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Rainbow effect in axial ion channeling
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%'e have studied the angular scattering distributions produced in axial channeling when incident
0

protons (7 MeU) are well aligned to the axial direction of a thin silicon crystal (1400 A). Measured

angular distributions obtained in the (100) and (110) directions using a two-dimensional {2D)
position-sensitive detector (resolution &0.015 ) have been interpreted by comparison with Monte
Carlo trajectory calculations for these channels in the momentum approximation. The measured an-

gular distributions show structures at certain off-axis angles which are in good agreement with the

calculations. The general shape and structure in the angular contour map for a given channel have

been shown to be a consequence of extrema in the 2D classical deflection functions for the two

Cartesian scattering angles in the detection plane. The occurrence of the extrema in a very thin

crystal (i.e., a rainbow effect in axial channeling) is a consequence of the channeling geometry when

atomic strings surrounding the axial channel interact with the projectile simultaneously.

I. INTRODUCTION

Considerable effort has been directed toward a detailed
understanding of the transmitted angular distribution for
ions channeled along the axial directions of single crys-
tals. ' It is well known that when the projectile energy is
low enough and/or when the crystal is thick enough to
cause significan multiple-scattering effects, the transmit-
ted beam becomes concentrated along the chosen axis with
lower intensity arms extending radially outward along the
principal planar directions. Under these conditions, a
characteristic "star pattern" is observed and is useful in
determining the crystal orientation in channeling experi-
ments.

For a very thin crystal with a tightly collimated projec-
tile beam, the pattern of transmitted particles is known to
be more complex and not so well understood. Previous
axial-channeling studies performed under these conditions
suggest that the transmitted patterns depend on the fine
details of the trajectories inside the crystal. ' These qual-
itative observations have resulted primarily from visual
and photographic studies. Since these experiments did
not produce angular distribution contour maps that are
linear in intensity, the investigators were not able to ex-
plain their results quantitatively. Quantitative experimen-
tal and theoretical studies in axial channeling were carried
out by Rosner et al., who sought to understand the
"doughnut" angular distribution produced when the pro-
jectile direction deviates from the crystals axial direc-
tion. Heretofore, however, no angular distributions exit-
ing very thin crystals have been quantified and reported
where the projectile and the axial direction are aligned.

Our interest in axial-channeling angular distributions in
very thin crystals arose from a desire to explain velocity-
dependent charge fractions produced in the resonant-
coherent excitation (RCE) process. For example, in the
case of channeled one-electron ions, the is~2@ energy
spacing is a function of its position in the potential gra-

dient between the atomic rows, so detailed trajectories of
the projectile iona must be considered in a calculation of
RCE effects. The need for an efficient and accurate com-
putational algorithm stimulated a theoretical investigation
of projectile angular deflections in very thin crystals. 5

This investigation resulted in the prediction of flux
enhancements that could occur at certain exiting angles
due to a rainbow effect when the projectile and crystal
axes are aligned (in analogy to the peaking of light flux
scattered from water droplets at certain angles in optical
rainbows). Rainbow scattering has been observed at low
energies (thermal to 100 eV) in atom-atom scattering, ~ in
atom-surface scattering and at high energies in nuclear
scattering of heavy nuclei. The rainbow effe:t was even
noted during the early days of channeling' in a blocking
context when Oen interpreted the anisotropy of a particles
emitted from a monocrystalline W tungsten single crys-
tal. 'o However, blocking studies offered no hint of our
findings, and the rainbow effect in transmitted axial-
channeling angular distributions has remained unexplored
until the present. In this work we have studied 7-MeV
protons channeled along the (100) and (110) axes of a
very thin silicon single crystal using a 2D position-
sensitive detector to measure the transmitted angular dis-
tribution and compare these results with theoretical calcu-
lations based on the model of Neskovic.

II. THEORY

The origin of the rainbow in scattering processes is an
extremum in the classical deflection function that gives
rise to an infinite differential cross section at certain
scattering angles. In order to show that the rainbow can
occur in axial channeling, we will examine the deflection
function for the case of an axially channeled projectile
and show where de/db has extrema. To obtain the de-
flection function, we consider an ion incident on an axial
channel with initial impact parameter determined by the
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Cartesian coordinates b= (x,y ) (measured from channel
center) and moving parallel to the direction of atomic
strings defining the channel, along the z axis. We shall
assume that the transverse momentum imparted to the
projectile, P„=(p„p~), is very small compared to the in-
cident pro„'ectile momentum, Po(PO p——, ), and that the
crystal is sufficiently thin so

~

P
I
/I'0 is less than the

geometrical width-to-length ratio of the channel. In this
case the ion trajectory may be approximated in the small-

angle limit by a straight line. Under these conditions, the
transverse momentum can be calculated via Eq. (1), start-
ing from an assumed force center with potential
U;(x,y, z),

(a}

«00&

p

b

M

Pi ———X g f ViU (x,y, z)dt
i=1

Nm) g Vi V(x,y),
I'p

(1)
V;(x,y)= f UI(x,y,z)dz .

