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Flux periodicity in superconducting rings: Comparison to loops with Josephson junctions
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Two systems are described, a bare superconducting ring and a ring with an arm whose oscillatory

behavior of circulating current and internal magnetic flux as a function of applied magnetic flux is

remarkably similar to that of a ring with a weak link or Josephson junction. Exact closed-form solu-

tions of the nonlinear Ginzburg-Landau equations have been found for bare rings with wire diame-

ter 2a &g{t}and radius R (g{t}.The circulating current aud interna1 flux dependence on the ap-

plied flux which follow from the nonlinear solutions show both nonhysteretic and hysteretic regimes

depending on the size of the ring. Numerical results for the case of the ring with an arm show that

for small ring sizes the critical current varies as R ' and that the node with a dangling arm

(without a current) acts like a "strong link" which prevents transitions to the normal state for cer-

tain flux ranges. The results show that the periodic behavior of circulating current and internal flux

in ring structures is an intrinsic quantum-mechanical feature which is not subordinate to the pres-

ence of a weak link, and thus suggests that thin wires in actual networks may supplant Josephson

junctions in some instances.

I. INTRODUCTION

Arrays with nodal separations of the order of the coher-
ence length P t) or smaller have recently aroused great in-

terest for circuit applications and network equations have
been developed to describe them. ' For systems built of
wires of diameter 2a &g(t) the order parameter may be
assumed constant over each cross section and the only
variation of importance is that along the wire. Thus links
between nodes are treated essentially as one dimensional.

When investigating the second-order phase boundary
between the normal (N) and superconducting (S) states, it
is sufficient to solve the linearized Ginzburg-Landau (GL)
equations. However, when dealing with the magnetic
properties due to persistent currents or (critical) transport
currents, ' it is necessary to make use of the nonlinear
GL equations.

The diamagnetic properties of de Genne's loop with a
dangling arm were investigated in Ref. 6 in the context of
disordered supereonductors. This was done for a range of
values of ring radius R [0.1 &8/g(t) &0.4] and for dif-
ferent branch lengths and it was eoncludtxl that the latter
would not appreciably enhance the diamagnetic moment
of the loops. However, in Ref. 4 it was shown that the
critical current density of a wire with side branches in-

creases substantially when the spacing between the nodes,
L, becomes very much smaller than S(t}, and it can be

proved that in this limit [I.«g(t)] J, ~L 'r . An in-

crease in the critical current density of a wire array for
short internodal spacings is also expected.

We felt it worthwhile to study this further from a dif-
ferent perspective, and in this work the magnetic proper-
ties of both the bare ring and the loop with a very long

II. GENERAL THEORETICAL FRAME%'ORK

In conventional units the GL equations are (see, e.g. ,
Ref. 9)

V~'f =(f'+ q' l )f, —

f q=(4trlc)(2ngk, iso)J, (2)

where f(r) is the modulus of the complex order parameter
g=fexp[i'(r)] and J the current density in cgs Gaussian

arm [Is »g(t)] were investigated from the point of view

of such quasi-"one-dimensional" micronetworks. When
the results are compared to those of a ring containing a
Josephson junction, a rather surprising similarity
emerges. This similarity has its origin in fiuxoid quanti-
zation, which was first observed on superconducting
cylinders.

Both the internal flux and circulating current as ob-
tained from the solutions of the nonlinear GL equations
have a periodic dependence on the applied magnetic fiux.
In particular, an exact closed-form periodic solution is ob-
tained for the bare ring. The ring with a dangling arm
was solved numerically. In both cases, transitions be-
tween different quantum states are possible when sweep-
ing the field, which, depending on the physical charac-
teristics of the ring, may be nonhysteretic or hysteretic.
All three systems: the bare ring, the ring with an arm,
and the loop with a Josephson junction show similar
behavior, the dangling arm being, in a sense, the opposite
of a weak link (we call this a "strong" link}, since, as dis-
cussed in Sec. IV, its presence inhibits transitions into the
N state.

33 6088 1986 The American Physical Society



33 FLUX PERIODICITY IN SUPERCONDUCTING RINGS:

units. The superfluid velocity is

q=g(V{p —2m A/Po), (3)

t al(„2~~1(„

Bx (()o

where A is the vector potential, Po the fluxoid quantum
ch /2e, g the temperature-dependent bulk coherence
length, and, A, the temperature-dependent bulk penetration
depth. The function f is proportional to the superfluid
number density and it is unity when the current density
and magnetic field are zero.

