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The Fermi surface of ferromagnetic Cesb is analyzed with use of a model in which the f electrons

in the system are treated as localized (unhybridized) j= 2, p =
2 states interacting only weakly with

the conduction electrons through electrostatic and exchange interactions. The ordering of the f or-

bital moments along the [001] easy-magnetization axis breaks the cubic symmetry introducing non-

cubic contributions to the potential seen by the conduction electrons. Because spin-orbit coupling in

the conduction bands proves quite significant, the requisite model includes both the spin-orbit cou-

pling and the polarization effects. The application of the model compares quite favorably with the

measured de Haas —van Alphen frequencies except that the calculated polarization sphttings, while

quite small, are still overly large. It is found that the electron masses have little or no enhancement

beyond the electron-phonon enhancement.

I. INTRODUCTION 14 ~ I I I i

CeSb exhibits a very complicated magnetic phase dia-

gram indicative of a delicate balance in its electronic
structure. At low temperatures, the application of a
strong magnetic field ( & 5 T} will order the material as a
simple ferromagnet with the moments pinned to a [100]
easy axis of magnetization. It is thus possible to perform
measurements on CeSb as a ferromagnetically ordered
material. de Haas —van Alphen (dHvA} measurements on
ferromagnetically ordered CeSb were first made by Kita-
zawa et al. ' They were then interpreted using a p-f mix-

ing model in which the f orbitals are assumed to be the
origin of the magnetic moment but are sufficiently delo-
calized to hybridize with and thereby modify the conduc-
tion bands. Be:ause a material with a single localized f
electron (rather than a multiplet shell) interacting with the
conduction electrons is a very important system, Aoki
et al. s have undertaken to make a very complete dHvA
examination of CeSb in several of its magnetic phases.
Their data for the ferromagnetic phase are reproduced in

Fig. 1. The most interesting feature of the data is the lack
of cubic symmetry. The frequency branch labelled a is
particularly unusual as it appears to be the bottom half of
the pattern of frequencies to be expected from a set of el-

lipses along the (100) directions. Equally interesting is
the fact that the frequency branches labelled y would ap-
pear to be the top half of such a pattern but split off. The
frequency branch labelled 2a is almost certainty a second
harmonic of the a branch and is included only to make
contact with the earlier results where this was not as clear.
This harmonic can be especially misleading as it could
easily appear to be the bottom portion of the y branches.
Careful analysis, however, reveals this not to be the case.
The frequencies labelled P are I -centered surfaces. The
cutoff of the P& branch is probably due to the inability to
detect the weak signal in the presence of two close-by and
stronger signals. However, this branch does extrapolate
nicely to the data point at the [110]direction. This exper-
imental data base appears to be otherwise quite complete
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FIG. 1. Observed de Haas —van Alphen frequencies from

Ref. 3. The a and y branches arise from ellipsoids along the
[100] axes. The incomplete frequency patterns for these ellip-
soids arise because the magnetic moments flip to follow the ap-
plied magnetic direction. The frequency labelled 2a is the
second harmonic of the a branch and is only included because
this was not clear in the earlier data. The P branches all arise
from I -centered surfaces. It is assumed that the P& branch is
incomplete only because of difficulties in observation.
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and poses an excellent test to models of the electronic
structure. It is further augmented by the less complete
but very important effective mass data which are included
in Table I.

In the course of the analysis of the newer data, it was
seen that a number of difficulties arise when trying to in-

terpret the data on the basis of the p-f mixing model.
These will be discussed below in light of the results to be
presented. It would instead appear that CeSb—at least in
its ferromagnetically ordered state —"orresponds more
closely to the standard model of rare-earth electronic
structure in which there is only a very weak coupling be-

tween the localized 4f states and the sea of conduction

electrons. In the past, researchers have hxn principally
interested in the behavior of the f states under the influ-
ence of and coupled through the conduction elcetrons.
Cooper and co-workers" have been studying CeSb from
this point of view. In the present problem, however, the
situation is reversed. The state of the 4f orbital is now
fixed and its consequences on the conduction electrons are
investigated. In this weak-coupling model, the primary
coupling to the conduction electrons of the ordered local-
ized f states is assumed to be a crystal field arising from
electrostatic and exchange interactions while the p-f hy-
bridization is assumed to be much weaker and is, at least
initially, ignored.

TABLE I. Theoretical and experimental cross-sectional areas and masses for CeSb. Data are given along the three principal sym-

metry directions for the three calculations: the spin-polarized calculation with no conduction electron spin-orbit coupling (SP-vBH),
the spin-orbit coupled conduction-band calculation (full SO-vBH), and the two spin-orbit coupled conduction-band calculations with

different exchange-correlation functionals but the spherical polarization effects omitted (SO-vBH and SO-KSG). The experimental
results of Aoki et aI. (Ref. 3) are reproduced for comparison. The data are given together for the polarization split pairs. Areas are
given in megagauss and masses in electron masses.

