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Mean-field treatment of arbitrary anisotropic ferromagnetic spin Hamiltonians
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The solution of the infinite-range magnetization equation for arbitrary anisotropic spin Hamil-
tonians is discussed. The procedure presented is applied to the determination of the phases and
phase transitions in a family of systems involving a quadratic as well as a quartic anisotropy.

I. INTRODUCTION

Spin-Hamiltonians of increasing complexity keep ap-
pearing in a large variety of contexts.'~* While neither
the isotropic Heisenberg Hamiltonian nor its extreme an-
isotropic counterparts, the three-dimensional Ising and
XY models, can be treated exhaustively, an impressive
number of approaches to the treatment of systems includ-
ing higher than bilinear terms in the spin operators, as
well as to certain classes of anisotropic spin Hamiltonians,
have been developed. The spectrum of methods applied to
the treatment of anisotropic Hamiltonians with multicom-
ponent order parameters ranges from Landau theory*~° to
the renormalization-group (RG) technique.*!%!!

The significance of the Landau theory analysis was re-
cently discussed by Galam,® who pointed out that the
terms of order higher than fourth in the Landau expan-
sion, which are irrelevant in the RG sense, can give rise to
new phases and affect the nature of the various phase
transitions.

Microscopic mean-field theory, while being very close
to Landau theory in both its basic assumptions and gen-
eral consequences, differs from it by taking into account
the specific nature of the order parameters involved and
by retaining a clear distinction between the role of the
internal energy and that of the entropy. Technically, an
expansion of the entropy is avoided, so that this approach
is more suitable for a discussion of first-order phase tran-
sitions as well as second-order transitions between ordered
phases (i.e., involving large values of some components of
the order parameter). Thus, while clearly exhibiting the
difference in the form of the entropy terms in systems in-
volving order parameters of different nature (e.g., spin
systems with different elementary spins, various types of
orientational and translational ordering in liquid crystals
and of structural ordering in ferroelectrics), mean-field
formalism explicitly takes into account the fact that for
systems of a given nature the form of the entropy is in-
dependent of the concrete form of the Hamiltonian.

The equivalence between mean-field theory and the ex-
act treatment of the appropriate infinite-range Hamiltoni-
an enabled the study of spin Hamiltonians more complex
than the isotropic Heisenberg Hamiltonian. The general
isotropic spin Hamiltonian was considered in Ref. (12).
Lee and co-workers'3>— !¢ studied the static and dynamic
properties of the infinite-range anisotropic Heisenberg
Hamiltonian of uniaxial symmetry. The general anisotro-
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pic Heisenberg Hamiltonian was investigated by Gil-
more."”

These studies were extended in Refs. 18 and 19 to the
general infinite-range uniaxial Hamiltonian

#=NH(E2S,) .

Reference 18 contains a derivation of the corresponding
magnetization equation. By analyzing the possible solu-
tions of this equation it was found that three types of or-
dered phases have to be considered, namely Ising-like, in-
termediate, and XY-like. A generalization of the magneti-
zation equation to an arbitrary anisotropic spin Hamil-
tonian was derived in Ref. 20. The general infinite-range
Hamiltonian is written in the form

#=NH (5,,5,,5,), (1)

where N is the number of particles and

N
Si= 3 5/N, i=x,z.
j=1

The axes x,y,z are the principal axes of the tensor of coef-
ficients in the quadratic terms in the spin operators.

The magnetization equation for the Hamiltonian in Eq.
(1) was shown to be

s

$=————
| V:H |

0B,(Bo|VH]|) . (2)

Here, s; = (5} ) is the thermal average of 5},

.0H .0H JdH
V,H= ko
y las,, + ds, +kE)s, ’

o is the elementary spin, B, is Brillouin’s function, and
B=1/kgT.