For our problem, it is assumed that the distances be-
tween the nodes are of order of Pt) and that the wire di-
ameter 2a &){,(t) and g(t). Then the one-dimensional GL
equations may be used with x being the curvilinear coor-
dinate along the wire normalized by g(t). When the su-

perfluid velocity in the first GL equation is eliminated in
terms of the normalized supercurrent density J by use of
the second GL equation, the result in normalized form is

dd f +(1 f2 J2/f4)f 0 (4)
dx

where f=f(x) now and J is a constant. Integrating Eq.
(4) once and substituting for f (x)=fo+t (x), where fo
is the value of the order parameter at some extremum of
f(x), one obtains

'2

2f' =(fo -f')[f'(2-fo-f') -2J'/f o]

is satisfied. Here A and P„are, respectively, the vector
potential along the wire and the complex order parameter
at node n, and the sum is over all branches connected
directly to node n.

From the real and imaginary parts of Eq. (6), one finds
the following subsidiary conditions at the nodes

dt's
(7)

2nd =gq„=O,
(()o

V

df
dx

(8)

III. EXACT SOLUTION FOR THE BARE RING
AND COMPARISON WITH THE WEAK-LINK CASE

where q„ is the superfluid velocity entering the node, and
the derivatives off(x) with respect to x are taken radially
outward from the node. Equation (7) is equivalent to
Kirchhoffs current law. We satisfy this by having a cir-
culating current in the ring only while the continuity of
f(x) at the node is imposed. Equation (8) is an additional
constraint for superconducting networks.

or

=J /fo —fo(1—fo) —(1 3fo/2)t +—t /2 .

It is possible to obtain an exact, closed-form solution
for an isolated loop. If there is no node on it, all points
are equivalent and f(x) will be independent of the curvi-
linear coordinate x. Hence f will be of constant value fo.
It follows then, from Eq. (4), that

The function t (x) gives the modulation of the order pa-
rameter and is zero at the extremum. When the normal-
ized internodal distance L /g(t) becomes small, an approx-
imate integration of Eq. (5b) is possible using the first two
terms of the expansion of t in powers of x.

We assume that the material throughout the network is
the same and homogeneous so that f(x) is continuous at
each node. In addition, complex current conservation re-
quires that at all nodes

J=+fo(1 —fo)'"
The inset of Fig. 1 shows the sign convention to be used

relating the positive current density I with the positive
flux P (right-handed system). The square of Eq. (9) is a
cubic equation in fo. The latter can be solved for f2o in
terms of J and J, =2/~27, which is the maximum (criti-
cal) current density of Eq. (9). The relevant solution is

fo ———', I —,'+cos[ —,
' cos '(1 2J /J, )jI . —

0.5 0.5

0.5 0.5

FIG. 1. Bare-ring case. (a) Plot of y =x+yJ(P)/J, [cf. Eq. {15)].Here, y=[{1/c)LI,/$0)/(R/g), x ={/,/$0 —n)/(R/g) is re-
lated to the applied flux and y ={//go n)/(R/g) is relat—ed to the total internal flux. (b) Plot of the normalized current density
—J(P)/J, versus reduced applied flux x. Curves A, 8, C, and D correspond, respectively, to values of y=0, 0.25, 0.5, and 0.75 ln
both plots.
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The fluxoid relation, obtained from a contour integra-
tion of the second GL equation, is

40 ~ Jdx
40 0 2 f2( )

where n is a positive or negative integer or zero,

f(x)=fo, P is the internal (total) magnetic flux enclosed
by the contour, and

J=qf =(4m/c)(2irP /$0)J~nv ~

with J~„„ the current density in conventional Gaussian
units (statamperes/cm ). Note that x is normalized by
g(t) in Eq. (11).