Equation (1) is a simple extension to axial channeling of
the harmonic scattering problem discussed by Demkov, "
where the net transverse momentum is the vector sum of
the transverse momentum contributed by each atomic
string surrounding the channel (i.e., the ith string), M is
equal to the number of strings that contribute significant-

ly, here taken to be equal to the number of strings lying
within the third-coordination circle about channel center,
N is the number of atoms in one string, and rn i is equal
to the projectile mass. The impact-parameter-dependent
deflection function 8(x,y) is equal to Pi/Po in the
small-angle limit. V;(x,y ) is the average transverse (con-
tinuum) potential for the ith atomic string based on a
specific interatomic potential, U;(x,y,z). ' Here we use
the Lindhard continuum potential, which is an approxi-
mate Thomas-Fermi potential. ' ' As noted by Demkov,
the effective differential cross section is defined as the
Jacobian of the transformation

cr(p„,pz) =2m iE g B(x,y)
Px~Py

(2)

where the summation is over all the values of the multiply
valued function b(I'& ) and E denotes the projectile ener-

gy. The cross section is defined as the ratio of the area
elements on the impact-parameter plane and the scattering
plane, respectively. Neskovic has shown that the Jacobi-
an is unbounded along lines in the scattering plane defined
as the rainbow ridge. We shall show that this is true in a
complementary fashion by examining the impact parame-
ter dependence of the deflection function.

In order to illustrate the rainbow and show that it is a
consequence of geometrical string arrangement, consider
the (100) axial channel defined by the four atomic
strings shown in Fig. 1(a). Let the two-dimensional (2D)
Cartesian scattering angles in the laboratory frame be
denoted by (8„,8~) for the small-angle scattering problem
at hand. A projectile entering at the center of the channel
(x =0,y =0) will experience a symmetrical repulsion
from each string that imparts no net transverse momen-

0

~ -0.01
Ci
D

l-
4J

-0.02

LLJ -0.0& I l I

0.5 1.0
IMPACT PA RA ME TE R b (a.u. )

I

1.5

FIG. l. (a) Atomic string positions for the (100) axis of sil-

icon (3,69 a.u. string spacing in the horizontal and vertical
directions). An impact parameter, b, lying along the x axis (and
measured from the center of the channel) is shown. (b) Deflec-
tion function, e„(b), for a very-thin crystal generated for y =0.
The deflection function has an extremum which gives rise to the
rainbow (see text).

turn to the projectile in a simultaneous interaction with all
strings and therefore the projectile suffers no angular de-
flection. A particle entering at (x, y=0) will experience
no deflection in the 8„direction, but will be increasingly
deflected toward negative 8, as x is increased positively.
The deflection function for 8„, calculatml for such a se-

quence of impact parameters x, is shown in Fig. 1(b).
Referring to Fig. 1(b), we see that the deflection angle de-
creases until it reaches a minimum (a turning point) at the
rainbow angle corresponding to 8, = —0.0257' (corre-
sponding to an impact parameter of x=0.98 a.u.) and
then increases until it reaches a turning point (at +8„,not
shown) in the channel located to the right of that shown
in Fig. 1(a).

The physical reason for the extremum in the deflection
function (i.e., the rainbow) is readily explained on the
basis of geometrical considerations. As x increases from
the center of the channel, the repulsive force from strings
1 and 2 increases, but the component of these forces in the
negative-x direction eventually weakens when the angle
denoted by a becomes large. Even though the repulsive
interaction with strings 3 and 4 is weakening when the
projectile moves closer to strings l and 2, the angle denot-
ed by P is decreasing and strings 3 and 4 direct more of
the repulsive force in the positive-x direction. Thus we
see that the vector sum of monotonically decreasing repul-
sive forces simultaneously acting on the projectile, in com-
bination with the geometrical location of atomic strings,
produces the rainbow effect in axial channeling. Rainbow
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scattering in axial channeling is essentially a transverse
correlation effect.

The demonstration of an extremuin in the 2D deflec-
tion function given above, where the impact parameter
was varied along a symmetry axis of the string location
(i.e., X axis), is relevant to impact-parameter cuts along ei-

ther the X or F axis. Extrema or turning points in the 2D
deflection function are illustrated more generally in Fig.
2, where each 2D deflection function shown in quadrant
III was calculated by increasing the radial impact parame-
ter at a fixed angle above the X axis in quadrant I, start-
ing at the center of the (100) axial channel. Referring to
Fig. 2, we observe a different turning point in 2D detec-
tion space for each radial cut angle in the impact-
parameter plane (i.e., deflection angles in the H„or 8»
directions exceeding roughly 0.03' are excluded). We have
drawn a dotted line through the turning points for each
radial impact parameter cut across the channel to locate
the line where the scattering intensity distribution is ex-

pected to peak (i.e., a range of impact parameters map to
each 2D deflection angle). We shall refer to this line as
the rainbow ridge. (See the 60% contours of Fig. 8 for a
view of the rainbow ridge in all four quadrants. } Figure 2
only shows the e(b} for radial impact-parameter cuts ly-

ing relatively close to the X and I'axes where the deflec-
tion angles at the extrema do not exceed the angular con-
straints of the (100) axial-channeling geometry. Exceed-
ing these constraints would cause the scattered projectile
to collide with other atomic strings before it leaves the
crystal, and these collisions would invalidate our initial
assumption of treating the scattering from each string as a
lumped ion-string single-scattering event.