[011] [001]

(1,1')
(2,2')
(3 3')
(4,4')

(4.31,4.63)
(7.55,8.02)

(10.15,11.68)
(3.41,2.48)
(5.42,4.70)

(26.96,24.84)

( —0.12, —0.12)
( —0.26, —0.27)
( —0.34, —0.37)

(0.29,0.23)
(0.47,0 45)
(1.10,1.07)

SP-vBH
(4.21,4.58) ( —0. 11,—0.12)
(8.89,9.23) ( —0.36, —0.37)

(11.10,13.13) ( —0.39, —0.44)
(2.10,1.57) (0.18,0.15)

(24.22,23.23) (0.75,0.76)

(4.31,4.62)
(7.04,7.50)
(8.94,9.94)
(4.45,3.24)
(6.81,5.88)

( —0. 12, —0.13)
( —0.21, —0.22)
( —0.26, —0.28)

(0.35,0.29)
(0.57,0.54)

(1,1')
(2,2')
(3,3')
(4,4')

(1,1')
(2,2')
(3 3')
(4,4')

(3.01,3.39)
(5.55,5.84)
(8.02,9.27)
{3.97,2.78)
(5.15,4.14)
(10.11,8.25)

(3.02,3.40)
(5.34,6.00)
(8.12,9.12)
(3.50,3.20)
(4.94,4.37)
(9.75,8.69)

{—0.18,—0.16)
( —0.30, —0.30}
{—0.40, —0.45)

(0.25,0.19)
(0.33,0.30)
(0.67,0.60)

( —0.18, —0.16)
(-0.31', -0.29)
( —0.43, —0.42)

(0.22,0.21)
(0.32,0.31)
(0.65,0.62)

Full SO-vBH
(3.23,3.66) ( —0. 18,—0. 17)
(5.98,6.02) ( —0.31,—0.30)
(9.88,11.55) ( —0.53, —0.61)
(2.92,2.08) (0.17,0.13)
(9.84,8.63) (0.56,0.56)

SO-vBH asymmetric components only
(3.25,3,67) ( —0.18, —0. 16)
(5.53,6.42) ( —0.31,—0.31)
(9.76,11.69) ( —0.55, —0.57)
(2.58,2.37) (0.16,0.15)
(9.98,8.64) (0.57,0.54)

(2.92,3.30}
(5.14,5.51)
(7.48,9.07)
(4.65,3.23)
(5.99,4.85)

(2.94,3.30)
(5.01,5.58)
(7.92,8.50)
(4.10,3.74)
(5.74,5.11)

( —0.18, —0.16)
( —0.27, —0.28)
{—0.32, —0.34)

(0.29,0.22)
(0.37,0.35)

( —0. 18, —0.16)
( —0.29, —0.26)
( —0.34, —0.31)

(0.26,0.25)
(0.36,0.36)

(1,1')
(2,2')
{3,3')
(4,4')

(3.13,3.52)
(5.40,6.08)
(8.40,9.32)
{3.65,3.36)
{5.07,4.49)
(9.86,8.78)

( —0.18, —0.16)
( —0.31,—0.29)
( —0.43, —0.42)

(0.23,0.22)
(0.32,0.32)
(0.65,0.62)

SO-KSG asymmetric components only
(3.36,3.81) ( —0.19,—0.17)
(5.58,6.47) ( —0.31,—0.30}

(10.09,11.88) ( —0.54, —0.55)
(2.68,2.47) (0.16,0.16)
(10.08,8.73) {0.57,0.54)

{3.04,3.42)
{5.04,5.61}
(8.38,8.95)
{4.28,3.93)
(5.88,5.24)

( —0. 18,—0.16}
( —0.29, —0.27)
( —0.35, —0.32)

(0.27,0.26)
(0.37,0.37)

3.0
3.6
6.2
2.5
5.3

(13.2,13.9}

—0.56
—0.65

0.31
0.49

(1.00,0.90)

de Haas —van Alphen (Ref. 3)
3.0 —0.50
4.4 —0.97
6.9 —0.89
1.9 0.23

(12.2, 12.9) (0.94,0.82)

3.0
3.3
5.6
2.9
6.0 0.53
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The primary objective here will be to establish the cred-
ibility of this model for CeSb. To do so, an approximate
density-functional theory will be applied using almost
standard band-theory techniques to determine the Fermi-
surface topology. Several caveats are required which are
presented in Sec. II where the model is discussed in more
detail. The details of implementation, which are also a
significant consideration, are separately presented in Sec.
III. The results are presented in Sec. IV where they are
compared with the de Haas —van Alphen data of Aoki
et al. i Results are also presented for a calculation on
LaSb. This has been included both to assay the precision
of the functionals used and to provide a basis for compar-
ison to the p-f mixing model which utilized a knowledge
of the LaSb bands to discuss the bands of CeSb. In Sec.
V, we discuss the results.