Combining Eqs. (9)—(11) and eliminating fo, the ap-
propriate solution for the circulating current density J(P),
as a function of the internal fiux P, is, in conventional
units,

J (Q) 1 ) 3 4/4'o n—
1 —cos ' 3 cos '

1 ——
J, 2

'

1/2

(12)

Furthermore, the internal flux as a function of the ap-
plied (external) flux P, and circulating current I(P)
(Gaussian units) is

P=P, +(1/c)LI, (13)

where L is the self-inductance of the loop. In order for
the second term on the right-hand side to be physically
meaningful, the wire of the loop must have a finite cross-
sectional area of radius a. Then the current I (P)
=ma J~„„should be interpreted as the net circulating
current in the ring whose maximum value is

I, =(2/~27)(e/@r)($0/2nP. )(ma )

and the path of the contour integral in Eq. (11) is to be
taken along the middle of the wire. Defining

y = [(1/e)LI, /y, ]/(II /g),
x =(P, /$0 —n)/(8/g),

y =(Pl/0 n)/(& /g)—,

(14)

x =y —yJ($)/J, , (15)

where yR /g is the fraction of the maximum flux generat-
ed by the circulating current in units of the fluxoid quan-
tum. When y=0, there is no circulating current and the
applied and internal fluxes are the same; otherwise they
are, in general, different.

With the above definition of y, Eq. (9) can also be writ-
ten as

J(p) /J, = —( v 27/2)y (1—y') . (12')

Equations (12') and (15) give the universal relations of the
internal flux and circulating current as a function of the
applied flux (in terms of 8/g and y), which are shown in
Figs. 1(a) and 1(b).

It should be pointed out that the ratio I/I, =J/J, ex-
ists as a limiting curve for y =0 in Fig. 1(b), although the
actual circulating current approaches zero for this param-
eter value. In case that y ~0, the value of P +P, (y ~x ). —
Then y can be replaced by x in Eq. (12'). This equation
shows that the current density has a maximum at
x =1/i/3 [Fig. 1(b), curve A). The absolute value of the

we obtain, with Eqs. (12) and (13), a relation between the
applied and internal fiuxes with y as a parameter,

right-hand side (rhs) of Eq. (12') is similar to the Joseph-
son sin(iry) relation (but not identical), where my has to be
interpreted as the phase difference across the junction. It
has been shown previously, ' in the context of S-N-S junc-
tions, that the sin(ny) relation is obtained from the GL
equations in the weak-coupling limit only. It is therefore
not too surprising that Eq. (12') is not identical to the as-
sumed sin(ny) relation. The periodic nature of the circu-
lating current and flux is evident from Fig. 1 and Eqs.
(15) and (12'). The functions x and J/J, are odd func-
tions of y.

Figure 2 shows the relation between the internal flux P
and the circulating current density J as a function of the
applied flux P„calculated from Eqs. (12) and (15) for
quantum numbers n =0, 1, and 2. In all instances, the
maximum fiux generated by the current is fixed to —,

' of a
fiuxoid quantum. This requires that y, which is propor-
tional to the self-inductance, has to be changed as R /g is
changed. As can be readily seen from Fig. 1, as the value
of (1/e)LI, /Po approaches zero, the P-versus-P, and the
I-versus-g, curves becomes nonhysteretic, while, for the
values shown in Fig. 2, they are hysteretic. For the small-
er values of 8/g, there are regions of P, over which the
ring is in the normal state while for the larger values of
R/g the ring is always superconducting. In the graphs
shown here, the current density J(P)=0 for P, =nPo, at
which value the order parameter is unity in Eq. (9), while
for P, =(n+8/g')$0 the values of J and fo are zero. For
the larger values of 8 /g and when the curves bend back-
wards (hysteretic regime), as shown, the situation with

fo ——0 might not ordinarily be attainable since the current
in the ring switches to a different quantum state before fo
becomes zero. At the extrema of the currents, fo ——&2/3.

From Eqs. (12) or (12') and Figs. 1 and 2, the periodic
nature of J versus P, and the different quantum states are
evident. Comparing the above figures with Figs. 2 and 3
of Silver and Zimmerman, which concern a supercon-
ducting ring with an incorporated Josephson tunneling
junction, one finds a remarkable similarity. In Ref. 7 it is
the critical current of the weak link which lowers the in-
trinsic maximum current of the ring and thus initiates an
abrupt transition to another quantum or to the normal
state before the intrinsic maximum current density is
reached. If the critical current of the weak link is much
smaller than the intrinsic maximum current of the ring
(without a weak link), then we expect the I versus-P, and-
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FIG. 2. Bare-ring case. Internal flux P and circulating current density J as a function of the applied flux P, for n =0, 1, and 2 for
different y values and yR /g fixed at 0.25, obtained from Eqs. (12) and (15). Figures 1 and 2 should be compared with Figs. 2 and 3
of Ref. 7.

