystals, derives from the fact that in
KH2PO4 (KDP) and its isomorphs a broad variety of sus-
ceptibility measurements can be performed. In this
manner, it has been possible to establish that freezing in
RADP is characterized by a wide distribution of relaxa-
tion times with a long-time cutoff whose temperature
dependence could be measured over about 17 orders of
magnitude in time.

In this paper, we report on the measurement and inter-
pretation of Brillouin scattering spectra from acoustic
phonons linearly coupled to the polarization. This pro-
vides rather direct information on the corresponding
frequency-dependent susceptibility at the high frequency
of the Brillouin shift. The measurements were performed
on samples with x =0.35, a concentration where the
dielectric susceptibility is still rather large but where no
FE transition occurs. In pure KDP, the FE transition is

associated with an elastic instability of type I, and the
corresponding soft mode, together with defect-related and
field-induced central-peak (CP) phenomena, have been ob-
served in considerable detail. ' In the RADP glasses, it
is interesting to see what remains of the acoustic soft
mode and also to follow the Raman soft mode down to
Brillouin frequencies. In this way, we were able to gain
dynamical information in the —1 to -0.01-cm ' range,
and this on illuminated sample volumes which are rather
small ( —10 mm ) compared to the volumes used for
other macroscopic measurements. Since small volumes
are likely to be more homogeneous in their composition,
the latter point will become particularly important for
studies near boundary lines of the phase diagram, where
properties are likely to be strongly concentration depen-
dent.

The theoretical description of the spectral profiles is
developed in Sec. II along lines already tested successfully
on KDP, ' but extended here to the more general suscepti-
bility that applies to the glasses. Predictions that are in
some fundamental ways different from those for KDP are
found. The experimental details and necessary ancilliary
information are given in Sec. III. The results for the xy-
shear mode, which is the soft mode in the case of KDP, 9

are given in Sec. IV. Remarkable agreement between
theory and experiment is obtained, which can be cross
checked with the dielectric information on the piezoelec-
tric coupling constant presented in Sec. III, and which in-
terpolates the dynamics observed with Raman spectros-
copy and with dielectric-constant measurements. In Sec.
V, results on the longitudinal acoustic mode propagating
along the xy diagonal are presented. In addition to its
piezoelectric coupling, that mode is stmngly affected by
electrostriction in a manner similar to recent observations
on the longitudinal acoustic mode propagating along the
x axis. ' This scattering geometry also reveals best the
presence of a dynamic CP which is a feature in which the
RADP glasses differ fundamentally from KDP. Finally,
in Sec. VI, the essential results are summarized and corn-
pared with our current understanding of this system.
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II. DIELECTRIC RESPONSE
AND COUPLED SPECTRA

Crystals of the KDP family are piezoelectric already in
their paraelectric phase, and it is thus necessary to consid-
er their dielectric and elastic responses simultaneously.
Including terms up to electrostriction, the constitutive
equations are

—1 (la)

As a result, for a fixed measurement frequency, there ex-
ists a temperature above which (2) and (3) effectively
reduce to the "fully relaxed" values

X(0 T)=Xa+Xo(T),

XFR(0, T) =X(0,T)Q /( Q 1 ),
(4a)

where a dimensionless inverse coupling constant has been
defined by

t'kl~i ~ijkl ~i j +Cklmn mn +kl (lb) Q=C66/X(O, T)h36 . (5a)

Here, P and e are polarization and strain, respectively,
while E and cr are the corresponding forces. With the po-
larization as an independent variable, the bare elastic stiff-
ness tensor C, as well as the coupling tensors h and R,
are only weakly dependent on temperature T. The T
dependence of the bare elastic stiffness originates from
lattice anharmonicity, and its corresponding imaginary
part leads to a phonon linewidth below the present experi-
mental resolution and can safely be ignored. The actual
phonon linewidth, in the scattering geometries to be inves-
tigated, results from the coupling to the imaginary part of
the bare dielectric susceptibility tensor X. The piezoelec-
tric tensor h has, for the point group 42m (Diq), only two
distinct nonvanishing components h ~q ——625 and 636,
where the last pair of indices is contracted. The electro-
strictive tensor R has the same number of distinct com-
ponents as the piezo-optic tensor, i.e., seven, while X has
two distinct components and C six. The spectra will first
be discussed neglecting the contribution of R, to which
we shall return at the end of this section.

Considering only the nonzero diagonal terms and drop-
ping indices for simplicity, the susceptibility X is written
in terms of a distribution g(r, T) of Debye relaxations of
characteristic time v, '

X(co, T)=Xs+Xo(T) f '. d lnr .
" g(~, T)

1 —ICOS'

The distribution is normalized over d in'; Xs corresponds
to the relatively small background lattice contribution, as-
sumed constant in frequency co and T, while Xo(T) is the
very-low-frequency limit of the "critical part" of the sus-
ceptibility which is the main part of the paraelectric
response. In KDP, g (r, T} is very well approximated by a
5 function, " while in RADP glasses, the distribution is
broad in in~. As defined in (1), X is the "clamped"
dielectric susceptibility that can be measured when the
sample is sufficiently large for e to be zero at the mea-
surement frequency. Contrarily, if co is small compared
to the sample resonant frequencies, no stress can develop
and (lb) for o'6 and with R=O gives —hq6Pq+C66e6 ——0.
Introducing the resulting value of e6 in (la) particularized
to Ei, one finds for the "free" dielectric susceptibility
parallel to the c axis XFR(co, T),

XFR(~ T)—X ~ 36/C66

It is the distribution (2}of relaxations that leads to disper-
sion and loss in the low-frequency dielectric constant
cFR(co, T)=XFR+1 that has been observed below 30 K in
RADP. ' As the temperature is increased, the distribu-
tion g(~, T) moves towards shorter characteristic times r

as illustrated in Fig. 1(a}, with which shear waves propa-
gating along x and polarized along y are probed. It is in
this geometry that the soft acoustic mode is seen in KDP
and that the strongest coupling to polarization fluctua-
tions is achieved in RADP glasses. In this case, the
scattering wave vector q is given by

q =(2m/A, )( —,no+ ,' n, )'~2, —

where A, is the laser wavelength and no and n, are the or-
dinary and extraordinary indices, respectively.