The mapping of points in the impact-parameter plane
into the 2D Cartesian scattering-angle coordinates of our
detector has been discussed assuming that projectile tra-

jectories are unmodified by additional scattering process-
es. In fact, multiple scattering of the projectile by elec-
trons occurs. ' ' Using Lindhard's equation (4.3) in Ref.
13 for a rough estimate of the mean-square angular fluc-
tuation of the projectile, ((50, ) ), we obtain the value
7.7X10 for 7-MeV protons traversing either the (100)
or the (110) axial channels of our crystal. This deviation
corresponds to a Gaussian width [full width at half max-
imum (FWHM)] of 0.012' [2V2 ln2X Q(5Q, ) ], and this
width is comparable to the angular resolution of our
detector. To avoid washing out detailed structure on the
"rainbow ridge, " one should select the target to minimize
((5Q, )2). However, it is possible to show that rainbow
scattering occurs in channeling without resolving the
fldge.

III. EXPERIMENT

In the experimental arrangement shown in Fig. 3, 7-
MeV protons produced by the Oak Ridge National Labo-
ratory (ORNL) E¹andem Van de Graaff accelerator
were narrowly collimated (angular divergence &0.01'
FWHM) before illuminating a small portion of a silicon
single crystal. Axially channeled particles that emerged
from the crystal were detected by a 2D position-sensitive
proportional counter similar to the one used in Ref. 15.
Angular deflections and detector resolution in the hor-
izontal and vertical directions were calibrated absolutely

by inserting a carbon foil and a calibration mask between
the crystal and the detector, as shown in Fig. 3. The cali-
bration mask consisted of a 2D array of pin holes drilled
through an aluminum plate. Phosphors were inserted for
aligning the crystal axis to that of the proton beam.

The silicon crystal was cut with the (100) axial direc-
tion normal to the surface and was 1400 A thick. The
pathlength was 1980 A when the crystal was tilted to the
(110) axial direction. This thickness corresponds to an
atomic string length in the (100) and (110) directions of
about 260 and 520 atoms, respectively. The crystal was
mounted in a three-axis goniometer that permitted align-
ment of the axial channel of interest to the beam direc-
tion. The illuminated region of the crystal was -0.5 mm
in diameter. While the vacuum conditions surrounding
the crystal (1X10 Torr) did not eliminate the possibili-

ty of some carbon deposition on the crystal during the ex-

periments, surface-contaminant buildup probably did not
compromise the experimental results at our low-exposure
level (about 16 h total exposure at a bombarding current
density of order 1000 proton/mm s).
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PROPORTIONAL COUNTER
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FIG. 2. 2D deflection functions in quadrant III generated by
axial impact parameters in quadrant I that are radial cuts
through the ( 100) channel at a fixed angle with respect to the x
axis. The impact-parameter angle for each cut is given in de-
grees. There is a 2D extremum for each cut. The rainbow ridge
(dotted-line) is shown passing through the extremum point of
each radial cut.
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FIG. 3. Sketch of the experimental arrangement. Removable
phosphors, situated between the crystal and the detector, that
were used during crystal alignment, are not shown.
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The 2D position-sensitive gas proportional counter is
sketched in Fig. 3. Protons entered the proportional
counter through a thin Mylar window (150 pg/cm ),
traversed the detector volume containing freon-14 at a
pressure of 35 Torr, and were detected by a solid-state
detector located at the rear of the counter. Secondary
electrons originating from the ionization track that drifted
to horizontally and vertically oriented anode wires provid-
ed the 2D position information. The charge pulse height
observed at the ends of each anode wire was digitized for
each event signal gated by the solid-state detector. The
one-dimensional position was calculated for each wire
from the ratio of pulse heights, q(1)/[q(1)+q(2)t, where

q(i ) for i =1,2 denotes the charge measured on each end
of the wire. The positions for each event were then sorted
into a 64 horizontal by 128 vertical 2D array. A Digital
Equipment Corporation PDP11/23-based computer-aided
measurement and control (CAMAC) system processed the
20 data at a rate up to about 0.5 kHz and an attached
Apple III computer provided on-line color contour plot-
ting.

The anode wires, which consisted of a quartz fiber (225
iMm diameter) coated with pyrolytic carbon, had a high
electrical resistivity. Each anode wire (+ 600 to + 900
V) was located diametrically opposite a negatively biased
planar electrode to produce electric field lines that are
predominantly normal to the wire throughout the active
length of each detector wire. The horizontal and vertical
wires were separated longitudinally by 5 cm for isolation.