((}-versus-P, relations to be quasilinear for constant values
of n. In contrast, for a bare ring the transition is deter-
mined in a natural way by the nonlinear J-versus-((}, rela-
tion for smaller rings or possibly by energy-balance rela-
tions for larger rings. However, the strikingly similar
behavior with and without a Josephson junction (JJ)
would suggest to us that for some circuit applications a
ring with a JJ could be replaced by a bare loop, a great
simplification from a practical point of view.
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FIG. 3. Ring ~ith a dangling arm. The inset sketches the or-
der parameter at different locations on the ring (node X, arm A,
and antinodal point 8) as well as the slopes at X. The graph
shows the relation between the circulating current density J and
the values offs and f~ for R //=0. 125.

IV. NUMERICAL RESULTS FOR A RING
WITH A VERY LONG ARM

2sg+sg =0, (8')

where sz (dfldx}~ is the slope at f~——going toward 3

When a long dangling superconducting branch, which
does not carry any current, is connected to a loop, the
junction (node} becomes a unique point on the ring. In
contrast to the previous example, the modulus of the or-
der parameter on the ring will now be a function of x.
Also, while previously the maximum normalized current
density was always J, =2/v 2"/, the dangling branch aids
superconductivity at the node in the case of the ring with
an arm, thus enhancing the maximum current. The inset
of Fig. 3 shows schematically the ring with an arm and
the order parameter along it.

Since the branch length Lb &&g(t), the order parameter

f(x) at point 3 is unity and must be a minimum at point
8 when a current is flowing in the loop. This follows
from Eq. (8}, assuming symmetry, and the assumption
that f(x) is continuous at the node.

When a weak link is inserted into a loop its location be-
comes a unique point, similar to our node. However,
while the weak link initiates a transition to another quan-
tum state before the intrinsic critical current of the bare
ring is reached, the node with the arm performs the oppo-
site function: it enhances the critical current of the sys-
tern.

Because of symmetry the nodal condition, Eq. (8}, for
the ring with an arm, is
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(positive} while sa is that going toward 8 (negative}.
When R «g we may neglect the t and t terms on the

rhs of Eq. (5b). Then the solution is

[J /fa fa—(1 fa—}](~R}=fN fa—.

For the arm we use Eq. (5a) with fo 1, f——=f~, and
J=0. Matching the f values at the nodes and using Eq.
(8 ), one obtains, in the limit that R/g«1, an equation
for the normalized current density whose maximum value
is11

2.1

0.00S

0.6

(-J) G. s

0.4

J, = —,
'

[3g(—', )'/ /2mR ]'/ =0.145v'g/R (16) 0.2

Equation (16) shows that the current density at small
radii becomes quite large since the help the loop receives
from the long branch becomes proportionately larger as
the radius R is decreased.

The opposite extreme is when R »g. Then the contri-
bution from the increased order parameter at the node is
relatively small and the maximum current density in the
ring approaches the value 2/~27 of a very long wire
without side branches.

For arbitrary values of R, however, Eqs. (4) or (5) with
the boundary condition (6) and continuity of f (x) at the
node have to be solved numerically. Solutions were found
explicitly in terms of Jacobian elliptic functions. As an
example, Fig. 3 shows the relation between the values of
the order parameter at points 8 and X and the circulating
current density for R/(=0. 125, and Fig. 4 shows the
corresponding relation between the normalized current
density and the internal flux obtained from Eq. (11}for
various values of R.

The behavior of the order parameter as the current
varies is quite similar to the bare-ring case, although f(x)
is now a function of position. It is unity at zero current,
decreases as J increases and reaches a maximum value,
and then decreases further until J approaches zero again.
When this happens, the order parameter becomes zero at
point 8 but has a finite value at the node N. This pattern
is consistently maintained, and fz takes on larger values
with increasing values of R when fa ——0.

This suggests that the antinodal point 8 acts like a
phase-slip center at which transitions from states n to
n+1 might take place when P, =neo/2. This could, for
example, happen for such cases as in Figs. 5(a) and 5(b),
but not in Figs. 5(c) and 5(d), where the state with fa ——0
is not truly accessible.

Starting from large values of fz, J increases with P un-
til it reaches a maximum value and then drops until it be-
comes zero at P/Po n=0. 5, re—gardless of the value of R
(Fig. 4). This latter behavior is quite different from that
of the bare ring, for which, when J~O and f~O, the
value of P, /Po~+R/g+n.