(ii) L[110]: with the geometry x(y, x)y, as shown in
Fig. 1(b}, where only longitudinal wave propagating along

Ti [100] L [1 10]

(b)

FIG. 1. Two scattering geometries used for the investigation.
The laser and scattered-light polarizations are denoted by H or
V and the wiggly lines show the phonon propagation directions.

The same definition has been particularly useful for the
description of the KDP Brillouin spectra. "' As seen
from (4b), Q(T) can be determined from a measurement
of fully relaxed free and clamped dielectric constants, @FR

and ecq ——7+ 1, respectively, since

Q '=1—(ecL—1)/(@FR—1) .

One also sees from (4b) that Q ~1 in the paraelectric
phase, and that Q =1 corresponds to a FE transition
where XFR diverges.

Brillouin scattering gives access to polarization fluctua-
tions 5P and thus to X(co, T) in (2) by the fluctuation-
dissipation theorem. In this work, scattering at 90' has
been observed in the following two configurations.

(i) T~ [100]: seen in the geometry
T

I+X X+Z Z —X

W2
" ~2
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co, ( T) =co, (0} ASF ( 8—/T), (8a)

where 8 is the Debye temperature and F the Debye func-
tion for the internal energy,

F(x)= ~ J du,x' Q e"—1
(8b)

as tabulated, for example, by Abramowitz and Stegun. '

The scattering strength depends on the piezo-optic con-
stant p66 and on the electro-optic constant a36 that will
be designated by p and a, respectively. Using the
fiuctuation-dissipation theorem, the scattered spectrum is,
within a geometric factor, '

kT —h
I(ar, T) ~ Im (a p)

%CO —h p co+ —co q

(9)

To evaluate this expression, it is convenient to use the fol-
lowing quantities

Y—:aC/ph,
~ g(r, T)@=Kg +EKI = d ln~.

1 —I, COY'

(10a)

(10b)

Y determines the relative strengths of electro-optic and
piezo-optic couplings, as can be seen by combining the
constitutive equations (1), with the fluctuation in the in-
verse dielectric constant given by

(x—y)/~2 and their coupling to fluctuations 5P& are
seen. This is the usual Raman scattering configuration to
observe the Bz mode in KDP. ' For this polarization, the
wave vector q is given by the above expression in which

n, is replaced by np.
In both cases, the re1evant piezoelectric constant is h36,

while the elastic constant is C66 for T i [100] and
—,'(Ci~+Ci2)+C66 for L[110]. Designating these con-
stants by h and C, respectively, and ignoring R, the equa-
tions of motion derived from (1) are, for either mode,

X '(co, T)5P —h 5e =5E,
—h 5P+(C pa—)'/q2)5e =5o,

where 5P and 5e are the fiuctuating fields, 5E and 5o the
corresponding fiuctuating forces, and p the mass density.
It is convenient to define the bare, or uncoupled, phonon
frequency co, by

co, —=qv'C/p .

In the absence of FE or AFE transition, the weak decrease
of co, ( T) on heating can be described, in the Debye anhar-
monic approximation, '

by

kT &IP

7TCO

[1+Y(1—ru /co, )]

+Kg

r=roexp[E/(T —To)] . (14)

Brillouin measurements are not sensitive to the precise
form off(E}. For the present purpose, given that f(E}is
known to be rather fiat in E, ' the distribution is ap-
proximated by

f(E)= ~ 1/(E, E), E—&E&E, ,

0, E)E, .

(15a)

(15b)

(15c)

Rather than E =0, recent dielectric scaling suggests that
E 60 K. This value affects only the normalization in
(15b), while the corresponding minimum time
r =ro[E /( T —To ) ] is, for T & 25 K, anyway much
shorter than the inverse of the Brillouin-phonon frequen-

cy, since vo ——1/2mro is approximately 120 cm '. The
value of the high-energy cutoff time

r, =roexp[E, /(T —To)]

falls within the range of the Brillouin time scales for
35 & T &70 K, where it affects the shape of the spectra.
With g(r, T)d lnr=f(E)dE, using (10b), (14), and (15),
one obtains straightforwardly,

1 1n[(1+m r, } (/1 +ada~)]
]cg ——1 —— (16a)

2 ln~, —lm

arctan(cur, ) —arctan(cur )
Kl =

ln~, —lnv
(16b)

The general shape of the spectrum (13) is mainly governed
by the poles of the denominator. The Brillouin peak is lo-
cated approximately at cuz given by

Xg Xg cog
a@+ =Q' 1+ 1—

Xp XQ
(17)

2
COg

(13)

Measurements performed over a very broad range of fre-
quencies suggest that in the glassy state of RADP the
distribution g(r, T) in (10b) can be derived from a distri-
bution of barrier energies E, where the relaxation times
are related to the barriers by the Vogei-Fulcher law'

5(e ')6=ai65Pi+p665e6

We also define, similar to (5a),

Q' —=C/(Xo+Xg )h ', (12) roe =co, v'(Q' —1)/Q' . (18)

This phonon couples by Q' to the dielectric susceptibility.
At high temperatures, where r, « 1/co& (distribution I in
Fig. 2), aii -=1 from (16a) and (17) reduces to

where Q'=Q for Ti[100], while Q'=Q[ —,'(Cii+Ciq)
+ C66]/'C66 for L[110] With these definitions, (9)
reduces to