The effective detector angular resolution measured in
the horizontal and vertical directions was approximately
0.015' and 0.010' (FTHM), respectively, at count rates
below 0.5 kHz. Angular resolution in the horizontal
direction was limited by the number of horizontal chan-
nels available on the data-acquisition system. Detector
spatial resolution and the angular size of the illuminated
target as viewed from the detector contributed about
equally to the overall angular resolution.

atomic string adjacent to the channel as viewed from the
center of the axial channel at a longitudinal location half-
way through the crystal. The narrow I100j and wide

I 111j planar channels that intersect at the (110) axis are
also shown. (The I100j and I110j planar channels in sil-
icon are normal to the (110) and (110) axial directions,
respectively. )

Evidence of a transverse correlation effect in the angu-
lar distribution can be seen without the use of trajectory
calculations by comparing contour shapes to the location
of the nearest atomic strings. The atomic string place-
ment with respect to the center of the (110) axial channel
is different in the I 100j and I 110j planar directions, and
the lowest-level contours of the measured distribution in
Fig. 4 reflect the asymmetrical string placement. Major
discontinuities in the contours occur in the vicinity of the
nearest atomic strings and lines drawn through the
discontinuities at the lowest levels appear to point toward
the strings. This transverse correlation effect gives rise to
a different general shape for the contour map in the case
of (100) axial channeling.

The data clearly show that the scattered protons avoid
the wide I 1 1 1 j planar channels, preferring instead to be
scattered into the narrow I100j planar direction. This
preference is a consequence of the rainbow effect. In con-
trast for a thick crystal, protons multiply scattered at the
same energy from the atomic strings surrounding the
channel would statistically fill available phase space in
planar channels, giving rise to a large number of trajec-
tories in the I 1 1 1 j planar directions and a comparatively

0.16

IV. RESULTS

A. ( 110) axial channeling

Aioo&

The experimental 2D angular distribution for 7-MeV
protons channeled in the (110) axial direction of silicon
is shown in Fig. 4. The data have not been manipulated
except for linear interpolation by the contour-plotting rou-
tine. Particle-intensity cuts through the distribution at
several levels (corresponding to a fraction of the peak
count) show that the particle intensity decreases monoton-
ically and very rapidly from that in the undeflected-beam
direction. One less intense off-axis peak which lies on the
rainbow ridge in the I 110j plane at about 0.04' is also ob-
served. From our model calculations we infer that the ob-
served on-axis peak is largely a consequence of our experi-
mental angular resolution. Trajectory calculations suggest
that additional off-axis structure lying on the rainbow
ridge would be resolvable if the detector angular resolu-
tion and angular broadening mechanisms in the crystal
combined could be reduced by about a factor of 2. Figure
4 also shows the angular locations of the last atom in each

-0.08 20 ~~

-0.$6
-0.16 -0.08 0 0.08

ROTATlON ABOUT CftO& tdeg)

FIG. 4. The experimental angular distribution for 7-MeV
protons axially channeled in the (110) direction of silicon
(1980-A thickness, atomic string length 520 atoms). Cuts
through the intensity distribution at a fraction of the maximum
count (percentages) are plotted as contours at the following lev-
els: 10, 20, 30, 50, 70, 85, 95. Atomic strings lying closest to
the center of the channel are shown. The (100) and (110) axi-
al directions are identified. The I 100j and I 110j planar diree-
tioiis in silicon are normal to the (100) and (110) directions,
respectively.
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smaller number of traje:tories in the t100t planar direc-
tions, just opposite to our observations. In essence the
rainbow channeling pattern produced by a very thin crys-
tal is best described as an "antichanneling" effect when
the intensities in planar directions are compared to those
for a thick crystal. We shall also see that these general
observations about the transverse correlation effect (i.e.,
rainbow effect) apply equally well in describing our (100)
axial-channeling results.

%%en we compare the measured angular distribution
(Fig. 4) to one obtained in a Monte Carlo trajectory calcu-
lation (Fig. 5}, details of the 2D angular distribution are
predicted for the silicon (110) axis at an energy of 7
MeV. The results in Fig. 5 have been obtained by averag-
ing Monte Carlo angular distributions, obtained with a
bin size of 0.002', over our measured Gaussian angular
resolution functions ignoring the angular broadening
occurring in the crystal (because its magnitude is not
known precisely, and because we expect the magnitude to
be impact parameter dependent). In Fig. 5, where con-
tours are drawn at the same levels used in Fig. 4, excellent
agreement is shown with respect to general contour shape
and overall distribution width at most contour levels. Ex-
amining finer detail, two small peaks lying (on the rain-
bow ridge} in the t110t plane are predicted and one of
these peaks was observed at a predicted location. Failure
in observing one peak may be the consixluence of a slight
misalignment of the incident beam and crystal axes in the
horizontal plane. Even though the detailed rainbow ridge

0, 16

is not resolved in the experiment, the experimental low-
level contours are in agreement with the general contour
of the rainbow ridge. This behavior is expected for rain-
bow scattering because the flux distribution decreases very
rapidly for deflection angles greater than the rainbow
ridge (where the 2D deflection function extrema are locat-
ed); therefore particles appearing in the low-level contours
are predominantly those scattered into the rainbow and
angular broadened by electron multiple scattering. In
spite of some differences betwtx:n the measured and calcu-
lated distributions, such as in the horizontal distribution
widths moving along the I 110t planar direction at several
contour levels and smaller differences in the vertical angu-
lar width at the 10% level, the observed distribution is
well duplicated by the calculation. Evidently, protons at
this energy do not undergo significant multiple scattering
with atoms along the channel in such a short channel
length (1980 A), and the binary-collision approximations
employed for the calculations appear to be appropriate.