Defining relations similar to Eqs. (14) and (15), namely

P=(1/c)LI, /$0, x =P, /Po n, —

y =y/y, n, x =y —P—I(y)/I, ,

one can calculate the internal flux P and the flux generat-
ed by the circulating current pI/I, (in units of po) for
various values of the inductance L of the ring. Examples
are shown in Fig. 5 for R//=0. 125 and 0.5 and for P=O,

0. &

0.2 0.3 0.4
/(P, -n

0.5 0.6

FIG. 4. Ring with an arm. Relation between the normalized
current density and the internal flux obtained from Eqs. (11}
and (4} for different R values with nodal condition (6} and con-
tinuity off(x) at the node.

2,0
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P=O

0
1/4 ]/8

0 1.0 0 t 0 Qg/$, 20

FIG. 5. Ring with an arm. Internal flux P and circulating
current I as a function of applied flux P, for n =0, 1, and 2, for
different values of P f =(I/c)LI, /$0]=0, 0.125, and 0.25; la)
and (b) for R/(=0. 125; (c) and (d) for R/(=0. 5. This figure
should be compared with the above Fig. 2 and with Figs. 2 and
3 of Ref. 7.

0.125, and 0.25. The functions P and J are periodic and
odd with respect to P, . Again, as in the bare-ring case,
hysteresis will occur for the larger p values when the ap-
plied magnetic field is swept in opposite directions. How-
ever, there is one important difference, that of the com-
plete suppression of the normal regime (see, e.g., Fig. 2,
R//=0. 25) due to the long deadend branch. The latter
result is also different from that obtained from the linear-
ized GL equations which has the deficiency of having no
solutions for certain ranges of the length of the arm [see
Ref. 1, Eq. (12)].

Figure 6 shows a plot of the maximum (critical) current
for the ring with an arm and the approximation for
R ~0, Eq. (16), as a function of radius R. For large ra-
dii, J,~J,(oo)=2v 27. This value corresponds to the
critical current density of a bare ring or long wire without
dangling branches.
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V. CONCLUSIONS

The periodic behavior of the internal flux, locked into
the ring, and that of the circulating current, as a function
of the applied magnetic flux, is an intrinsic quantum-
mechanical feature of a multiply connected system with a
complex order parameter and not an inherent property of
a Josephson junction or other type of weak link which
may be part of the ring circuit. From the nonlinear GL
equations, we obtained for a ring [consisting of a wire
whose cross-sectional radius is smaller than g(t)], an exact
closed-form solution for the circulating currents a func-
tion of the internal flux which can be related to the ap-
plied flux for a given inductance. Such a ring has an in-
trinsic critical current. When a weak link is inserted, it
forces its own critical current upon the system, which is
lower than that of the bare ring. A dangling supercon-

FIG. 6. Ring with an arm. Maximum (critical) circulating
current is plotted as a function of R. The dashed curve is the
approximation for small R values: I,=O. 145+(/R [Eq. (16)].

ducting branch produces the opposite effect: the node
acts like a strong link since the critical current is raised.
While rings both with and without weak links may have
applied flux regions in which superconductivity is
quenched altogether (e.g., see Fig. 2 for R//=0. 25), a
strong link, in principle, prevents this from occurring.

The maximum current which can be sustained in a bare
ring is independent of the radius R, while it is proportion-
al to R '/ for small values of R when the system in-
cludes a strong link [see Figs. 4 and 6 and Eq. (16)]. Thus
for R~0 the magnetic moment varies as R for a bare
ring, while, for one with a strong link, it varies as R 3/~.

In summary, a bare superconducting ring [2a &g(t),
R (g(t)] shows an oscillatory behavior in the presence of
an applied magnetic flux which is quite similar to that of
a ring with an embedded Josephson junction. This result
which follows from exact solutions of the nonlinear GL
equations and fluxoid quantization raises the conjecture
that wires between nodes in a superconducting network
act like weak links and could replace them in some cases.

A long dangling arm without a current connected to a
superconducting ring of small radius acts like a strong
link since it enhances the order parameter (Cooper-pair
density) and the critical current of the ring and prevents it
from going into the normal state for certain applied flux
ranges. Furthermore, the antinodal point 8 acts like a
phase slip center when the quantum number is changed.
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