In this case, the spectrum is nearly Lorentzian since
~1 ~ co. This is illustrated in Fig. 3 (curve I), which shows
theoretical line profiles calculated from (13) using the
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temperature-dependent parameters appropriate to the con-
centration x =0.35, as described below. Lorentzian fits
to such spectra give co&, and using (18) together with the
value of Q from the dielectric measurements allows the
determination of the bare frequency co, . In the tempera-
ture region where co& approaches 1/r„as illustrated by
distribution II of Fig. 2, the maximum softening co, —co&

is observed. Indeed, above that temperature all relaxa-
tions are in equilibrium with the strain wave; the soften-
ing increases as 1decreases because Q', proportional to
the inverse susceptibility, decreases. Below that tempera-
ture, the slowest relaxations are not in equilibriuin at co&,
which causes aI((c~s) to become smaller than 1 and thus
co& to move towards higher frequencies as T is further de-
creased. Figure 3, curve II, illustrates a spectrum in the
region of maximum coupling and two further spectra at
lower temperatures (curves III and IV). The maximum
width of the Brillouin peak does not occur in the region of
maximum softening but at lower temperatures where the
softening is of the order of one half its maximum, as illus-
trated by curve III in Fig. 3. This is similar to tee situa-

1.0
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C

0.6

0.4

3 0.2

0
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RADP

T, [tOO] A = St45A

Theoretical profiles
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'. 3l
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FIG. 3. Theoretical T~[100] spectra, before convolution with
the instrumental function, corresponding to the distributions of
Fig. 2. The parameters used for the calculation of the spectra
are the experimental ones. The relative intensities, normalized

by the absolute temperature, are significant.

Relaxation Time 7 (sec)
FIG. 2. Relaxation-time distributions at various tempera-

tures. The values used for this figure are representative of those
derived from the experiments. The inverse frequency of' the
T~[100] mode is indicated by the vertical arrow.

tion in the case of the single relaxation time, ' except that
with a distribution the temperature region of the max-
imum width is rather broad.

At temperatures below the region of maximum cou-
pling (curve III in Fig. 3) one also observes the growth of
a dynamic central peak corresponding to the polarization
fluctuations associated with the slow relaxations. The in-
tensity of that CP emerges from the background intensity
in the frequency region co&co&. As the temperature is
lowered further (curve IV in Fig. 3), the relaxation distri-
bution extends rapidly to lower frequencies, the back-
ground decreases, and the CP becomes extremely narrow.
This is rather different from the observations above the
FE transition in pure KDP," where the bare dielectric
susceptibility always relaxes much faster than the shear
mode observed in Brillouin scattering, so that a dynamic
CP does not occur in the absence of a biasing field. ' '

The simultaneous presence of a narrow dynamic CP and
of a broadening of the acoustic phonon is the most prom-
inent signature of the broad distribution of relaxation fre-
quencies. To obtain such spectra, it is necessary to have
relaxations, both near the Brillouin frequency, to broaden
the phonon, and at much lower frequencies, to produce
the quasi-elastic scattering.

In the numerator of (13), the factor containing Y also
affects the spectral shape. If Y«1, the optical coupling
occurs via the piezo-optic constant, and the above descrip-
tion is complete. However, if Y ~&1, the coupling is pure-
ly electro-optic. In that case, the spectrum reflects pure
polarization-polarization correlations which are effective-
ly quenched at co=co, by the acoustic resonance at that
frequency. This produces a zero in I (co) at co, . For finite
Y, the effect is only an additional asymmetry of the line,
with eventually a dip in the region of co, .

In the above discussion, the contributions of the elec-
trostrictive tensor R of Eqs. (1) were neglected. Their ef-
fects can be quite dramatic, as revealed by recent Brillouin
measurements of the L[100] phonon. ' Including R, the
equations of motion become nonlinear, and they cannot be
written nearly as simply as (6) since they involve sums
over the entire Brillouin zone. However, the phonon shift
and damping can be estimated using Kubo's formal-
ism. 23'2 The central result of such an analysis for RADP
is that the polarization fluctuations 5P must contain two
components that are very distinct in their dynamics, '

Here, 6P" is the usual dynamic part as considered in the
above discussion of the spectral profile, while 5P' are
much slower fluctuations (eventually static ones) that
must already be present, with long-range correlations, at
temperatures much above To. They correspond to an
Edwards-Anderson-type order parameter q that can
be defined by

e~~=——J [»'(r)]'d'rEA (20)

where the integration is over the volume V. The main
contribution to the dispersion and attenuation of the
L[100] phonon is found to arise from a Landau-
Khalatnikov (LK) term involving the product of the
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dynamic correlations (5P"6P ) with the static ones q
This gives a change in the elastic stiffness tensor C near
q=0,

LK EA5CfJkl = —4R~pgjJR
pyg ggkI q gag gag (21)

where X is the susceptibility defined in (2). In deriving
that equation, it was assumed that the frequency depen-
dence of X(q, co) is rather constant throughout the Bril-
louin zone, so that g can be replaced by its q=0 value
and can be factored outside the integral over the zone.