B. (100) axial chan~cling

The measured angular distribution for the (100) axis is
shown in Fig. 6. The atomic string positions, positioned
as discussed above, are superposed to illustrate the trans-
verse correlation effect. Once again, major discontinuities
in the lowest-level contours are observed and lines drawn
through the discontinuities appear to point toward the
closest atomic strings (compare quadrant III of Fig. 6
with that of Fig. 2). Particle trajectories avoid the wide
intersecting planes, which are the t110t planes for this
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FIG. 5. The calculated angular distribution for 7-MeV pro-
tons axially channeled in the (110) direction of sihcon. The
Monte Carlo calculation assumed a Lindhard potential
{C=4.0), measured Gaussian angular resolution functions ap-
propriate to the experiment [0.010' vertical; 0.015' horizontal
(FWHM}], and the experimental crystal thickness. Cuts
through the intensity at a fraction of the maximum intensity
{percentage) are plotted as contours at the same levels as Fig. 4.
Atomic strings lying closest to the center of the channel are
shown. The (100) and (110) axial directions are identified.
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FIG. 6. The experimental angular distribution for 7-MeV
protons axially channeled along the (100) direction of silicon
where the crystal is 1400 A thick {atomic string length, 260
atoms). Intensity cuts through the distribution at a fraction of
the maximum count {percentage) are plotted as contours at the
following levels: 10, 20, 30, 50, 70, 90. Atomic strings lying
closest to the center of the channel are shown. The (100) and
(110) axial directions are identified.
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axial channel. The overall shape of the contours reflects
the shape of the rainbow ridge, and this shape is the
consequence of the symmetrical location of atomic strings
about the (100) axial channel. Some observed asym-
metry in the contours suggests that the proton beam was
not aligned perfectly to the (100) axis.

Results from our angular averaged Monte Carlo trajec-
tory calculations for the (100) axis are shown in Fig. 7.
This calculation used the same thermally averaged
Lindhard potential (C=4.0) and bin size (0.002') em-

ployed in the (110) calculations. Even after Gaussian
averaging, the predicted angular distribution has four
off-axis maxima. Each peak lies in the I100} plane,
where two branches of the rainbow ridge intersect. The
off-axis peaks are better resolved along this axis because
fewer trajectories leave the crystal with little or no deflec-
tion in the (100) axial direction and the peaks in the
(100) distribution are better separated in angle. The
highest contour surrounding each peak is not symmetric
about the t 100} planes in Fig. 7 because of our poorer ex-
perimental angular resolution in the horizontal direction;
the Monte Carlo results before angular averaging, of
course, do not display this asymmetry.

A comparison of Figs. 6 and 7 shows that two of the
four predicted peaks have been observed but the observed
maxima are not of equal size. A similar situation was
noted in our (110) axial measurement. It is likely that
the crystal was slightly tilted with respect to the incident
proton beam in both the horizontal and the vertical
planes. Also, the shape of the lowest level experimental

C. Monte Carlo trajectory calculations

In the Monte Carlo simulations, each projectile entered
the axial channel at a randomly selected location traveling
parallel to the axial direction (no beam divergence). The
projectile energy loss was neglected in all calculations be-
cause the proton energy loss for our maximum crystal
thickness is negligible compared to the incident energy.
The ionic projectile interacted classically with each atomic
string adjacent to the channel through a transverse electric
fleld (averaged along the string) that was calculated start-
ing from the Lindhard potential, ' given in Eq. (3). This
analytical approximation, which accounts for Thomas-
Fermi screening, was chosen for the purpose of minimiz-
ing computation time,

Ca
V~(x,y)=ZiZ2e In

2 +1
b2

(3)

contours (quadrant III) is similar to the rainbow ridge
shown in Fig. 2 (dotted line). It again appears that our ex-
perimental angular resolution prevented finer details of
the rainbow ridge from being resolved. In spite of the
small differences that appear in a detailed comparison of
the measurements and the calculations, we believe that ex-
cellent agreement has been demonstrated for the theoreti-
cal assumptions that have been made. %e conclude that
7-MeV proton channeling in the (100) axis is also
described well by our binary collision approximations for
a 1400 A thick silicon crystal.
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In Eq. (3), Z~ ——1 and Z2 —14 are the atomic numbers of
the projectile and the target, respectively, e is the unit
charge, a is the Thomas-Fermi screening length,
b; =(x —x;) +(y —y;), x; and y; are the coordinates of
the ith atomic string of the crystal, and C is a fitting pa-
rameter. Thermal vibration effects were simulated for
each string by averaging Eq. (3) over the distribution
function for atomic transverse displacements, ' assuming
that the atomic displacements along the x and y axes are
small, independent, and given by the same Gaussian dis-
tribution. Under these assumptions, the thermally aver-
aged potential energy for each atomic string is given by