In the present paper we discuss the procedure for the
concrete application of the formalism derived in Ref. 20.
A certain class of anisotropic spin Hamiltonians contain-
ing both quadratic and quartic terms is analyzed and the
corresponding phase diagrams are constructed. The types
of phases and the location and nature of the phase transi-
tions are determined. An elementary derivation of the
magnetization equation for an arbitrary anisotropic spin
Hamiltonian in the classical limit (0= ) is presented in
the Appendix.
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II. THE GENERAL PROCEDURE

The magnetization equation for an anisotropic spin
Hamiltonian, Eq. (2), is actually a set of three coupled
nonlinear equations for the spin components. The follow-
ing types of solutions are possible. (a) Paramagnetic,
sy =5, =5,=0, V;H=0. (b) Ising-like (say, z type): Only
one Cartesian component of the magnetization, s;, does
not vanish; V;H=u;0H /3ds;, where u; is a unit vector in
the direction i. (c) XY-like: Two Cartesian components
of the magnetization, s; and s;, do not vanish. In general

oH oH
5iFS), V,H:u,-&-_— +u; FYRE
i j

(d) Generalized intermediate (or xyz): All three com-
ponents of the magnetization are nonvanishing.

Altogether, there are seven types of ordered phases
(x,y,2,xy,yz,zx,xyz). For each phase the magnetization
equation enables the determination of the magnetization
components as functions of the temperature. These, in
turn, can be used to evaluate the free energy in order to es-
tablish the identity of the thermodynamic ground state for
a given temperature. In many cases involving second-
order phase transitions the sequence of phases and values
of the transition temperature can easily be determined by
the intersections of the resultant magnetization curves,
s(T), for the various phases, without explicitly evaluating
the free energy.

From Eq. (2) it follows that the resultant magnetization
s = | s| satisfies the equation

s=0B,(Bo|VH]), (3)

which is of the same form as that for an isotropic spin
Hamiltonian,'? with | V,H | replacing —dH /ds. In addi-
tion we have in the xyz phase

1 0H 108H 1 0H
= 2 (4a)
5x 0s, 5, 3s, 5, Os,
in the xy phase
18H_ 1 g @)
5y Os, s, Os,
and in the z phase
5, =5, Sxy=5,=0. (4c)

Using Egs. (4) and the relation s?=s}+s?+s? we can
express S, 5,, and s, as functions of s. Consequently,
| VsH |, whose concrete form is different for each type of
phase, can be expressed in terms of s. Equation (3) can
now be used to determine s as a function of 7. Finally,
the expressions for the spin components in terms of s can
be used to determine their temperature dependence.

We note in passing that, at least for o=, Eq. (3) can
be written in the inverted form

2% (5)

T=|V5Hl/ln

1425
1—

This form can enable a noniterative determination of the
magnetization curve, as mentioned for isotropic spin

Hamiltonians in Ref. 21.
For future reference we write down the equilibrium free
energy in the form

sinh[8| V,H| (0 +7)]
sinh(B|V,;H|/72) |’

A=H+s |VH| —kgTIn

(6)
which, for o= %, reduces to
A=H —kgT{In2—+[(1+42s)In(1+2s)
+(1—-25)In(1—-2s5)]} . (7

III. THE GENERAL ANISOTROPIC
QUARTIC SPIN HAMILTONIAN

The family of Hamiltonians to be considered in more
detail is of the form

H =73(a,sk+a,s2+a,52)+ 5 (bysi+b,s} +b,s7)
+ 5 (cxsfs?+cys2sE+csish) (8)
Note that

1 oH
Sy OSy

2 2
=a, +b,si+cysttcs), ... .

Equation (4a), corresponding to the xyz phase, becomes
@y +besi+e,st+c,si=a,+b,s}+cs?+c,s?

2 2 2
=a;+b,s; +cx5y +¢yS5

9)
Se+sp+si=s?,

which can be solved for 52, s?, and s7 in terms of s%. One
obtains

st=a;s*+B;, i=x,p,2 (10)

where

oy = i“[cx(3c —2¢;)—cbtceby +byb. ],
Bx =%[cx(4ax ——3a)-—3a,,b —ac

+a,b,+ay(b,+c;)+a,(b,+c,)],

and

_ .’ab,‘bl},,bz + 6cxiyc,

A —(c+¢f+cf)—2bc.

