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Specific-heat study of the phonon-fracton crossover in glassy ionic conductors
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Specific-heat measurements as a function of temperature in the range 1.2—40 K are reported for
the ternary glassy ionic conductors (AgI)„(Ag20. 28203)l „ for x =0, 0.2, 0.5, and 0.65. A pro-
nounced maximum in C/T vs T is observed in the above temperature range. This anomaly and
the anomalous temperature dependence observed previously at higher temperature are interpreted in
terms of an energy spectrum typical of localized modes of fractal nature, which dominate over the
long-wavelength elastic modes.

I. INTRODUCTION

The study of the shape of the energy density of states
and of the nature of the excitations is of paramount im-
portance in understanding the glassy state. In glassy ionic
conductors the knowledge of the energy spectrum of the
excitations has important implications also regarding the
dynamics of the very mobile ions responsible for the high
conductivity. The ternary AgI-Ag20-8203 system offers
a very good example of ionic conductors which can be
prepared easily and reproducibly in the glassy state over a
wide range of composition and displays a wide range of
electric ionic conductivity. ' This system has already
been investigated by a number of experimental techniques
mostly aimed at the understanding of the mechanisms re-
sponsible for its high ionic conductivity. ' ' From a
structural point of view the vitreous matrix appears
formed by a network of 803-804 groups showing short-
range order. This order is not substantially affected by
AgI addition as also proved by Raman results and by
specific heat, C, measurements reported previously from
15 K up to room temperature. These measurements had
already indicated an anomalous temperature dependence
of C such as the one normaBy found in polymeric materi-
al. We present, in the following, measurements of specif-
ic heat performed in four samples of
(AgI) (Agz0 28z03)i with different AgI content, in
the temperature range 1.2—40 K. Our aim is to investi-
gate the nature of the excitations ili the light of the
models proposed for the glassy systems. ' The
specific-heat measurements presented here show, when
plotted as C/T versus T a maximum around 5—8 K.
This behavior is a well-known feature of most glass-type
materials" and also of ferroelectric crystals' and other
crystals displaying soft-phonon modes. ' The maximum
observed in our samples is very pronounced, and its posi-
tion and size depends on the AgI content. Below 1.5 K
there is also indication of' the presence of a term in the
specific heat which varies linearly with temperature and
which is commonly ascribed to two-level-type excita-
tions. ' In this work we focus our analysis on the tem-
perature region above 1.5 K, and we will show that the
data can be interpreted in terms of a combination of an
energy spectrum typical of long-wavelength elastic modes

and one typical of localized excitations in clusters of low
effigy:tive or fractal dimensionality, '~' whereby the second
is dominant in the temperature interval investigated.

II. EXPERIMENTAL

The compounds were prepared from certified reagent-
grade AgI, AgNO3, and 8203, as described elsewhere. '
Ingots of about 3 g were prepared in cylindrical shape and
mounted directly on a sample holder between two copper
plates. The measurements were performed with a
standard-type heat-~pulse adiabatic calorimeter with a
mechanical switch. The temperature measurements
were performed with a germanium calibrated resistance
thermometer. The heat capacity of the addenda is of the
order of 5—20'/l/o of the total heat capacity depending on
the temperature. The sample was first cooled by thermal
contact with a liquid-helium bath (pumped on to achieve
1.2 K) and the measurements were performed on heating.
The sample temperature was monitored on a chart recor-
der for several minutes before and after the application of
heat pulse (typical duration 10—30 sec). At the end of the
heat pulse an overshoot lasting 5—10 sec is observed after
which the drift becomes constant. By adjusting the tem-
perature of the radiation shield the drift can be made to be
practically zero. However, we found it more convenient
to perform most of the measurements by allowing for a
small temperature drift (less than 0.013 K/min) and
correcting the readings accordingly. The resolution of the
measurements is typically of the order of 0.01 K. The
performance of the calorimeter was checked against a
high-purity Cu standard yielding results within +0.5% of
the calibration curve. The low-temperature measurements
(1.5—10 K) in the sample with x=0 and x=0.5 were re-
peated at the Ames Laboratory by using similar adiabatic
calorimeter. ' The results were found to agree with ours
within l%%uo. (See Fig. 1.)