B V;(x,y) B V;(x,y)
V/(x, y) = V;(x,y)+ + z

. (4)
2 By
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FIG. 7. The calculated angular distribution for 7-MeV pro-
tons axially channeled in the (100) direction of silicon. The
Monte Carlo calculation assumed the Lindhard potential
(C=4.0), measured angular resolution functions appropriate to
the experiment [0.010' vertical; 0.015' horizontal (FWHM)],
and the experimental crystal thickness. Cuts through the inten-
sity distribution at a fraction of the peak intensity (percentage)
are plotted as contours at the same levels as Fig. 6. The (100)
and ( 110) axial directions are identified.

In Eq. (4), a is the one-dimensiopal thermal vibration rms
amplitude, equal to 0.0744 A, ' to simulate room-
temperature conditions. Equations (3) and (4), taken to-
gether, give the thermally averaged potential-energy con-
tribution from the ith atomic string.

The transverse momentum imparted to the projectile in
a binary collision with each string was assumed to occur
at the string's center of mass. The net transverse momen-
tum imparted to the projectile from all strings near the
channel determined the net Cartesian deflection angles, as
noted in Sec. II; the expressions for the Cartesian angles
are given explicitly by

M

'-=-2Z,&, B.
'
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In Eq. (5), N is the number of atoms per atomic string, E
is the projectile energy, and M is the number of strings in-
cluded for a given axial channel. Actual calculations
showed that one should include all atomic strings lying
within three coordination circles from the center of each
axial channel, corresponding to M=16 and 20 for the
(100) and (110) axes, respectively. The net defiection
angle of each particle in the horizontal and vertical direc-
tions was graded using an angular bin size of 0.002',
somewhat smaller than our measured experimental resolu-
tion. As previously noted, these results were later aver-
aged over the experimentally determined angular resolu-
tion functions (ignoring the impact-parameter-dependent
broadening due to electron multiple scattering) before
comparing the results to measurements.

The Lindhard potential parameter [Eq. (3)] that yielded
the best fit to the measurements, C=4.0, is a reasonable
value even though a value close to 3 was the preferred
choice when the "doughnut" distribution was studied in
thin silicon. i Defiection angles are proportional to the net
electric field produced by the atomic strings surrounding
the channel [Eq. (5)]; therefore one must select a potential
parameter that yields a realistic field for the large impact
parameters that map into the rainbow (distance from an
atomic string greater than about 2.5 a.u.). The electron
density in the center of the (110) silicon channel was es-
timated to be 0.067 electrons/A . ' This electron density
is consistent with the density calculated from the
Lindhard potential when C=4.92. This larger parameter
also improves the agreement between the electric field de-
rived from the Lindhard and Moliere potentials for im-
pact parameters appropriate for rainbow scattering. The
Lindhard parameter that yielded the best fit to our mea-
surements, C=4.0, lies between the upper value of 4.92
and the lower value of 3 that was recommended from
measurements of the "doughnut" distribution.

The model predicts that the rainbow angle is propor-
tional to the factor, N/E, in Eq. (5). This prediction was
verified experimentally for fixed thickness by comparing
angular distribution measurements in the (110) direction
taken at projectile energies of 3, 5, and 7 MeV. Indeed,
the horizontal and vertical angular widths of the mea-
sured rainbow patterns (FWHM) were found to be in-
versely proportional to the projectile energy.

A sample Monte Carlo angular distribution for 7-MeV
protons scattered in the (100) axial channel (using our
experimental crystal thicknesses and smaller angular
broadening to simulate electron multiple scattering) is
shown in Fig. 8. At least 1 X 10 trajectories were run for
a given axial channel. With the simplified formulation
used, trajectories could be obtained at the rate of about
500/s on a Digital Equipment Corporation VAX11/750
computer, while including the interactions of 16 strings.
The angular distribution obtained illustrates expected de-
tailed features if the overall angular dispersion were about
0.006' (FWHM) (including broadening mechanisms that
occur inside the crystal and a more ideal detector resolu-
tion). This assumed Gaussian half-width might apply if
the estimate of the mean square angular deviation dis-
cussed in Sec. II were too large.