II. THE %'EAK-COUPLING MODEL

To formulate this weak-coupling model, one starts from
the basic observation that the Ce 4f orbitals order fer-
romagnetically in sheets perpendicular to a [100] direc-
tion. Relative to that [100]direction, the 4f orbital is in a
j= —', , p, = —,

' state and there is a strong anisotropy pinning

the moments and sheets along the axis. At low magnetic
fields, this is a ferromagnetic system with a nine-plane re-
petition length; at intermediate fields, the repetition dis-
tance is reduced to three planes; and at high fields above
roughly 5 T, the material orders ferromagnetically. It is
this high-field configuration which will be investigated
here. The mechanism of this ordering is a separate, al-
though not unrelated, problem that will not be dealt with
here. The existence of these ordered moments breaks the
cubic symmetry. The p, = —', orbital has the axial symme-

try of an oblate spheroid so the system contains an or-
dered array of pancakelike densities arising from the 4f
orbitals. This produces the noncubic properties observed
with the dHvA measurements that are the primary focus
of both the current weak-coupling model and the previous
p-f mixing model.

In both models, it is the lower symmetry of the ordered
4f orbitals that drives the reduced symmetry of the sys-
tem. The difference between the two models is the
manner in which the coupling to the conduction electrons
occurs. The p-f mixing model assumes wave-function hy-
bridization while the current weak-coupling model
achieves the coupling through a potential interaction.
This weak-coupling model is actually the application of a
standard rare-earth-hke picture where the 4f orbitals are
viewed as site-local atomiclike orbitals interacting with
the conduction electrons only through electrostatic and
exchange interactions. The exchange interactions are in-
cluded using the local-density approximation (LDA} so
the symmetry properties are not further modified. Hy-
bridization between the 4f orbitals and the conduction
electrons —the major interaction assumed in the p-f mix-
ing model —is neglected. This property is not adequately
described by density-functional theory within the local-
density approximation so a straightforward band calcula-
tion including the 4f states as band states will find signifi-
cant hybridization. This, however, is a limitation of the

local-density approximation which is being actively inves-

tigated. For now, the nonhybridization of the f states
will be merely taken as an assumption of the weak-
coupling model. It should also be noted, of course, that
the noncubic 4f charge density also results in a tetragonal
distortion of the lattice as well. But while the distortion
of the lattice is significant, elementary estimations of its
effect on the Fermi surface indicate it is unable to cause
the modifications actually observed and so will be con-
sidered of second order.

Operationally, the application of the weak-coupling
model requires that one perform a modified self-
consistent band-structure calculation in which the single
4f orbital is treated like an incompletely occupied core
state. This means that it is solved as a single-site orbital
(with some minor adjustments at large r) and included
with a fixed occupation. The density arising from this set
of orbital= one per site—is then merely added into the
density which is used in a standard density-functional ex-
pression. Several approximations have been made in the
current calculations to ease the computational effort. The
actual self-consistent calculations were carried out ignor-
ing the nonspherical terms which are the basis of the sym-
metry breaking. This allows the exploitation of cubic
symmetry during the time-consuming process of achiev-
ing self-consistency. Once self-consistency has been
achieved for the simplified problem, the nonspherical
terms are introduced as a perturbation. One may expect
that this will be a reasonably adequate treatment of these
terms. One also may predict that any error in the pro-
cedure should result in the prediction of too large an ef-
fect since perturbative corrections normally overshoot.

Several calculations were performed with the 4f orbi-
tals treated as Bloch orbitals in contrast to the assumed
model. This was done to explore the effect of violating
the assumption of the local orbital behavior of the 4f
states. It will be seen below that the Fermi surface cannot
be properly represented in this way. However, except for
the fact that the Fermi surface is not reproduced, the re-
sults of the calculation appear quite reasonable and show
significant 4f-conduction electron hybridization. This is
most likely evidence of a limitation in the LDA. The
LDA to the exchange-correlation potential is known to
work well for most noninsulating solids. Unfortunately,
for localized electrons, the LDA does not work nearly as
well. Good approximations to the exact density-
functional potential are known for atoms~ but these po-
tentials are implicit functionals of the charge density as
opposed to explicit functionals (such as LDA} so they are
difficult to construct for solids. Generally, though, LDA
charge densities compare fairly well with those of the
more involved functionals except in those cases where the
LDA predicts the wrong ground state. This occurs, for
example, in several transition-metal atoms where the
LDA energy functional actually minimizes at noninteger
occupation number (i.e., for Fe at d s' ). The improved
functionals correctly predict integral orbital occupation
numbers. This feature is closely related to the overes-
timation of hybridization by the LDA and one suspects
strongly that, were one able to include an improved
exchange-correlation functional, the calculated hybridiza-



33 FERMI SURFACE OF FIELD-INDUCED FERROMAGNETIC CeSb 6733

tion would be drastically reduced. At present, however, a
reasonable approach is to artificially put the dehybridiza-
tion into the model and procaxl to explore its conse-
quences under the observation that the LDA will give
reasonable results given the "correct" ground state. In do-

ing this, one is actually seeking the ground state of a con-
strained system much as is done for atoms. It is not clear
that one has a best choice for the form of the exchange-
correlation functional when this is done. Thus, to test the
sensitivity to choice of functional, calculations were per-
formed with both exchange-only [Kohn-Sham-Gaspar
(KSG)] and von Barth —Hedin (vBH) (Ref. 7) functionals.
(This is especially appropriate as the Fermi energy is near
the bottom of the Ce d bands and limitations of the LDA
have been observed in that regime for the transition met-
als. )