Similarly to (21), the elastic stiffness changes associated
with piezoelectricity, using the Kubo formalism, can be
written

~ Cijkl = hnij hnklXnn (22)

Comparing (21) and (22), one sees that the electrostrictive
Landau-Khalatnikov term has just the form of an addi-
tional piezoelectric contribution. Its main effect can
roughly be accounted for by an increase of the effective
piezoelectric constant, from h to h', with

(h «i)2=h3+4R3qEA (23)

III. EXPERIMENTAL PROCEDURE
AND AUXILIARY RESULTS

0

Brillouin scattering was excited with the 5145-A line of
an argon-ion laser operating on a single mode at -200
mW. It was observed at 90 on the T1[100] and L[110]
modes, as discussed in Sec. II. The scattered light was
analyzed with a triple-pass Fabry-Perot interferometer
with a plate spacing of 0.900 cm for the T1[100] and of
0.375 cm for the L[110]scattering geometries, respective-
ly. The interferometer used is the first half of a tandem
Sandercock system operating with its usual feedback elec-
tronics. As the samples were of rather high clarity, ad-

where R q is the appropriate mean of (21) for the
scattering geometry of interest. Using the abbreviations
q;;"=q; and X;;=X;, one finds, for T,[100],
R q "=2R1313q1, while for L[110],

q 3 (R 1111+R 1133) qiX1 jX3+R 3311q3 +2R 1212q1
2 EA 2 2 2

The values of the electrostrictive tensor components are
not available to estimate those expressions. However, one
can note that the tensor R gives the stress at zero strain.
It is related to the tensor Q that gives strain at zero stress
by R;jkl Q;j „——C „kl Exce.pt for the zeroes imposed by
symmetry, there are no particular conditions on the rela-
tive sizes of the components of Q. Since C««C1„ the
component R]2~2 associated with pure shear is thus likely
to be smaller than some of the other components of R,
such as R»». This is indeed borne out by experiment.
As explained in Sec. IV, the T1[100] spectra can be ac-
counted for quantitatively using the piezoelectric coupling
alone. The resulting values of the coupling constant agree
with those measured dielectrically. This is not the ease
for the L[110] spectra as shown in Sec. V. In that case,
about one-half of the coupling observed is not of
piezoelectric origin and it is thus assigned to electrostric-
tion.

ditional elastic light required for the feedback control of
the instrument was switched on and off near the rniddle
of each scan using a high-speed shutter. The scans were
performed over little more than three orders, and the
outer two orders, not perturbed by the additional light,
were kept for data evaluation. This also allows, at least in
principle, the investigation of CP-type phenomena, pro-
vided the crystal quality is sufficiently high and any other
source of stray light sufficiently low. The detection chain
that follows the collection hole has been described else-
where. The photocounts were accumulated in 1024
channels of a multichannel analyzer from which they
could be transferred to the main-frame computer.

For the analysis, the centers of the interferometer or-
ders are determined and the counts are numerically redis-
tributed among 300 virtual channels per order. These
data are then fitted to the expected line shape obtained by
the convolution of the instrumental profile with the
theoretical spectrum of Eq. (13) folded over two inter-
ferometer orders. The instrumental profile is determined
from 21 channels at the center of the spectrum and the
latter is fitted over the outer 80% of the free-spectral
range. This corresponds to a conservative estimate of the
part of the free-spectral range that is practically unper-
turbed by elastic light. The fits are performed with
Marquardt's nonlinear least-squares algorithm, normal-
izing the deviations in each channel by the square root of
the number of counts per channel. " In this way, the cal-
culated mean-square deviation is the chi square appropri-
ate to a Poisson statistic of photocount arrivals.

The samples used in these experiments were two rec-
tangular blocks„6 to 8 mm on the side, cut to an accuracy
of better than 0.5' with the orientations shown in Fig. 1.
They were derived from high-quality single crystals whose
composition had been checked by an x-ray measurement
of the lattice parameters. The cryostat was either a CTI
21SC Cryodyne closed-cycle refrigerator for temperatures
down to -20 K, or a He gas-flow unit for lower tempera-
tures. In the closed-cycle refrigerator, the samples were
mounted in vacuum and enclosed in a sample holder in
which they made contact with heat-conducting grease.
The temperature was controlled to better than +0. 1 K
and measured to +0.01 K by a Si-diode thermometer
placed on the sample holder. Each sample was carefully
aligned in all directions using the reflections from the
sample faces. To this effect, a reference beam propaga-
ting at 90' to the exciting laser beam was also used.

The refractive indices, needed for the evaluation of the
momentum exchange q as explained in Sec. II, were mea-
sured using a 30' prism of RADP with its edge parallel to
the c axis. The prism was placed in the closed-cycle refri-
gerator at approximately the minimum deviation angle for
an incident 5145-A laser beam. The temperature depen-
dence of the angular deviation was measured with a 0.05
mrad relative accuracy for each polarization, The room-
temperature indices were checked independently with a
conventional goniometer. These results are summarized
in Fig. 4.

The dielectric constant of a thin (001) plate provided
with evaporated gold electrodes was measured with an au-
tomated bridge and temperature-control system. Data at
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FIG. 4. Ordinary and extraordinary indices measured at
A, =5145 A.

FIG. 6. Piezoelectric coupling parameter Q and the correc-
tion factor gq/g0 derived from the dielectric results of Fig. 5.
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four typical frequencies are shown in Fig. 5. The low-

frequency curves illustrate the onset of dispersion below
-25 K. This dispersion is also associated with loss, not
shown in Fig. 5.' Above -25 K, all low-frequency
curves coincide with the "fully relaxed" epR (or=0, T).
Strong piezoelectric resonances occur in the region be-
tween 100 kHz and 1 MHz. Above these resonances, the
sample is effectively clamped, as illustrated by the 10-
MHz curve. Below -35 K, the 10-MHz result is also af-
fected by dispersion related to the distribution of relaxa-
tion times g(r, T). Using EpR and ecL one calculates the
coupling constant Q with (5b). The result is displayed in
Fig. 6. At temperatures below the vertical arrow on that
plot, the calculated Q decreases rapidly. This is due to
dispersion in the 10-MHz measurement which invalidates
those values of Q. In view of the very small difference be-
tween apR and ecL in the region 150—300 K (Fig. 5), the
use of the raw data for the calculation of Q at those tem-
peratures leads to a considerable scatter. It is then better
to fit both apR and acL to Curie-Weiss expressions, and to
use the results of those fits for the calculation of Q. The
fits are indistinguishable from the experimental curves on
the scale of Fig. 5, and they lead to the smooth result
shown on Fig. 6. The fits also give the value of the back-