Here,
a =(ay+ay+a;)/3,
b=(by+b,+b,)/3,
c=(cx+c,+¢;)/3,
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1
1,11
Cx Cy Cz

o) |w

Note that a,+a,+a,=1 and B, +B,+B, 0. This
solution is relevant provided that s?>0, i =x,p,z. The
vanishing of any one of these components, say z, signals a
transition into an xy-type phase. If the corresponding
transition is of second order, this is actually the transition

1

y= K[bxb,b,+2cxcyc,—(bxcf+bycy2+bzc,2)] ,

1
6= —A-[(a, +a,)(cecy

+a.b,b, +a,bb, +a,beb, —(ayci+ayc)+a,c]

Equation (3) can now be used to determine s versus T.
To study the xy-type solution we write Eq. (4b) in the
form

ay +b.sttc,si=a,+b,s)+c,st,
sE+si=s?,
and obtain

sf:[(by —c,)s2+ay—ax]/A R

sy=[(by—c;)s*+ay—a,]/A,

— | V,H| =s[sXbsb,—c
+ay,b,—(ay+a,)c; 174,

A=by+b,—2c, .

(14)
,2)+axb,

In analogy with the xyz solutlon, this solution is possible
provided that both s? and sy as glven by Egs. (14) are
non-negative, the vanishing of, say, s?, signaling a transi-
tion into the y-type phase. Finally, for the z-type solution

st=s2,
5 (15)
— | V;H | =s[b,s*+a,] .

IV. PHASE DIAGRAMS FOR ANISOTROPIC
QUARTIC SPIN HAMILTONIANS

Leaving the systematic study of the possible phase dia-
grams for Hamiltonians of various symmetries for the fu-
ture, we shall now consider a few special cases which ex-
hibit some typical phenomena associated with the system
specified by Eq. (8).

A. by=by,=b,=b, c;=c,=c,=0
In this case the xyz solution satisfies
a—ay
PR
where a =(a,+a,+a;)/3. Assuming that a, <ay<a,

1
st=1s%4+
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point. Otherwise, the temperature corresponding to this
point is the lowest metastability temperature of the xy-
phase, the actual (first-order) transition occurring at some
higher temperature. To obtain the temperature depen-
dence of the magnetization we write

— | V,H| =s(ys2+8), (12)
where

—b,c;)+(ay+a,)cyc;, —bycx ) +(a; +ayx )ccx —byey)

<0 and b >0, it follows that sx > sy >s2 and that
(a —a,)/b <0 so that the condition s? >0 is only satisfied
for

3(a, —a)
b

For the xy solution

$55d,=

2 2 —_
25 a,—ay a,—ay
=2t

so that s >0 provided that

a,—ay
b

These results imply that the transition from the paramag-
netic phase, if it is of second order, has to be into a z-type
solution. For s? sufficiently large, both the z-type solu-
tions and the xy-type solutions are possible, the ground
state depending on the free energy. Finally, at yet higher
s2, the xyz solution is possible.

Note that for the z-type phase — | V,H | =s(ax + bs?).
Since b >0 the transition from the paramagnetic to the
z-type phase will always be of second order. The same
can be shown to apply to the transition from the z to the
xy type and from the xy to the xyz phase.

As an illustration, Eq. (3) was solved for o= %,
ay=-—3, ay=—2, a,=—1, and b=15. The temperature
dependence of the resultant magnetization is presented in
Fig. 1, and that of the three components, in Fig. 2. The
results indicate a monotonic increase of the resultant mag-
netization upon lowering the temperature. The magneti-
zation is directed along the x axis for Ty, < T < Ty, ro-
tates in the xy plane in the temperature range
Thy, < T < Ty, and finally rotates in space upon further
reduction of the temperature. A similar phase, with two
nonzero components of the order parameter, whose rela-
tive magnitude is tem?erature dependent, was obtained by
Galam and Birman®%’ who studied the cubic xy model
with eighth-order anisotropy, as well as in a mean-field
treatment of the three-component spin system with uniax-