There is yet one further dilemma to be faced for this
material: Both polarization and spin-orbit effects are sig-
nificant. A formal solution has yet to be worked out for
this situation in a solid. It would seem clear that the 4f
orbital should be treated in a j= —,

' state with ordered mo-

ment. That is the assumption of the model. In all local
orbital calculations, the 4f orbital was treated as a j= —,

orbital. To represent a j= —,', p, = ——', state as a spin den-

sity, —,
' of the electron is placed in an up-spin state and —,

'

of the electron in a down-spin state. These ratios were ob-
tained from the appropriate Clebsch-Gordan coefficients.
[Note that the majority (up) spin is opposite in direction
to the resulting moment since the orbital moment is oppo-
site to the spin moment. ]

But there is still the question of the best way to deal
with the conduction electrons. Should one include spin
polarization first and then add some spin-orbit coupling,
or should one focus first on the spin-orbit coupling'? To
study this question, both spin-polarized calculations and
spin-orbit calculations were performed. It was found that
the polarization effects were small (although not so small
as implied by the dHvA data) and it was much more im-
portant to include the spin-orbit effects because they spht
the band degeneracy at the X point and cut off the elec-
tron ellipsoids there. The small size of the spin splitting
is a difficult consideration for the application of the p-f
mixing model because it assumes that the spin splitting is
very large.

III. CALCULATIONAL PROCEDURES

All calculations utilized the line prized augmented
plane-wave (LAPW) method. The semirelativistic ap-
proximation which includes all kinematic relativistic ef-
fects except spin-orbit coupling was used throughout all
the calculations. When spin-orbit coupling was included,
it was incorporated in a second variational step based on
reinsertion of spin-orbit coupling into the semirelativistic
analysis. ' Except when the nonspherical effects of the 4f
orbitals were introduced, all calculations were performed
using the warped-muffin-tin (WMT) shape approxima-
tion. In this approximation, the density and potential are
spherically averaged within muffin-tin spheres about each
atomic site. In the interstitial region between these
spheres, the proper variation was described using a sym-

metrized plane-wave expansion. CeSb crystallizes in a
rock-salt structure with a lattice constant of 12.1 atomic
units. As equal-sized spheres were used, the muffin-tin
sphere radius within which this spherical averaging oc-
curred with 3.025 a.u.

Reasonable care was taken to ensure adequate precision
of the self-consistent calculations. The basis functions
were selected for each k point by including all augmented
plane waves (APW's) where the magnitude of the wave
vector times the muffin-tin radius was less than or equal
to 8—i.e., kR~~=8. This results in 137 basis functions
at the center of the Brillouin zone. The Brillouin zone
was sampled on a rrl4a cubic mesh. This is the standard
89-point mesh (only 85 of which are actually indepen-
dent). When the tetragonal symmetry terms of the Ham-
iltonian were included, the number of inequivalent points
was increased by almost a factor of three to 205 points.
(It was not precisely thro: because some points exist on
the planes joining the volumes which become inequivalent
in the tetragonal symmetry. ) The densities were deter-
mined from the wave functions calculated on this mesh.
The eigenvalues, however, were linearly interpolated and
used with a tetrahedron-based integration scheme" to
determine a more precise density of states. This interpola-
tion was also used to modify the weighting of the density
arising from a given band at that k point by the Fermi-
factor occupation of the volume within a cube centered on
the point. Core states were not held frozen but solved for
at each iteration in a single-site approximation. The Sb 5s
and Ce 5p semicore states, however, extend sufficiently
beyond the muffin-tin radius that they were included us-

ing LAPW solutions just like the valence- and
conduction-band states. Self-consistency iterations were
continued until the maximum change of any eigenvalue
from one cycle to the next was less than 0.1 mRy.

The procedures outlined thus far are rather standard
techniques and need very little elaboration. The inclusion
of the anisotropic effects of the 4f orbitals, however, is
more unusual and requires description in somewhat
greater detail. The 4f orbital was treated as a local orbital
in the j= —,', p= ——,

' state. To avoid including them
twice, the itinerant 4f states were excluded by placing the
1=3 LAPW energy parameter in the 5f energy region
thereby removing all variational freedom to resolve the
4f's from the basis set. The choice of the negative p state
was to orient the majority spin, which is oriented opposite
to the total moment, in the positive sense. The upper two
components of the 4f orbital are then

c(3,—,', —,';2, —,',—', )g(r)I'i (r)

The radial solution g (r) was obtained by extrapolating the
Ce muffin-tin potential to larger radii and then utilizing
the same technique as is used for the core orbitals. This
yielded an orbital 0.3 eV below the Fermi energy. The ac-
tual choice of extrapolation had little effect as only 1% of
the orbital extends beyond the muffin-tin radius. The
spin densities produced from this wave function are
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pf ( )
4 7 g ( )[1 P2(r)+ P4(r) P6(r)]

pf, (r) = —g (r)[1 »—P&(r)+ —,", P,(r)] .