IV. Tr [100]SPECTRA

Typical T&[100] spectra are presented in Fig. 7. With
the elastic line centered on channel 0, the frequency range

RADP x = 0.35
T, [too]
) = 5~45A

1
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ground dielectric constant ez ——8 which can then be used
to calculate the small correction term Xz/Xo in (13), with
Xa/Xo ——(ea —I)/(ecL —air). The result is also displayed
in Fig. 6, and it is valid down to the temperature indicated
by the vertical arrow. For fits below that temperature, the
ratio Xa/Xo was assumed equal to its minimum value, a
fair approximation in view of the small effect of that
correction term.
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FIG. 5. Real part of the dielectric constant below the
piezoelectric resonances {at 1, 3, and 10 kHz) and above them
{at 10 MHz). The abcissa on top applies to the upper curves and
the one below to the lower curves, as shown by the arrows.

FICx. 7. Five typical Tr[100] spectra. The open circles are
counts per virtual channel divided by the absolute temperature.
The sohd curves are frts with Y=2 and the other parameters, as
explained in the text. The relative intensities are significant.
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shown corresponds to channels 30 to 150. It is the one ac-
tually used for the fits. The elastic line is, in each case,
considerably out of scale, with peaks ranging from 22 at
70 K to 205 at 20 K, on the ordinate scale of Fig. 7. The
full width at half height of the elastic line is only -4
channels, and its wing contributes to the channels used for
the fits much less than the height of the statistical fluc-
tuations, as will become clear later. The ordinates in Fig.
7 are normalized by the absolute temperature, for easier
comparison of the relative integrated spectral intensities
given by the sum rule

2

I ~ kT [1+(1+Y)/(Q' —1)] .
C

(24)

The spectra of Fig. 7 are obviously all broadened beyond
the width of the instrumental profile. The peak position
reveals a maximum softening at -50 K, while the max-
imum width of the Brillouin line occurs in the region be-
tween 40 and 30 K. The apparent decrease in intensity of
the Brillouin line at the lowest temperatures, most obvious
for the spectrum at 20 K, is to be related to a transfer of
intensity into a dynamic CP that becomes masked by the
elastic scattering, as will be discussed below.

The experimental profile predicted by Eq. (13), with tr

given by (10b) and (16), depends on the following quanti-
ties: (i) the bare phonon frequency ru„' (ii) the piezoelec-
tric coupling coefficient Q', (iii) the low-frequency cutoff
v, = I/2irr, in the distribution of relaxation times, the
high-frequency cutoff v = I /2m. ~ being fixed at
voexp[E /(T —To)], with vo ——120 cm ', E =60 K,
and To 8 7K;——' . (iv) the relative strength of the
electro-optic and piezo-optic couplings given by the pa-
rameter Y; (v) the spectral intensity; and (vi) a constant
background that accounts for contributions from the dark
counts of the photomultiplier and from the parasitic light.
In principle, the measured spectra contain enough infor-
mation to find the following six parameters: (i) the peak
position of the phonon; (ii) its linewidth; (iii) the asym-
metry of the base line from above radii to below coii, and
the associated CP; (iv) an eventual dip near cg„related to
Y; (v) the spectral intensity; and (vi) the broad background
intensity. However, as the inelastic CP is considerably
masked by the elastic light, and in view of the finite spec-
tral resolution, an independent determination of all six pa-
rameters can only be attempted in practice in the tempera-
ture range where the coupling strongly affects the phonon
profile, which in this case is from 40 to 70 K. This is also
the temperature range for which v, is expected to fall ap-
proximately within the frequency range of the measure-
ment, i.e., from 0.05 to 0.3 cm '. At teinperatures below
40 K, where cuit /v, »1, it can be seen froin (13) and (16)
that the position and shape of the phonon peak are essen-
tially determined by the product Q'ln(v /v, ). An in-
dependent determination of Q' and v, is thus difficult at
those temperatures. It could only be done reliably if the
fully elastic CP were so weak that a good observation of
the quasi-elastic CP shown in Fig. 3 would be possible.
As this is not the case, we have fitted in that region with
either ru„Q', or v, fixed, as explained below. Above 70
K, but below —100 K, there remains very little width
beyond that of the instrumental profile. Hence, the value
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FIG. 8. Various determinations of the coupled and the bare
phonon frequencies for the T~ [100] mode. The coupled frequen-
cies, obtained from simple Lorentzian fits, are shown by open
circles.

of v, has a minor influence on the calculation of the spec-
trum. Indeed, from (16) one sees that irR -=1 and that
~1-=0 at the Brillouin frequency at those temperatures. In
that region, fits can be obtained fixing Q' to its value ex-
tracted from the dielectric data and extrapolating v, from
low-temperature measurements. Above 100 K only the
line position can be extracted. This has been done with
Lorentzian fits, which are mostly excellent at those tem-
peratures.