2 2
s sty=
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ial symmetry.!” Galam and Birman™® discussed the
relevance of this behavior to the interpretation of the ex-
perimentally observed temperature dependence of the fer-
roelectric ordering in Tby(MoO,);.>

B. a,<a,<a, <0, by,b,,b,>0, c;=c,=c,=0

In this case we readily obtain for the xyz phase

a

, —8x G, —ay

5, b,

s+

sE=

3b,

This immediately implies that apart from quantitative
differences, this case is very similar to the previous one.
The transition between the xyz and the xy phases will
occur upon vanishing of 52, when

2 a,—a; a,—a,
xyz —
b, b,

As one can readily check by noting that the coefficient of
s¥in — |V,H| is positive, all the transitions will be of
second order. Note that whereas the quartic anisotropy
associated with b is qualitatively irrelevant, the suppres-
sion of the quadratic anisotropy, ie, taking
ay=a,=a,=a results in s2=(b/3b,)s%, .... In the
latter case the xyz phase will be the only stable ordered
phase. It is obtained from the paramagnetic phase at
T.=o(o + 1)a/3. In this case the magnetization direc-
tion is temperature independent, the direction cosines be-
ing (b/3b;)"/* i =x,y,z. This is a generalization of the d1-
agonal phase (s, =s, =s,) in the case of cubic anisotropy.’
A similar phase with a frozen direction in the plane was
obtained for the cubic xy model by Galam and Birman.®

C. ay<ay,<a; <0, b=0, ¢;=c¢,=0, ¢, <0

In this case the interesting phases are the x and xy
phases. For the latter,

a,—a a,—a
2 1.2 x ¥y 2 1.2 y x
si=38°+ s;=55"+
2 2, 77 2,
This phase will only exist for
a,—a
strsl ="
CZ

The interesting point is that the transition between the x
and xy phases will be of first order if |c,| is large
enough. This is presented in Fig. 3 for o=, a,=-3,
a,=—2,and ¢;=— 16. The transition temperature is ob-
tained by evaluating the free energy in both phases, using
Eq. (7). In order to determine the value of ¢, at which the
transition becomes of first order, we write the magnetiza-
tion equation for o= 7 in the inverted form

1425

—¢,5%]/In 125

T =[—(ax+a,)s

and note that at s =s,, we should have ds/dT =« or
dT /ds=0. Using the magnetization equation and the
value of s,, obtained above we obtain the transcendental
equation

0.1+
\
\
\
\
\
1
. i o
0.l 002 03 O4T 05 06 + T
Txyz Txy Tx
FIG. 1. Resultant magnetization for a=%, a,=-—3,
a,=—2, a,=—1, by=b,=b,=15, exhibiting the sequence of

transitions x —xy—xyz upon lowering the temperature. The
solid curve denotes the stable phases and the dashed curves
present the unstable solutions.

01 102 03 04,05 06  + T
Teyz Tay Tx

FIG. 2. Components of the magnetization for the case
presented in Fig. 1.
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FIG. 3. The magnetization and its components for o= %,
ay=-3, a,=—2, a,=—1, c,=—16, exhibiting a first-order
phase transition between the x and xy phases.

1+2s,,
1—2s,,

35y
T 1—4s2’

In

which can be solved numerically to yield s,,~0.29433.
For a,=-3, and a@,=—2 this corresponds to
c,~—11.54.

V. CONCLUSIONS

The magnetization equation for arbitrary anisotropic
spin Hamiltonians, derived in Ref. 12, was shown to lead
to a straightforward procedure of analysis. This pro-
cedure was applied to the quartic spin Hamiltonian, Eq.
(8). While the possible ordered phases (x,xy,xyz) were
identified, and the most typical sequences of phase transi-
tions (x —xy—xyz; second or first order) exemplified, a
comprehensive search of all the possible sequences
remains to be carried out.
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APPENDIX: DERIVATION OF THE MAGNETIZATION
EQUATION IN THE CLASSICAL LIMIT