The —,
' and —,

' factors are the squares of the Clebsch-

Gordan coefficients and the Legendre polynomial expan-
sions are the squares of the spherical harmonics. In per-
forming the local orbital WMT calculations, these series
are merely truncated at the first (spherically symmetric}
term. The effects of current interest are the consequence
of including these additional nonspherical —and also
noncubic —terms. The resultant change in the electrostat-
ic potential can be obtained using standard multipole-field
techniques based on the expansion of 1/

~
r —r'

~

as

pI
=4ng 't, g [FP(r)]'I'i (9') .

~r —r'~ t 0 21+1 p',+'

The form of this expansion together with the orthonor-
mality of the spherical harmonics dictates that the site
symmetry of the resultant potential change b, V will be the
same as that of pf. The same is true for the exchange
corrections which were obtained using a Taylor-series ex-
pansion about the spherical density. We chose to truncate
the series at the linear term so b, V» is directly proportion-
al to deaf but the symmetry would not be further modified
by the inclusion of higher-order terms of the expansion.
Nonspherical corrections to the correlation functional
were not included as they were much smaller. For the Ce
atomic sites, only the site-diagonal potential effects were
retained and these were truncated at L =4. The L =6 po-
tential term is quite small and can have little effect since
most of the f character is to be found in the local 4f orbi-
tal. (The 1=3 character remaining in the conduction
bands was included by giving the basis functions orthogo-
nal 5f and 5f-derivative character. ) The site-local interac-
tion is based on the rapid decay of the multipole fields.
The weakest case is for the quadrupole term (L=2) which
decays as 1/ri We did i.nclude the effect of this field on
the nearest-neighbor Sb atoms as the longest-range in-
teraction. To thus include the effect of the quadrupole
terms from the six nearest-neighbor Ce sites on the Sb
site, it was naxssary to reexpand the 1/ri about the Sb
site. Only the L=2 term at the Sb site needed to be con-
sidered as the higher-order terms were quite small. The
effects of these terms were small being of the same order
as the L=4 terms on the Ce site. It was the L=2 term
on the Ce site which produced the major effect.

These effects were incorporated by performing a second
variation' utilizing the eigenvectors resulting from the
WMT calculation as a basis set. The set chosen was the
first eight bands above the Ce 5p and Sb 5s band~=the
predominantly Sb 5p and Ce 5d bands. The spin-orbit
coupling was also included by the same technique so it
would have been possible to include both effects simul-
taneously. %'e instead chose to include them serially but,
since there was no truncation, this was just a matter of
convenience. To perform such a second variation, it is
necessary to set up and solve a secular equation involving
matrix elements which are bilinear products of the eigen-

vectors of the WMT equations with the LAPW matrix
elements of hV. The LAPW matrix elements of b, V are
evaluated using the spherical harmonic representation of
the I.AP%'s truncated at I=3. Because there are no
nonzero n terms in 6V, the resultant coupling is diagonal
in m. The quadrupole (L=2) term gives P-P, d-s, d-d,
ff, and p-f couphng The L=4 term gives d d, f-f, and
p-f coupling. Note that the L=6 term omitted would
only have given f-f coupling. To facilitate the study of
the Fermi surface, a plane-wave-series spline fit was
used. ' This was done in the tetragonal symmetry case so
the m/4a cubic mesh corresponds to 205 inequivalent
points. 366 symmetrized (star} functions were then used
to represent the results by requiring the fit to go through
ail data points and also be as smooth as possible. This
plane-wave-series representation was then used to trace
out the orbits on the Fermi surface.

IV. RESULTS

When the f electrons were treated as Bloch states, flat f
bands resulted at and just above the Fermi energy. These
bands repelled the p-d bands below the Fermi energy and
the resulting Fermi surface had no relation whatsoever
with the experimental areas shown in Fig. 1. Further,
such bands exhibit very large effective masses whereas the
experimentally determined masses were all quite small. It
is, of course, to be recognized that that calculation omit-
ted many of the effects being advanced as the essential
physics; it is a spin-polarized calculation, so the 4f orbital
is included as a definite spin state rather than as a j= —,

spin-orbit coupled state and the tetragonal symmetry
terms have not been allowed. However, the fact that the
observed effective masses are so low makes it improbable
that even after including these corrections one would find
acceptable results with delocalized 4f states since they
would be pinned at the Fermi energy with their attendant
large mass.