Figure 8 shows the phonon positions obtained from
such Lorentzian fits over the entire temperature range
(open circles). Although such fits are only fully satisfac-
tory above 100 K, this gives an idea of the phonon soften-
ing. All 13 spectra measured in the range of strong cou-
pling (40 to 70 K) were fitted with all six parameters free.
The bare phonon frequencies obtained from these free fits
are the open triangles, which are seen to be much above
the open circles. The large difference between these fre-
quencies is due to the piezoelectric coupling, as indicated
in (17). Above 100 K, (18) applies. Since Q=Q' in the
present case, taking Q from the dielectric measurement
(Fig. 6), one calculates from the coupled phonon frequen-
cies (open circles) the corresponding bare frequencies cu,
shown by the closed circles. The latter can be fitted to a
Debye internal energy curve, following Eq. (8). For that
fit, we used the Debye temperature extracted from an x-
ray measurement of the lattice volume, 8=384 K. The
result of this fit is the solid curve in Fig. 8. It passes
through the open triangles within their accuracy and
properly connects to the open circles at the lowest mea-
surement temperatures where the coupling vanishes. The
closed triangles will be explained below.

Figures 9 and 10 depict other results from the free fits
in the range 40 to 70 K. Figure 9 is a presentation of the
values of Q' and Y. The curve through the points Q' is
the value of Q from the dielectric results. One notes the
excellent agreement between the two independent deter-
minations of the piezoelectric coupling. On the other
hand, the values of Y derived from the free fits do show a
considerable scatter. The shape of the spectrum is rather
insensitive to Y. A better determination of this parameter
would require static measurements of all quantities enter-
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FIG. 9. Values of Q' and Y obtained from fits with all pa-
rameters free in the strongly coupled region (40 to 70 K). The
so1id curve through the points for Q' is from the dielectric mea-
surements (Fig. 6) with no adjustable parameter.

ing (10a), or a careful scattering-intensity measurement, as
will be made clear shortly. For the present purpose, since
the spectra have little sensitivity to Y, and as the parame-
ters in (10a) have only a weak temperature dependence, Y
can be approximated by its temperature-independent
mean, f=-2. This is demonstrated by the solid curves in

Fig. 7, which are excellent fits obtained with Y fixed to
the value 2. Figure 10 is a semilogarithmic presentation
of the cutoff frequency v„where the abscissa is
(T—To) ', with To —8.7 K, as sug—gested by the Vogel-
Fulcher law (14). The open triangles are the values ob-
tained from the free fits. The solid line is taken from an
independent determination covering about 17 orders of
magnitude in frequency. It corresponds to vo ——116 cm
and E, =268 K. One notes the excellent agreement be-
tween this line and the results of the free fits.

The spectra below 40 K have been fitted with cg, fixed
by the Debye curve of Fig. 8 and Q' fixed by its dielectric
value extrapolated by a constant below 35 K. The results
are consistent with the Vogel-Fulcher law at least down to

v, =10 cm ' around 25 K. The solid lines in Fig. 7 for
T =30 and 20 K were obtained by fixing v, to the value
of the Vogel-Fulcher law, co, to the Debye value, and fit-
ting only for Q. One observes that very good fits are ob-
tained in that way, including the onset of a dynamic CP
for the 30-K curve, to which we shall return shortly.

In the region 70& T &100 K, very good fits are ob-
tained with Q' fixed to the dielectric value, v, fixed by the
Vogel-Fulcher law, and Y set equal to 2. They yield the
values of co, shown by the closed triangles in Fig. 8,
which fall on the Debye curve within their accuracy.

We now return to the question of the integrated spectral
intensities. Figure 11 displays the central section of the
measured 30- and 20-K spectra of Fig. 7, on an extended
abscissa scale. The vertical scale applies to the open cir-
cles. The closed circles show the instrumental function
for the 30-K measurement, on a scale which has been con-
tracted by a factor of =73. This peak is mostly due to
elastic scattering. The closed triangles show the corre-
sponding line for the 20-K spectrum, adjusted to the same
peak intensity, emphasizing the good reproducibility of
the instrumental profile. The scale of the 20-K spectrum
(open triangles) is such that the two spectra with open
symbols coincide at elastic peak (co=0). Since the quasi-
elastic Cp is expected to be extremely narrow at 20 K and
broader at 30 K, the difference between these two spectra
can give an indication of the presence of a quasi-elastic
CP in the 30-K spectrum. An over-intensity is evident in
the region 0.02(co(0.04 cm ' in the 30-K measure-
ment. It indicates the presence of a quasi-elastic feature
in the wing of the fully elastic CP. This quasi-elastic
scattering accounts for the apparent loss of integrated in-
tensity on lowering the temperature in Fig. 7. To further
examine this point, the Brillouin spectral intensities, as
shown in Fig. 7, extrapolated horizontally to ~=0 in the
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FIG. 10 Cutoff frequencies v, obtained from free fits to the
Ti[100] spectra (open triangles) and L[110]spectra (closed trian-
gles). In the latter case, Q' was fixed to Q" in (25b). The solid
line is the Vogel-Fulcher fit derived from measurements cover-
ing about 17 orders of magnitude in frequency (Ref. 7}.
To ——8.7 K is taken from that reference.

FIG. 11. Comparison of the low-frequency region of the
T~[100] spectra at 30 and 20 K. The ordinate scale applies io
the 30-K spectrum (open circles). The (mostly elastic) CP is il-
lustrated for both the 30-K (closed circles, reduction factor
=73) and the 20-K spectrum. The open triangles show the 20-
K spectrum on a scale such that at ~=0 its maximum coincides
with that of the 30-K spectrum (open circles).
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region ai ~0.055 cm ', minus the broad background, have
been integrated, divided by the absolute temperature, and
normalized by the number of scans. The relative values of
these intensities are expected to be meaningful within ap-
proximately +10%. The result is shown in Fig. 12. It is
compared to the value of I/T from (24), calculated with
Y=1.8 (which is within the accuracy of our determina-
tion in Fig. 9) and with Q equal to its dielectric value.
The only free parameter is the scale constant between the
points and the calculated curve. The agreement is truly
remarkable down to -40 K. At lower temperatures, the
dielectric value of Q is not well known, owing to the re-
laxation in the 10-MHz dielectric-constant measurement.
However, one expects that the solid curve should continue
to rise moderately below 40 K, while the experimental
phonon intensities are clearly seen to decrease. This is
further evidence for the presence of a considerable quasi-
elastic CP in the region below 0.055 cm

0.16-
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0
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I I I
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FIG. 12. Integrated intensity of the T&[100] phonon line, as
explained in the text. The solid curve is derived from Eq. (24),
with only the vertical scale as an adjustable parameter. The
sharp decrease below -40 K is interpreted as a loss of intensity
into a dynamic CP, which is masked to a great extent by elastic
defect scattering.

