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Structure of liquid 4He at low temperatures: Random-phase approximation
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%'e have studied the enhancement of spatial order with increasing temperature in liquid 4He within the

hypernetted-chain scheme derived from a model density matrix describing phonon and roton excitations in

the liquid. The excitation spectrum was derived from the random-phase approximation (RPA) where the

Bogoliubov excitations are assumed to be noninteracting. The RPA spectrum was found to be inadequate

compared to the empirical spectrum, where a qualitative agreement with the experiment was found.

The prime interest in the study of liquid 4He at nonzero
temperatures is due to the experimental observation" of a
unique feature in this fluid: The short™range local order was
found to be higher at finite temperature than in the ground
state, and the local order is an increasing function of tem-
perature for T & T&. Above T& the situation is reversed.
Current explanation' ' of this anomalous temperature
dependence of the maximum of the static structure function
S(k, T) attributes it to thermal excitation of almost in-

dependent elementary excitations of which rotons are the
dominant ones above 1 K. Reatto and his collaborators'
computed the structure function S(k, T) with a model den-
sity matrix, using the experimental data for the zero-
temperature structure function S(k) and the excitation
spectrum Ek(T) and observed the enhancement of short-
range spatial order in the system with increasing tempera-
ture. Two of us' earlier extended the theoretical works of
Reatto and co-workers by calculating S(k, T) from the same
density matrix with the hypernetted-chain (HNC) equations
in the whole wave-vector range (phonons and rotons).

As mentioned above, all these theoretical works made use
of the empirical excitation spectrum and are thus not entire-
ly microscopic. The roton region of the spectrum was taken
from the experimental dispersion relation measured by neu-
tron scattering at low temperatures, 6' and fitted to a para-
bola,

E/( T) = 5( T) +it'[k k, ( T) ]'/2JM, ( T—)

with parameters given in Ref. 6. The small-wave-vector
range of the spectrum was described by a simple phonon
spectrum, Eg"(T) =tc(T)k, where c(T) is the tem-
perature-dependent speed of sound. The crossover from
the phonon to the roton region was done by a simple inter-
polation ignoring the exact shape of the maxon part of the
spectrum.

In our attempt to develop a complete microscopic ap-
proach for the structure function S(k, T) at low tempera-
tures, we have derived the excitation spectrum in the
random-phase approximation (RPA). We have employed
the Bose Green's function (unperturbed) in the canonical
ensemble derived by Lee,

constant which can be identified with the chemical potential
of the ideal Bose gas. Following the diagram rules of Lee,
the irreducible polarization operator II(p, t0„) to leading or-
der is given by

where

1 p(~ +z)
N~= ——/exp(iau„q)GO(q, ~„)= (e & —1)

(3)

to sum Over the intermediate frequencies. Rearranging the
terms in Eq. (3), we obtain
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l CO+
—

E& Ice„+E&
l

d q Nq
—Np+q

(2m)' i~„—(e, +~
—e, )

(6)

where ne=Nc/0, n~=N~/0, and Xat~c» has been
written as integrations.

In our present calculation, we retain only the leading
term,

II"'(p, ~„)= no
1

to)„—ep

As Lee pointed out, in this approximation the system could
be regarded as a collection of noninteracting Bogoliubov ex-
citations. In this case, the chain summation with the bare
interaction in momentum space, v~ (dashed line), as the
driving term is calculated as

is the Bose distribution function. In obtaining Eq. (3), we
have employed the standard technique of frequency summa-
tion, '

$ exp( iru„rt )/( ice„—x) = —p/(es" —1)

Gp(p, ~„)= [ice„—(e, +a) ]

where

e~ = it2q2//2 m, cu„= 2rr n//3, P = 1/ ks T

and n is an integer. In Eq. (2) b is an infinitesimal positive

c(p ~ )= + 0 ~ 0
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u ~ '~' is the Bogoliubov energy.h E = (tp+2noUptp ls t e r
re function in t e raThe static structure

' '
t e ra

then obtained fromimation is

S(p) =— 11(o)(p1 ~ 1 —u II"'(p, ~„n
coth( ~PE~ )

E~

the radial distribution function is'The HNC equation for the radia is

g, — u'(r)+ ug(r)+IV(r, T))g(r, T) =exp[u2 r u

with

d3k [S(k, T) —1]'
(2m)' p ( .

round-state correlation factor u r .

1temperature-depe ndent corre

(10)

ug(r) =— 2x
(2m)' I+Xk pS(k)

t k
coth(Y/3Ek) .2m(k, T)

(12)

~ ~E . (12) the familiar Bgl-At T v, we0 recover from q.

Xk = exp[ /3Ek( T—)
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gap is usually attributed to a roton-roton interaction, "which
is not considered in the present work. For small wave vec-
tors, however, RPA results agree quite well with the experi-
mental data even at finite temperatures. ' '

In a future attempt to improve the present discrepancy,
one must incorporate the rest of the bubbie diagrams of
higher order, in addition to the integral term ignored in Eq.
(6). In fact, to the leading order considered in the present
work, the depletion of the condensate due to particle in-
teraction is not taken into account. Interactions among the
Bogoliubov excitations should be taken into account by in-

corporating diagrams of the type '

~here the wriggly lines represent the effective potential

u, tt(p, to„) = u, + C(p, to„)

Such calculations, though involved, are invariably needed in
order to achieve the desired enhancement in the spatial or-
der from a purely microscopic standpoint.
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