As the p-f mixing model assumed a large exchange
splitting, the first calculations performed for the local 4f
orbital case neglect the spin-orbit coupling and start from
a spin-polarized calculation except the 4f orbital is in the

j= —,', p= ——', state as described above. When the non-

spherical components of the 4f orbital density are neglect-
ed, the symmetry of the system is still cubic and a WMT
self-consistent-field (SCF) calculation can be performed as
an fcc-like (rock-salt) system. This is to be referred to as
the base calculation. The resultant spin-up bands are
sho~n in Fig. 2. The spin-down bands are quite similar.
The nonspherical terms are then included via a second
variation after the last cycle. The resultant model is iden-
tified as the spin-polarized (SP) calculation. In Fig. 3, the
spin-up Fermi-surface areas are shown for this model.
Table I gives the actual areas and masses for the principal
symmetry directions together with the experimental
values for comparison. The spin-down areas have not
been shown in the figure because, contrary to the assump-
tions of the calculation, they are quite similar. One sees
orbits from three-hole surfaces centered at I (Pi,P2, Pi)
and froin cigar-shaped electron ellipsoids centered at X
(the a orbit around the belly of the ellipsoid and the y or-
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FIG. 2. Band stgucture for the spin-up bands of the spin-
polarized base calculation with the 4f orbitals treated as local
states. The noncnbic terms arising from the 4f orbital are not
present at Pbbs stage. Although they break the symmetry, they
will make only minor modifications to the bands shown. The
spin-down bands (not showa) differ only slightly from the spin-
up bands.

bit that goes around the major axis). Each of these orbits
can be seen to correspond to frequencies in the experimen-
tal data (Fig. 1). They generally exhibit the correct aniso-
tropy except that the calculated areas are too large for the
hole orbits and the electron orbits are too needlelike. The

mysterious a orbit now occurs as a consequence of the
noncubic terms, because of the moment alignment along
an [001]axis, the ellipsoid around the I axis in that direc-
tion has a smaller belly cross section than the two in the
perpendicular direction. Thus that orbit "disconnects"
and forms the a orbit. The reason that the entire pattern
of frequencies associated with an ellipse is not seen for
each of these now different ellipses is that the moment
direction flips to a new [100] direction when the field
direction is moved too far off axis so that only a limited
part of each ellipsoid can be observed. There is a second
set of frequencies arising from the spin-down bands which
are very similar to, but distinct from, the spin-up bands.
This is not seen experimentally but there is some evidence
of very small splittings in the data. A splitting of only 0.7
MG is observed for the large y electron frequencies, less
than predicted by the model. Thus if one assumes that
other predicted splittings, already small, have actually
been overestimated by the calculation, then the true split-
tings would indeed be too small to be distinguished in the
experiment except in the largest cases.

It is very reasonable to ask whether the spin-orbit cou-
pling, which has been omitted for the conduction bands in
the SP model, might not reduce the spin splitting. To test
this, a second model was constructed which omitted the
spin polarization from the base calculation and included
spin-orbit effects instead. The base calculation for this
spin-orbit model (SO) was created by first performing a
paramagnetic WIVIT SCF calculation (without spin orbit)
with the 4f density split evenly between the two spin
states. Only at the last cycle was the spin-orbit coupling
included to form the basis for the new calculation. The
resulting band structure is shown in Fig. 4. This should
be an adequate treatment of spin-orbit effects since the 4f
orbital is not a part of the conduction bands. To complete
this model, the nonspherical components and polarization
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FIG. 3. Extremal cross sections arising form the SP spin-up
bands with the noncubic terms included. The spin-down areas
will be very similar —but distinct.

FIG. 4. Band structure for the spin-orbit coupled paramag-
netic bands. The anisotropic and exchange-splitting terms of
the 4f state are not yet included in this base calculation so the
bands are all doubly degenerate. A very important feature to
note in comparison to the spin-polarized. bands of Fig. 2 is that
the spin-orbit coupling has moved band 4 above the Fermi ener-
gy at X thereby pinching off the eHipsoids there.
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of the 4f orbital were included in a final variational calcu-
lation using the spin-orbit coupled solutions of the WMT
problem as a basis set. Because these interactions break
the spin-flip symmetry (by the polarization}, all states
couple and the degeneracy is gone. The second-variation
secular equation is twice the size and all bands are found
at once. This is in contrast to the SP case where the spins
are decoupled. It should be noted that this is still a polar-
ized calculation (being driven by the 4f polarization).
However, it will be a linear response to that driving force
that allows no self-consistent relaxation or screening. As
such, it will also overestimate the polarization effects.

The resultant areas for this SO calculation are shown in
Fig. 5 with the symmetry direction results tabulated in
Table I. The agreement with experiment is greatly im-
proved over that of the SP calculation. The hole orbits
are smaller although still larger than the experimental fre-
quencies. But the most dramatic change is in the electron
ellipsoids. The spin-orbit coupling has lifted the degen-

eracy of bands 3 and 4, forcing band 4 above the Fermi
energy at X. This pinches off the ellipsoids at X such that
they have a new center along b, . (This can be seen by
comparing Fig. 2 and Fig. 4 which exhibit the base calcu-
lations for the SP and SO models. } Simultaneously, the
ellipses have become much bigger at the waist so the an-

isotropy is drastically reduced. The calculated results
have actually gone too far in this direction and are now
somewhat less anisotropic than the experimental frequen-
cies. As can be seen from Table I, the spin splittings of

oJ
O

the SO calculation are quite comparable to those of the SP
calculation —in some cases they are even larger. To get an
estimate of the polarization effects from the data given in
Table I, we can use the effective mass relation

1 dA
m

m E '

which is in atomic units. Converting rn' to effective
mass ratio (m, = —,

'
), areas to megagauss [(374.1 MG)

a.u.~], and to millirydberg energies, this becomes

b, E =(1.7017/m')hA .