III. RESULTS AND DISCUSSION

The measurements of specific heat as a function of tem-
perature are shown in Figs. 1 and 2 for samples of dif-
ferent content of AgI. The results in the temperature
range 1—40 K are plotted in Fig. 1 as C/T versus T to
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FIG. 1. Specific heat (divided by the cube of the temperature)
of (AgI)„(Ag20. 28p03)& „as a function of temperature for four
samples with different AgI content. The continuous and dashed
lines are theoretical curves deduced from Eq. (2) with the values
for the parameters as listed in Tables I and II. In the lower part
of both (a) and (b) we show the Debye elastic contribution corre-
sponding to the first term in Eq. (2). The crosses in (a} are
representative experimental points corresponding to measure-
ments performed at the Ames Laboratory

PIG. 2. Specific heat of (AgI)„(Ag20. 28203)$ „versus T.
The experimental points T~40 K are from Ref. 3. ( ) in-
dicates Debye behavior. ( ———) indicates phonon-fracton
behavior obtained from Eq. (2), the parameters in Tables I and
II, and the density of states depicted in Fig. 3 by the continuous
line. ( —.—-—) indicates phonon-fracton behavior as above but
with the modified density of states according to the dashed
curve in Fig. 3.
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emphasize the departure of the experimental behavior
from the Debye predictions. It should be noticed that the
linear term in the specific heat present in all glassy ma-
terials may be appearing below -2 K. In general, a
hump in C/T versus T of the type observed here could
be interpreted in terms of low-energy optical modes with
almost no dispersion (Einstein modes), giving a contribu-
tion to be added to the usual Debye contribution, as was
done successfully in a number of ferroelectric crystals
displaying soft modes. ' However, this scheme of inter-
pretation does not appear acceptable in our case since the
existence of these modes is not proved by other experi-
mental techniques and not even supported by microscopic
models. Furthermore, the presence of low-frequency opti-
cal modes does not explain the results of specific heat at
higher temperature (40—300 K), which display an almost
hnear temperature dependence and lie well below the De-
bye prediction (see Fig. 2).

An alternative scheme of interpretation for the spec-
trum of excitations of glassy materials which is recently
gaining support is the one based on the concept of frac-
tals. ' In this approach' ' ' the density of states goes as
co only up to a frequency co corresponding to a wave-
length for the Debye-type elastic modes comparable to the
characteristic size of structural units in the disordered sys-
tems (or regions of short-range order). For copse the
density of states crosses over to a regime corresponding to
modes localized on clusters of low effective dimensionali-
ty of fractal dimensionality. A first theoretical treatment
assumed a crossover in the dispersion spectra of phonons
and fractons leading to the prediction of a sudden drop in
the density of vibrational states at the crossover frequen-
cy. ' More recent analysis' based on the assumption of
an overlap of parts of the phonon and fracton spectra
predicts instead a discontinuous increase at co . Further
work based on a scaling approach seems to suggest that
the ratio of the fracton to phonon density at crossover is
noncritical and depends on normalization requirements. ~

In keeping with the above considerations we chose to fit
the data in Fig. 1 by using the density of states sketched
in Fig. 3 where the cutoff of the spectrum at high fre-
quencies, co, is determined by the normalization condi-
tion

D co a)=3Eov

(v is the number of atoms per formula unit and No is
Avogadro's number. )

e

''D h(u))~ u)2

~co
I

~co

Therefore,
3 /T ~ 4~x—=9v

QD o (e" 1 )2

T 8~~r x'e"
+9v Q I dx,Sa ~ (e"—1)

(2)

where the first term is the Debye elastic contribution and

6+Nodv
QND UI'~ E (3)

(Psr is the molecular weight and d is the absolute density)
is the Debye temperature of the long-wavelength elastic
modes. The Debye temperature calculated from Eq. (3)
and the measured sound velocity u is summarized in Table
I. The second term in Eq. (2) is the fracton contribution
with the upper limit of integration given by the normali-
zation condition Eq. (1) and KS~=iriei„. The only pa-
rameters to be determined to fit the experimental data are
S and the dimensionless constant Q which is related to
the value of the fracton density of states Dr, (co) (see Fig.
3): Q =D&,(co)KSD/9Nov. The values of the parameters

FIG. 3. Sketch of the density of states used in fitting the data
in Figs. I and 2. The parameters referring to the continuous
line are listed in Tables I and II) and were obtained by fitting the
experimental data below 40 K. The dashed curve was obtained
by adding the condition of fitting the experimental data at 150
K for x=0 and 0.5. In this case we find a reduction of the frac-
ton density of states Di, (co) of 1.39 at 8 =94 K for x=0 and
of 1.63 at 8 =69.5 K for x=0.5.

