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Effective elastic constants of superlattices of any symmetry
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We present a formalism which allows the evaluation of the effective elastic constants of a super-

lattice composed of layers of arbitrary symmetry.

In a recent article the effective elastic constants in the
long wavelength limit of superlattices composed of layers
of orthorhombic symmetry with a symmetry axis along
the superlattice normal was presented.! The approach
used there is more restrictive than that used in previous
determinations®>~% in as much as it can only be used in
cases where the wavelength of the excitations are longer
than the superlattice wavelength, but it does allow more
general cases of symmetry to be treated. In Ref. 1 analyti-
cal solutions for the case of layers of orthorhombic sym-
metry were presented and it was stated that for layers of
lower symmetry no analytical solutions were found.

Although it was stated in Ref. 1 that the approach used
is valid for layers of any symmetry, the method used to
solve the resulting equations is not immediately soluble by
numerical techniques. Here we present a formalism
which enables a numerical evaluation of the elastic con-
stants of a superlattice in terms of the constants of its
constituents on which there are no symmetry require-
ments. We stress that this generalization is more useful
than might appear at first sight since it enables the fre-
quently occurring case of layers of cubic symmetry that
grow along (111) directions to be treated.

Since the notation used here is only slightly different
from that used in Ref. 1, we review it very briefly: viz.,
C, o, and u are the elastic constant, stress, and strain ten-
sors, respectively, in a coordinate system with the z axis
along the superlattice normal. The layer materials are la-
beled 1 and 2 which are also used as subscripts to indicate
a given layer. No subscript indicates that we are dealing
with a property of the superlattice. The numbers f, and
f2 are the fractions of materials 1 and 2 in the superlat-
tice.

The stress and strain of the superlattice can be ex-
pressed as a function of the stress and strain of the indivi-
dual layers by [Eqgs. (1)—(6) and (19)—(24) in Ref. 1],

o=f101+f20,, (1)

p=f1p1+f ;s 2
In each layer the constituent relations are

o, =Cu;, i=1,2 (3)

and the effective elastic constant matrix of the superlat-
tice is defined by

33

o=Cpu . (4)
Combining Egs. (1), (2), and (4) we have

fro1+f20=C(f1p1+f112) (5)
which, upon using Eq. (3), can be recast in the form

F1(Cy—C)y+f2(Cy —Clup=0. 6)

(Note that the O matrix is a 3 X3 matrix if the four-index
notation for C is used and a 6X 1 matrix if the two-index
notation is used. Here for simplicity we shall use the
two-index notation.) Equation (6) could be solved for C if
the relationship

pr=Mp, v

were known. Hence we now proceed to evaluate the ma-
trix M. The boundary conditions at the interface between
layers are

o(iz)=0,liz), i=x,p,z (8)

pilif) =palif), i,jz ©)
which can be written as

Pyuy=Pyu, (10)
where

1 0 0 0 0 0
0 1 0 0 0 0
Cs1 Cy Cy3 Cy C3s5 Csg
Cu Ca Cu3 Cay Cys Cue |- (n
Csi Cs; Cs3 Csq4 Css Csg
0 0 0 0 0 1

From Egs. (7) and (10)
M=P{'pP,, (12)

which can always be evaluated at least numerically.
Equations (6) and (12) yield

[f1(C,—CIM +f,(C, —C)]u,=0. (13)

5891 ©1986 The American Physical Society



5892 BRIEF REPORTS 33

Since this must hold true for an arbitrary strain u,
CAHM+f1)=fLCM+f,C,, (14)

where [ is the identity 6 X 6 matrix. The final expression
for the elastic constants of the superlattice is then

C=(f1CM+f2C) 1M +fo])7}, (15)

which, using M as given by Eqgs. (11) and (12), can always
be calculated numerically.
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