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Correlation effects on the oscillator strength of optical absorption:
Sum rule for the one-dimensional Hubbard model
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The optical sum rule which is related to the mean kinetic energy of band electrons is evaluated for the
one-dimensional Hubbard Hamiltonian. The case of a half-filled band is treated exactly by use of the Bethe
ansatz solution of Lieb and %'u. The kinetic energy decreases monotonically as a function of U and tends
to zero like 1/U for U ~. For other band fillings the Gutzvriller ansatz is used. Correlation effects in-

crease quadratically with the density n of electrons (or holes) for n && 1 and exhibit a maximum at n -1
(i.e., for the half-filled band).

where

T r X (clgcl+t g+ el+1 @ca) (2)

Optical absorption experiments are efficient tools for
determining the importance of electronic correlation in or-
ganic conductors. ' It is found that the plasma frequency co~

as determined from the plasma edge is not sensitive to weak
or intermediate correlation and therefore can be used to
determine single-particle parameters like the hopping in-
tegral t. On the other hand, the plasma frequency co~ as
determined from the partial sum rule involving all intraband
transitions turns out to depend rather sensitively on correla-
tions. In fact, the ratio cu~/su~ can be used as a measure for
correlation effects. ' In this note we evaluate the sum rule
for a system of independent chains, each of which is
described by the Hubbard Hamiltonian

H=T+ V,

band (one electron per site), we use the exact result for E
as obtained by Lich and Wu' and obtain

—( T)/(4Nr) dao JD(ru) J~(cu) { [co(1+e2"")]
+ ~/[I+cosh(2~a )) I .

(6)

where u U/(4t) The as.ymptotic behavior is found to be

(1—0.213 58u')/m for u (& 1—( T) /(4Nr )—
[~ln2 —(I)'f(3)u lu ' for u &) I

(7)

For the limit u 0 we have used the asymptotic expan-
sion of Economou and Poulopoulos. 4 The result of our nu-
merical integration of Eti. (6) is shown in Fig. 1, together
with the limiting behavior of Eq. (7). As expected the ab-
solute value of the kinetic energy decreases monotonously

is the kinetic energy, and

V=Uxn, , n, , (3)
0.3

is the on-site Coulomb interaction. (The operator c;, de-
stroys an electron at site i with spin projection s, and n;,- c;,c;,. ) The f-sum rule for the conductivity is given by'

des (r(au) = —me a ( T)/(2Nd~f2)
«J 0

(4) 0.2

where a is the lattice constant, N is the number of sites per
chain, and d is the interchain distance. Therefore, the sum
rule provides the mean kinetic energy (T) per chain. Since
the Hubbard term tends to localize the electrons, the abso-
lute value of the kinetic energy is expected to decrease with
increasing U. We evaluate (T) with respect to the ground
state of the full Hamiltonian (1). It is related to the
ground-state energy E = (0) by

(T) =r B,E (5)

This relation is easily derived by use of the Hellrnann-
Feynman theorem. For the particular case of a half-filled
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FIG. 1. Kinetic energy as a function of U. The solid line
represents the exact solution, Eq. (6). The dashed lines correspond
to the asymptotic expansions of Eq. (7}.
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BRIEF REPORTS

0.2—
kF - ~m suggest that the Gutzwiller wave function repre-
sents a good approximation for the kinetic energy (and thus
the f-sum rule) in the case of small U, U ((4t. For larger
values of U, the exact diagonalization of the Hamiltonian
(I) for short chains or rings' is expected to provide good
answers for particular band fillings.
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FIG. 2. Dependence of the correlation effect on band filling.

Results for kF ) 2
m are obtained from this figure by replacing kF

by n-kF (i.e., by substituting electrons by holes).

with U. The crossover between "small-U behavior" and
"large- U behavior" occurs for U-4t.

For general band fillings an explicit expression like Eq.
(6) is not available. Therefore we have evaluated the kinet-
ic energy by use of the Gutzwiller ansatz for the ground
state

ly) = exp —T v] X n; t n; i ly) (8)
I

t

where q is the correlation parameter and I@) the ground
state of T. Following the procedure of Refs. 5 and 6 we ex-
pand the variational ground-state energy,

(9)

in powers of q. As shown in the Appendix, this corre-
sponds to an expansion in powers of U. To second order in

U we find for n e1ectrons per site as a function of kF = ~n n,

—
& T)/(4Nr) =n 'sinker[1 —y(kq)u2]

where

kP(1 4k'/3n —)'
sinks[kq(rr —k~) + sinzk~]

For the special case of a half-filled band where kF = ~m,
Eqs. (10) and (11) lead to

—
& T)/(4Nr) = (1-0.1951u')/~,

in remarkable agreement with the exact result of Eq. (7).
The function y(kq) measures the effect of correlations as a
function of band filling and is sho~n in Fig. 2 for 0& kF

It first increases quadratically and reaches a max-
imum for a half-filled band. The quadratic increase for
small density can be easily understood since for a very di-
lute system the interaction effects are essentially due to
two-particle scattering. This physically appealing behavior
for kF 0 and the good agreement with the exact result for

APPENDIX

Using the linked-cluster theorem' we find the following
expansion for the expectation value of the energy [Eq. (9)],

E- &~ITI4&-»&~IIII;T)l~&,
+I&'&pl[~, (~,T) ) ly&,

+ «&OI II'I4 &
- ~&el II"IO&. )

where I W, T) IVT+TWand

(AI)

O' Xn;tn;i (A2)
I

In Eq. (Al) we have omitted all terms which after mini-
malization turn out to be of higher order than U2. Through
the use of Wick's theorem, the various terms in Eq. (Al)
are decomposed into products of correlation functions,

peal
-

& 4 I c.'cj
I @).

For a band filling up to kF we find

k~/rr, i =j
Py ~,

sin[kg (i —j)]/[m(/ —j)],

The different terms in Eq. (A I) are found to be

&pl T ly)/(4Nr) - —P,„, ,

&qual

U8'If)/(4Nt) (k~/rr)2u

&~l( ~.~) l~), =0,
& @ I [ II', I II', T ) ) I y), /(4Nr )

(A3)

(A4)

(As)

(A6)

(A7)

= —N 'XP,;, +i[P„'pi +kg/rr —(kp/rr). '], (A8)
l

&@I &'I@)/(4Nr) = (4/~)'[I —(4k')/(3ir)] (A9)

Inserting Eqs. (A4) to (A9) into Eq. (Al) and minimaliz-
ing with respect to q we find,

' sink~[1 —uk//(m sink~) + u'y (kF) ]
4Nr

(Alo)

where y(k~) is defined by Eq. (11). From Eq. (A10), Eq.
(10) is easily derived.
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