V. L[110]SPECTRA

In the L[110] geometry, the spectra, whose general as-
pect is similar to Fig. 7, differ from the Ti[100] ones
mainly by the larger value of the effective elastic constant
C. This produces a larger bare phonon frequency (7), a
larger relative importance of the electro-optic coupling
given by Y in (10a), and a larger inverse piezoelectric cou-
pling constant Q' per (12). As a result, the phonon line is
harder and narrower, the intensity dip at co=ca, is more
pronounced, and the dynamical CP is easier to observe.
In addition, it will be seen that the electrostrictive terms
are now of importance so that h in Eq. (12) will have to
be replaced by a larger h', as suggested by (23).

Figure 13 presents the coupled and the bare phonon fre-
quencies obtained for the L[110]mode. The coupled pho-
non frequencies, derived from Lorentzian fits, should be
compared to those of Fig. 8. It is immediately apparent
that the frequency is about a factor of 3 higher for the
L[110] mode and that the piezoelectric coupling is much

g 055

0'
O.54

i ( 1

1OO 200

Temperature (K)

FIG. 13. Coupled (open circles) and bare frequencies derived
from the L[110]spectra. The open triangles are values obtained
ignoring the possibility of electrostrictive coupling. The closed
triangles include the electrostrictive coupling. The closed circles
are bare frequencies. The solid curve includes anharmonicity
and the effect of an Edwards-Anderson order parameter. The
dashed curve is a low-temperature extrapolation of the Debye
function alone.

weaker since the softening in the region of 50 K is only
about 5% of the bare frequency, as opposed to about 20%
in Fig. 8. As the phonons are less coupled, it is also more
difficult to extract values for all six parameters in com-
pletely free fits. In a first fitting attempt, one can try to
analyze the spectra obtained between 30 and 60 K, fixing

Q'=(0. 57/0. 21) Q, (25a)

Q"=0.45XQ', (25b)

giving the short segment passing through the closed trian-
gles in Fig. 14. Fitting now with Q" fixed by (25b), the

as suggested by (7) and (12). Here, Q is the dielectric
value (Fig. 6) and (0.57/0. 21) is the approximate ratio of
the L[110] and Ti[100] phonon frequencies. We also im-
pose Y=14.1, per Eq. (10a). This choice will be retained
for all fits, since with Y&~1 the spectral profile becomes
insensitive to Y, as is easily seen from (13). With Q
given by (25a), the fits on 24 spectra have a mean chi
square of 1.04, and the resulting bare frequencies are the
open triangles in Fig. 13. They form a pronounced dip
around 50 K, suggesting that the coupling (Q') ' given
by (25a) is too small to account properly for the strength
of the softening. The values of v, obtained in these fits
are in reasonable agreement with the Vogel-Fulcher line
of Fig. 10.

In a second attempt, v, is then fixed to the Vogel-
Fulcher line, but Q' and co, are left free. These fits are
systematically better, with a mean chi square of only 0.74.
The results for 1/Q' are shown by the closed triangles in
Fig. 14. Similar values of Q', only with more scatter, are
also obtained in fits with five parameters free and solely Y
fixed. As seen from Fig. 14, the appropriate coupling is
much higher than the dielectric prediction (Q') '. This
is interpreted as an electrostrictive contribution following
Eq. (23). In the region of the fits, the inverse coupling
can be written
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FIG. 14. Coupling parameter I/Q'. The lowest line is the
value from the dielectric measurements (25a). The solid trian-
gles are from fits with Q' and co, free. The upper 1ine

represents (25b). The open triangles are obtained using (18), as
explained in the text.

results for a~, and for v, shown by the closed triangles in
Figs. 13 and 8, respectively, are obtained. The fits to the
spectra are excellent. The values of cu, are now much
higher. They should be compared with the bare phonon
frequencies (closed circles in Fig. 13) extracted from the
coupled values at high temperatures ( T & 150 K). They
can be calculated using (25a) and (18), as the electrostric-
tive coupling is expected to vanish at high T where q is
zero. '

One sees that, contrary to the situation for the Ti[100]
mode (Fig. 8), the low-temperature bare frequencies do
not fall on the Debye curve extrapolated from the high-
temperature points (Fig. 13). We interpret this as an ef-
fect of the static polarizations 5P' [Eq. (19)]. Equation
(21) only accounts for the dynamical changes b,C of the
elastic stiffness tensor C owing to the coupling of the
dynamical polarization fluctuations with the static ones.
In addition, there are purely static changes associated
with the development of the order parameter q . These
are, for example, the changes in the lattice constants
which depart from the normal lattice anharmonic
behavior. In fact, the lattice parameter a shows an
anomalous increase below —100 K. Associated with this
increase, one anticipates an anomalous decrease of the
elastic constant C», and this is precisely what is observed
in Fig. 13. To find a curve passing simultaneously
through the high- and the low-temperature co, results, we
assume that the anomalous decrease has the same shape as
the birefringence anomaly, 3y —2y, with y =1—T/100
for T &100 K. . Adding that function, with an adjust-
able prefactor, to the Debye curve of Eq. (8) with 8=384
K, the best fit, illustrated by the solid line in Fig. 13, is
obtained. The low-temperature extrapolation of the De-
bye function alone is illustrated by the dashed curve. One
sees that the solid curve matches properly the 0-K extra-
polation of the coupled frequencies (open circles). This
should be the case, since dynamical couplings are expected
to vanish at very low temperatures.