Several observations about Fig. 8 are pertinent. First,

V. DISCUSSION

The rainbow effect discussed in this paper may have
been observed previously but it was not explained.
Golovchenko performed a transmission measurement
where well-aligned 2-MeV protons were channeled along
the {110) axis of a silicon crystal that was 930 A thick.
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FIG. 8. A calculated angular distribution for 7-MeV protons
axially channeled in the (100) direction of silicon which illus-
trates the rainbow ridge. Atomic string locations are shown in
Fig. 1(a). This calculation is identical to that shown in Fig. 7
except an effective angular dispersion of 0.006' {FW'HM) was
used to simulate angular broadening in the crystal due to elec-
tron multiple scattering. Intensity cuts through the distribution
at a fraction of the peak intensity (percentage) are plotted as
contours at the 20, 60, 70, and 90 percent levels. The rainbow
ridge lies between the 60 percent level contours.

the rainbow ridge which is well removed from the unde-
flected beam position would be resolved at this improved
angular resolution (see the two 60% contours which lie on
each side of the rainbow ridge). Second, in moving from
the rainbow ridge toward larger scattering angles, surfaces
of the distribution are much steeper than those experimen-
tal results obtained with lower resolution (Fig. 6) but the
general shape of the ridge differs little from the lowest
level contours in our measurements. This observation
gives us added confidence that we have observed the rain-
bow effect in axial channeling. Third, the details of each
angular distribution sensitively depend on the assumed in-
teraction potential. For exam. pie, the calculated angular
location of the rainbow ridge is approximately proportion-
al to the Lindhard parameter, C. Therefore, this constant
behaves approximately like an angular magnification fac-
tor for the 2D rainbow pattern. Test calculations using
the Moliere potential versus the Lindhard C=4.92 have
shown additional smaller differences in the topology on
and leading to the rainbow ridge. These observations sug-
gest that measurements with improved angular dispersion
conditions might provide a more stringent test of the
axial-channel potential than was possible heretofore.
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The photographic record reported in his thesis was
described as follows: "In the position corresponding to
the initial beam direction, there appeared an intense spot
with small starlike arms projecting outwards. . . . The
symmetry of the spots is indicative of the transverse lat-
tice of (110) strings. . . . It does not appear possible that
these observations can be explained within the classical
continuum picture. . . . It is possible that these data
represent spurious results not directly caused by the in-
teraction of the ions with the crystal. "

Our classical Monte Carlo calculations performed using
the proton energy and crystal thickness of Golovchenko
confirm that the transverse correlation effect observed in
the present investigation also should have been observable
under his conditions. Although the angular size and fine
details of angular distributions are sensitive to the projec-
tile speed and the crystal thickness, the Golovchenko con-
ditions should yield a transmission pattern that is similar
to that shown in Fig. 4. This can be understood simply by
scaling the angular size of the rainbow structures calculat-
ed for the present experiment to the Golovchenko condi-
tions, using Eq. (5) that was verified experimentally. Be-
cause the projectile, the target and the channel are identi-
cal in each experiment, only the ratio of crystal thickness
to projectile energy, N/E, needs to be compared in each
experiment. This angular scaling factor, which describes
the size of the rainbow ridge, is proportional to 1980/7 in
the present case versus 930/2 for Golovchenko. There-
fore, the Golovchenko angular distribution would be mag-
nified by the factor 1.63. We ignore the bracketed sum-
mation term of Eq. (5) in this comparison because it
determines the complicated mapping of an initial impact
parameter into a final scattering angle for a particular
projectile and geometric arrangement of atomic strings,
and this mapping which is determined in a Monte Carlo
calculation, is essentially identical for both experiments.
Of course, some rainbow features might be modified or
destroyed if increased heavy-particle multiple scattering
were to occur (due to increased projectile scattering an-
gles). This effect is not likely to have happened in the
thinner Golovchenko crystal because the atomic string lo-
cations shown in Figs. 4 and 5 also would appear at am-
plified angular locations (X1980/930). In essence, this
should lower the probability for heavy-particle multiple
scattering under their experimental conditions. In con-
clusion, we believe that the observations of Golovchenko
were not spurious results and that they are explainable
within the classical continuum picture.

Although the qualitative agreement between the experi-
mentally observed and calculated angular distributions is
very good, some quantitative discrepancies were noted for
both channels studied (Sec. IV). Disagreement is expected
for several reasons related to the experiment. Experimen-
tal distributions cannot be normalized precisely to the an-
gle averaged calculations because counting statistics are
poorer for the experimental data. For example, fewer
than 300 counts were accumulated in the (110) on-axis
peak whereas the central peak in the simulation had more
than 30000 averaged trajectories. A comparison of exper-
imental noise at each contour level in Fig. 4 versus that
shown in Fig. 5 illustrates the statistical differences be-

cause no smoothing was performed. Imprecise normaliza-
tion could have an impact on angular size of contours at
any level, since all intensity cut levels are referred to the
peak count. Fine structural details in the distributions
could even have been inissed if numerous cut levels had
not been tested. Slight crystal-bemn axis misalignment
could contribute to observed differences. In making de-
tailed comparisons between experiment and theory, we
have previously alluded to this problem when we ob-
served, in the case of each axis, only half the number of
prixlicted off-axis peaks. In our visual alignment pro-
cedure, we attempted to achieve the best symmetric chan-
neling pattern to insure that "doughnut" distributions
were not being measured. The degree of angular accuracy
required to observe all predicted fine-structure peaks
probably exceeds the capabilities of our gonioineter. The
misalignment issue may be resolvable using the Monte
Carlo approach because it would be possible to simulate
crystal misalignments and beam divergence. We recom-
mend that future investigators construct thar computer
code so the effects of misalignment and beam divergence
can be studied.