When this simple relation is applied to the data in Table I,
one finds that the splittings are 4—5 mRy with no clear
difference between the SP and SO calculations. The signi-
ficance of this is that the spin-orbit splitting of the con-
duction bands has not greatly reduced the polarization ef-
fects and the self-consistent polarization screening present
in the SP calculations and not in the SO calculations has
had at least as large an effect. To further probe this re-
sult, a modified spin-orbit calculation was performed in
which the spherically symmetric component of the polari-
zation was omitted. The results, also tabulated in Table I,
showed that the spherical component of the polarization
had very little effect at all.

To test the effect of the assumed exchange-correlation
functional on the results, the SO calculation was repeated
using exchange only (KSG). This should give the largest
change possible without going beyond the LDA si.nce the
various exchange-correlation parametrizations are quite
close compared to the size of the correlation effects. The
results are tabulated in Table I. They do not differ greatly
from the vBH results although they are somewhat worse.
The p-f mixing model extrapolated the band results for
LaSb to represent also the conduction bands of CeSb be-
fore the 4f hybridization. This is a venerable rare-earth
technique and worthy of examination. At the same time,
one can also get some estimate of the reliability of the cal-
culations for the nonpolarized conduction bands. To do
this, a paramagnetic band calculation with spin-orbit cou-
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FIG. 5. Extremal cross-sectional areas resulting from the SO
calculation with the noncubic and exchange polarization effects
included {only one set of exchange-spht bands are shown).

FIG. 6. Band structure for the spin-orbit coupled bands of
LaSb. Note the differences from the local f CeSb bands of Fig.
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TABLE II. (100) orbital areas and masses for LaSb. Areas are in megagauss and masses {given in

parentheses) are in electron masses. Experimental data are from Ref. (1).

dHvA data
SO-KSG
No SO-KSG

4.41
5.43 ( —0.25)
7.20

Band 3

11.03
14.54 ( —0.65)

Band 4

8.27
11.86 (0.72)
12.83

Band 4-waist

2.17
1.51 (0.26)

pling was performed for LaSb in precisely the same
manner as for CeSb. The exchange-only (KSG) function-
al was used resulting in the bands shown in Fig. 6. Only
two-hole surfaces are seen at I since spin-orbit splitting
causes band 1 to fall below EF (note this does not occur
for the local f CeSb calculation). There is an electron el-
lipsoid at each X point (the local f SO CeSb calculation
had the ellipsoids centered halfway between I' and X).
The reason for this difference between LaSb and CeSb is
that the d bands in CeSb are lower than in LaSb. The re-
sulting Fermi-surface areas are compared to the experi-
mental areas of Ref. 1 in Table II. Using the effective
mass formula again, one finds that the bands generating
the ellipses at X are too low by about 9—10 mRy relative
to the hole bands at I and that the ellipsoidal surface is
much too anisotropic, being more needlelike than the ob-
served frequencies. The point here is that the quantitative
differences found for CeSb are also found for LaSb indi-
cating that these are due to the approximation of the band
calculation as opposed to the validity of the local f model.
The major approximations are (i) neglect of nonspherical
terms inside the muffin-tin spheres (WMT), (ii) overes-
timation of spin-orbit splitting effects because they were
not included in the self-consistency process, and (iii) use
of the LDA for the exchange-correlation (XC) potential.
Approximation (iii) is certainly a critical one. It is known
from calculations on early transitian metals such as niobi-
um' and vanadium' that the electron ellipsoids are too
large due to the use of the LDA. In these elements, the d
states are placed too low relative to the s-p states. For a
discussion of the effect of different XC potentials as well
as shape approximations to the total potential on an
isoelectronic compound LaN, the reader is referred to
Ref. 16. With the above observations an LaSb in mind,
relative shifts between the d and p states were tried on
CeSb. A shift of the d states upwards by 10 mRy was
found to have little effect, merely resulting in a small
reduction in the eccentricity of the ellipsoids.

V. DISCUSSION

The application of the p-f mixing model to CeSb is
based on the use of LaSb bands as an approximation to
the unhybridized CeSb conduction bands. This is a stan-
dard approximation used in dealing with rare-earth ma-
terials but, although correct in gross structure, it unfor-
tunately does not adequately represent a number of
features relevant to the prablem at hand. The unhybri-
dized CeSb calculation has three-hole surfaces at I be-
cause band 1 is above the Fermi energy there. A particu-
larly difficult problem for the p-f model is that these
bands are predominantly Ce-d derived rather than Sb-p