The cutoff frequencies obtained by leaving cu, and v,
free in the fits (closed triangles in Fig. 10) are systemati-
cally higher than those derived from the T, [100] spectra.
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FIG. 15. L[110] spectrum i11usirating the good fit obtained
with a distribution of relaxations (solid line) and the bad one ob-
tained with a single relaxation time (dashed line). The presence
of a dynamical CP is very evident below -0.2 cm

The latter agree remarkably well with the Vogel-Fulcher
line that interpolates data covering the range from —100
to —10 cm '. We feel that this small deviation is not
very significant as (i) fits with v, fixed to the Vogel-
Fulcher line are practically equally good, and as (ii) the
deviations might well be related to the approximations
necessary in the treatment of the electrostrictive contribu-
tion. As we now have an estimate for the bare frequencies
co„one can calculate corresponding estimates of the cou-
pling parameter (Q') ', using the coupled frequencies in
the region 60 to 150 K and Eq. (18). The results are
shown by the open triangles in Fig. 14, which interpolate
smoothly between the low-temperature Q" curve and the
high-temperature Q' one.

Finally, the L[110] spectra give very clear evidence for
the distribution of relaxation times and the associated
dynamical CP. This is illustrated for one particular spec-
trum in Fig. 15. The solid curve is a good fit, as ex-
plained above. The spectrum shows clearly the following:
(i) the phonon broadening, (ii) the dip at co & cori, and (iii)
the onset of a dynamical CP below -0.2 cm '. Such
spectra cannot be fitted without a distribution of relaxa-
tion frequencies. If instead of the rectangular distribution
in (10b) we use a single Debye relaxation, we obtain the
best fit shown by the dashed curve in Fig. 15. The latter
fit has the same number of free parameters as the one
shown with the solid curve, the distribution cutoff being
simply replaced by the Debye frequency. The fit with the
single Debye is unable to reproduce simultaneously the
broadening of the phonon peak and the dynamical CP. In
parameter space, one finds in this case two distinct mini-
ma, corresponding to either a good fit of the phonon
width or to one of the CP. The inadequacy of the single
Debye relaxation is most obvious between 30 and 40 K, as
illustrated in Fig. 16, where the variances of the best fits
obtained with a rectangular distribution of relaxations or
with a single relaxation time are compared. Clearly, the
distribution gives uniformly good results everywhere.
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FIG. 16. Chi squares obtained from fitting with a distribu-
tion of relaxations and with a single relaxation time. The inade-

quacy of the single-relaxation fits is evident.

VI. DISCUSSION AND SUMMARY

The above analysis demonstrates that considerable in-
formation can be extracted from a line-shape study of
Brillouin spectra on RADP glasses. It goes much beyond
the mere observation of phonon softening. The central
idea of the analysis is that the bare susceptibility, which
can be characterized by a distribution of relaxation times
owing to the collective effects in the glass, couples
piezoelectrically and electrostrictively to the acoustic pho-
nons. The spectra observed are due to the combined
electro-optic and piezo-optic responses. By this approach,
we have been able to obtain for the first time a complete
description of the Brillouin line shapes associated with
freezing phenomena in a structural glass. The experimen-
tal values obtained for the parameters of the theory are in
excellent agreement with what has been found in other in-

vestigations, in particular dielectric-constant ones.
The two main results of this study are (i) the presence

of a dynamical CP, and (ii) the adequacy of a broad distri-
bution of relaxation times to describe the polarization
response function. Brillouin scattering is not able to re
veal much detail of that broad distribution. A distribu-
tion flat in lnr with a T-dependent long time cutoff was
found to be fully consistent with the spectra. This cutoff
is presented in Fig. 10. Although the Vogel-Fulcher law

was used for that purpose, it must be emphasized that for
the limited range of frequencies accessible to the Brillouin
experiments, other laws could have been used just as suc-
cessfully. It is only in combining experimental results
covering a considerable frequency range that one might be
able to compare somewhat meaningfully the different
laws proposed for spin glasses.

Unfortunately, the excellent quality of the crystals used
in this study was still not quite sufficient to observe con-
clusively the central portion of the spectrum. The un-
resolved CP (whose frequency width is below the experi-
mental resolution, see Fig. 11, and which will be called
"elastic" in the following) was observed in all cases to
grow upon cooling, and this particularly strongly below
—100 K. However, the size of this effect was not suffi-
ciently reproducible to warrant a detailed report here.
Thus, there seems to be room for two distinct CP's in the
present system: (i) the "elastic" one, which might in fact
be truly elastic and related to the "onset of freezing" as
manifested in the natural birefringence, the lattice param-
eters, or also the static changes in the stiffness tensor il-
lustrated in Fig. 13; (ii) a dynamic one, whose width is re-
lated to the low-frequency cutoff in the relaxation-
distribution function, as discussed in the preceding sec-
tions.

We feel that Brillouin studies of the type presented here
will become particularly important for investigations near
the FE phase boundary in RADP. On the other hand, it
is hoped that large crystals of superior quality can be pro-
duced that will allow conclusive results to be obtained on
the "elastic" CP alluded to above. Finally, detailed line-
shape analyses will be very valuable for other model
glasses too, in particular, for the mixed alkali halide
cyanides for which remarkable neutron results have been
obtained, ' but for which Brillouin studies have so far
been restricted to reports of phonon softening.
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