Disagreement between the experimental and predicted
results is expected for several reasons related to our
theoretical assumptions. The Monte Carlo algorithm as-
sumed straight-line trajectories, the Lindhard continuum
potential and perfect beam-crystal axis alignment, to
name just a few idealizations. The assumption of
straight-line trajectories overestimates the defiection for
any assumed potential. This assumption is probably the
principal reason that our angle-averaged Monte Carlo cal-
culations predict the observed off-axis peaks rather pre-
cisely even though the Lindhard potential (C=4.0) un-
derestimates the transverse electric field for each atomic
string (Sec. IVC). This supposition was tested by com-
paring the impact-parameter-dependent scattering angles
computed in our approximation (time-independent impact
parameter involving a single string) to those numerically
integrated (time-dependent impact parameter) using the
same continuum potential. The result was that scattering
angles determined from numerically integrated trajectores
using the Lindhard C=4.92 agreed closely with those
determined in our approximation using the Lindhard
C=4.0 for a typical impact parameter that maps to the
rainbow ridge.

Since the rainbow ridge was not resolved in our experi-
ments with the detail illustrated in Fig. 8 for (100) chan-
neling, it is appropriate to speculate about the optimum
conditions for resolving it. Improved experimental design
using increased distance between the crystal and the detec-
tor and improved detector spatial resolution can greatly
decrease the compromised conditions of the present exper-
iments, but we expect the effects of multiple-electron
scattering to plague future experiments assuming that the
Lindhard estimate noted in Sec. II is not a gross overesti-
mate of the incan-square angular fluctuation. We believe
that future investigators should adjust experimental con-
ditions to maximize the ratio of the rainbow angle, I9„ to
the Gaussian angular width for multiple scattering. We
have indicated previously that the rainbow angle scales as
NZ~ /E, and does not depend on Z2 in a significant way.
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If the mean-square fluctuation for multiple-scattering
scales like the Lindhard formula, ignoring the absolute
magnitude, we believe it is appropriate to maximize the
resolution factor given by

8,
[(50,) ]'i (p,'i )[ln(4m, E/m&IDZ2)]

The weak dependence on crystal thickness (proportional
to v X ) and electron density (proportional to p,

'
) sug-

gests that a "thicker very thin crystal" and open axial
channels are slightly more appropriate. Also, E/m&Z2
should be minimized. The use of a lower-velocity projec-
tile with a quality thin crystal having a higher atomic
number (e.g., germanium} should increase the probability
of resolving the rainbow ridge. We discourage significant
lowering of velocity, however. Our lower velocity studies,
involving protons channeled in silicon at 3 and 5 MeV, in-
creased the size of the channeling angular distribution as
predicted overall, but the channeling patterns were in
greater disagreement with trajectory calculations at these
energies. (Disagreement at the low energies can be par-
tially attributed to increased inaccuracies of our model
and the difficulty of achieving excellent beam-crystal
alignment. ) Rainbow scattering investigations involving
heavier projectiles (at velocities at or below what we used)
also would offer the opportunity of varying the incident
charge state and perhaps allow improved impact-
parameter-dependent charge-changing studies to be per-
formed in channeling.

In spite of some differences between the measured and
calculated distributions, that can be partially attributed to
experimental defects and pragmatic theoretical neglect, we
have established the connections between the unusual fo-
cal properties of very thin crystals and individual particle
trajectories. The unusual channeling patterns observed by
us and others, which depend on the geometrical locations
of atomic strings in a given channel, are explained by the
rainbow effect. We hope that the low angular dispersion

Monte Carlo calculations (Fig. 8) will challenge channel-

ing enthusiasts to perform better experiments because a
wealth of information about the scattering potential may
be extractable by studying structures lying on the rainbow
ndge.

VI. CONCLUSIONS

The measured angular distributions for the (110) and
(100) axial channels (Figs. 4 and 6}are in excellent agree-
ment with the averaged binary collision simulations calcu-
lated at an energy of 7 MeV (Figs. 5 and 7). Monte Carlo
results obtained with small angular dispersion (0.006')
show a well-resolved ridge (maximum) whose shape is
similar to the 20% contours shown in Figs. 4 and 6.
Some off-axis structures in the angular distributions
predicted for (100) and (110) axial channeling also have
been observed at the correct angular locations. These ob-
served structures are a part of the rainbow ridge that
could not be resolved under our limited angular resolution
conditions. The ridge has been shown to be the conse-
quence of rainbow scattering within a very thin crystal by
analytical and numerical investigations of the lacobian6
and by studying the deflection function (Sec. II). From
the close correspondence between measurement and
theory in both axial channels, we conclude that we have
observed rainbow scattering inside a very thin crystal.
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