derived as assumed by the model. As these are the bands
assumed to be modified by p-f mixing, it is a very severe
problem that there be no p character in the bands. Next,
the p-f model places the f orbital about 1 eV below the
Fermi energy. This is also a necessary part of the p f-
mixing model since the p-f interaction is being used to
force a band above the Fermi energy by repulsion. Recent
optical data, though, indicate that the f levels are less
than 0.5 eV belo~ the Fermi energy. ' The calculations
presented here found it at about 0.3 eV below the Fermi
energy. Further, the p-f mixing model assumes a very
large polarization splitting to eliminate the spin-down
bands which it assumes are not seen. But a small splitting
has now been detected in the dHvA data and the calcula-
tions presented here found splittings of 4—5 inRy, more
in line with those found in other materials. Finally, the
p-f mixing model generates the a orbit as a neck on the
largest I' surface along the field or moment direction be-
cause of the anisotropy of the 4f orbital. But the newer
dHvA data shaw this frequency to exist at all arienta-
tions. They also show no evidence for an orbit around a
large-hole surface. So although the p-f mixing model is
an appealing hypothesis, all this taken together would rule
against the applicability of the p-f hybridization model as
it is applied ta CeSb.

The weak-coupling model assumes instead that 4f
orbital localization is complete in CeSb. This makes CeSb
a very interesting rare-earth-like system with the local f
shell consisting of only one single 4forbital. The nancubic
anisotropy is also driven by the ordered 4f orbitals but the
interaction is now through direct and exchange Coulomb
effects. Consequently, the placement of the energy of the
4f orbital is not critical. The splitup of the a and y orbits
is due to the ellipsoid along the field (moments} being re-
duced in size and the two transverse ellipsoids being en-
larged. The full pattern of frequencies is not seen for
these ellipsoids because as the magnetic field is oriented
too far from the [100] axis of the moment alignment the
moment alignment will flop to the closer [100] axis. This
field dependence is certainly simpler than that observed
for Ni (Ref. 18) but it is clear that the applied field is
modifying the system —after all, it would not even be fer-
romagnetic if the field were not applied. The current ap-
plication of this weak-coupling model has been quite satis-
factory. It was found that the primary effect of spin-orbit
effects in the conductian bands was to split bands 3 and 4
at X (Xs}, moving band 4 above the Fermi energy at X
and thereby pinching off the ellipsoids at X. Exchange-
polarization effects on the conduction bands were found
to be quite small, consistent with such effects being just
barely detectable in the dHvA data. The calculated split-
ting nonetheless appears to be too large. There are at least
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three possible explanations for this. (i) The existence of
the 4f quadrupole density should drive the conduction
electrons out of the plane of the 4f orbital thereby reduc-

ing the exchange interaction. Because the current applica-
tion of the model has not allowed relaxation of the con-
duction electrons to the nonspherical driving force from
the 4f orbitals, this effect is not present in the current ap-
plication. The observation that the principal exchange-
splitting effects arise from the anisotropic components
strongly suggests that this must be at least part of the
correct explanation. (It is well known that perturbative
corrections overshoot. } (ii) The anisotropy of the correla-
tion part of the exchange-correlation functional has been

neglected. Correlation is well known to drastically reduce
the spin dependence of this functional so the proper in-

clusion of these terms cannot but reduce the splitting. (iii}
The nature of the ordered 4f orbital has been assumed as
a (j = —,', p, = ——,

'
) state. Crystal field, orthogonalization,

and hybridization (if present} effects could also act to
reduce the spin polarization of the orbital. Parenthetical-

ly, the reader should note that we are being required to
discuss reducing already small exchange effects while re-

taining the direct Coulomb effects. This is just the oppo-
site of what would be assumed for a Kondo model.

The effective mass data given in Table I are quite in-

teresting in that the masses and the mass enhancements
are relatively small. To belabor a point, were there to be
significant f admixture into the conduction bands, one
would expect large masses. Further, as the transition to
localized behavior is approached from the itinerant side,
mass enhancements become quite large. The mass-
enhancement factors seen in CeSb appear to be roughly
2—3 which is quite comparable to the factor of 2 for I.aSb
as derived from a comparison of the density of states to
the electronic specific-heat coefficient. Although that
comparison is troubled with large uncertainties, it strong-

ly suggests that the enhancements seen for CeSb are most-

ly derived from the electron-phonon interaction. This is
again consistent with CeSb, being very like the standard
weak-coupling rare-earth model.

To close, we would like to offer the opinion that CeSb,
acting much like a standard rare-earth system rather than
hke the more exotic mixed-valent-cerium materials, is
nevertheless an exciting system. Here one has a rare-earth
material where the f shell consists of a single electron
rather than a more complicated many-body system. The
material can be made very pure and very perfect—
evidence the ability to detect a dHvA signal which is sen-
sitive to parts per million. Thus it offers the opportunity
to have very-well-controlled experiments on a system
which is a relatively simple example of a most significant
class of materiah. It will definitely be desirable to im-
prove our treatment of this material and explore the level
of agreement which can be achieved between experiment
and theory for this material. Clearly, the first step in im-

proving the application of the basic model without in-
teractions will be to include the nonspherical response of
the conduction electrons in the self-consistent process to
understand its effects on the polarization. Only after this
is done will it be significant to inquire about the effects of
the assumed f state and of improved functionals. Then
one can ask about the effects of the further couplings
which must be present as seen from the wealth of magnet-
ic structure data available for this material. Much is yet
to be learned from further study of this material.
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