Using the procedure presented in Ref. 24, the magneti-
zation equation for an isotropic spin Hamiltonian obtains,
in the classical limit (0= o ), the form

s=<cose>=%1;"z—, (AD)
where
_ 2w T . —a 6_;4_71 .
Z= fo do fo dOsinfe ~ %0 = . sinh(a) (A2)
and
dH
a= rat

Substituting Eq. (A2) in Eq. (A1) we obtain
s =coth(a)—LEL (a),
a

where L is Langevin’s function. For an anisotropic spin
Hamiltonian, the above procedure results in

dlnZ .
§;i= aai y L=X),2, (A3)
where
27 T ~
—_ 3 —a-s
Z=["de [ d6sine (A4)
and
a=pBV,H,
$=(sinf cosg, sinf sing, cosf) .
Defining
o, =agcosp, a,=agsing, (aj=aZ+aj)
we carry out the integration over ¢, obtaining
Z=2r [ d6sinGe " ““Is(assind)
=4xsinh( |a|)/|a], (AS5)
where
|a|=B|VH]| .
Substituting Eq. (A5) in Eq. (A3) we finally obtain
- L(B|V,H|) (A6)
= vy LPIVAHD

which is the classical limit of Eq. (2).

IM. A. Anisimov, E. E. Gorodetskii, and V. M. Zaprudskii,
Usp. Fiz. Nauk 133/134, 103 (1981)[Sov. Phys.—Usp. 24, 57
(1981)].

2E. L. Nagaev, Usp. Fiz. Nauk 136—138, 61 (1982)[Sov.

Phys.—Usp. 25, 31 (1982)].

3M. Roger, J. H. Hetherington, and J. M. Delrieu, Rev. Mod.
Phys. 55, 1 (1983).

4A. D. Bruce and A. Aharony, Phys. Rev. B 11, 478 (1975).



33 MEAN-FIELD TREATMENT OF ARBITRARY ANISOTROPIC . ..

SR. M. Hornreich, in Magnetic Phase Transitions, Vol. 48 of
Springer Series in Solid State Sciences, edited by M. Ausloos
and R. J. Elliott (Springer, Berlin, 1983).

6S. Galam and J. L. Birman, Phys. Lett. 93A, 83 (1982).

7S. Galam and J. L. Birman, Phys. Rev. Lett. 51, 1066 (1983).

8S. Galam, Phys. Rev. B 31, 1554 (1985), and references therein.

9J. Kocinski, Theory of Symmetry Changes at Continuous Phase
Transitions (Elsevier, Amsterdam, 1983).

10K. G. Wilson and M. E. Fisher, Phys. Rev. Lett. 28, 240
(1972).

HE. Domany, D. Mukamel, and M. E. Fisher, Phys. Rev. B 15,
5432 (1977), and references therein.

12G. F. Kventsel and J. Katriel, J. Appl. Phys. 50, 1820 (1979).

13R. Dekeyser and M. H. Lee, Phys. Rev. B 19, 265 (1979).

141, M. Kim and M. H. Lee, Phys. Rev. B 24, 3961 (1981).

6365

I5SM. H. Lee, J. Math. Phys. 23, 464 (1982).

16M. H. Lee, I. M. Kim, and R. Dekeyser, Phys. Rev. Lett. 52,
1579 (1984).

17R. Gilmore, J. Math Phys. 25, 2336 (1984).

18G. F. Kventsel and J. Katriel, Phys. Rev. B 30, 2828 (1984).

19G. F. Kventsel and J. Katriel, Phys. Rev. B 31, 1559 (1985).

20J, Katriel and G. F. Kventsel, Solid State Commun. 52, 689
(1984).

21, Katriel and G. F. Kventsel, J. Magn. Magn. Mater. 42, 243
(1984).

22B. Dorner, J. D. Axe, and G. Shirane, Phys. Rev. B 6, 1950
(1972).

23p. M. Bastic and J. Bornarel, J. Phys. (Paris) 43, 795 (1982).

24], Katriel and G. F. Kventsel, Phys. Rev. A 28, 3037 (1983).