TABLE I. Values of physical quantities of interest in {AgI)„{Ag20.28203)& „. The sound velocities
T are low-temperature values. The densities are room-temperature values; the thermal expansion coef-
ficient is negligibly small in our case.

0
0.2
0.5
0.65

'Reference 2.
Reference 5.

13
10.8
7.5
5.85

370.98
343.74
302.88
282.85

d (g/cm')'

4.03
4.38
4.75
4.94

u (cm/s}'

2.65 @10'
2.42' 10'
2.08' 10'
1.77' 10'

Og) {K)

334
313
255
207
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TABLE II. Summary of the parameters obtained from the experimental results as explained in the
text.

0
0.2
0.5
0.65

8 {K}

27.3
23.1

20.1

17.5

0.11
0.10
0.12
0.11

I. (A)

28
31
31
30

e~ (K)

1035
993
722
613

2.27
2.39
2.41
2.53

obtained from fitting the position and the height of the
maximum in C/T versus T (Fig. 1) are summarized in
Table II and the corresponding theoretical curves are
shown in Fig. 1. As one can see from Fig. 1, the specific
heat is dominated above about 2—3 K by the fracton con-
tribution [so:ond term in Eq. (2)]. The presence of the ad-
ditional contribution linear in T at very low temperatures
prevents one from observing the pure elastic Debye contri-
bution [first term in Eq. (2)].

By using the same values for the parameters one obtains
the correct, almost linear temperature dependence at high
temperature but with a value too large by about 30% (see
Fig. 2). It should be noted that the fit of the hump in
C/T versus T is sensitive mainly to the value of co„and
to the discontinuous increase of the density of states at
co . Therefore, a better agreement with the high-
temperature data can be obtained by lowering the value of
the constant Q and thus of the fracton density of states
for T & 8„.To demonstrate this point we have also plot-
ted in Fig. 2 the theoretical curve obtained from the densi-

ty of states by the dashed curve in Fig. 3. As one can see,
this modified behavior of the vibrational density of states
at crossover, even though it is only a drastic schematiza-
tion, agrees well with the behavior suggested in Ref. 19.

IV. CONCLUSIONS

The use of a spectrum made up of phonons at low fre-
quency and fractons at higher frequencies promises to
offer a unifying scheme of interpretation of the excita-
tions in percolating networks and in disordered glassy ma-
terials.

One can relate the value of the frequency ro„ to the
structural characteristic length' L of the glass by writing
L =(8~/8 )a where a is an atomic distance which sets
the shortest length scale in the problem. By using for 8D
and 8, the data in Tables I and II, and for a, the average
interatomic distance, one obtains the values of L summa-
rized in Table II. By the order of magnitude of the data it
does not appear evident that a correlation exists between
the AgI content and the structural characteristic length as
suggested in Ref. 5.

From the density of states in Fig. 3 (dashed line) and
the values of the parameters in Table II for the samples

with x=O and 0.5 one can try to verify some predictions'
about the nature of the crossover region. It should be no-
ticed that for simplicity our results have been fitted by us-

ing a fractal coefficient p= 1 [defined by Df„(ru) a:ruP ']
which, however, does not lead to a completely satisfactory
agreement with the experiments (see Fig. 2). The ratio
Df, (ro,o)/D&h(ro„) is 11.8 and 11.7 for x=O and x=0.5,
respectively. This result is consistent, within the limits of
uncertainty of the present experiment, with the predic-
tions of the scaling approach'9 of a noncritical ratio, i.e.,
independent of ro . The difference Df, (co) D~h(co) —in the
crossover region is also practically independent of co~
again in agreement with the scaling approach which
predicts the power-law relationship ~-co„' (@=1 in
our case).

It should be pointed out, moreover, that microscopic
approaches of different nature have reproduced curves for
the density of states similar to the one schematized in Fig.
3. For example, a frequency-independent density of states
at high temperature was invoked to explain the specific
heat in polymeric materials. Furthermore, the idea of lo-
calized vibrations in structural units of limited coherence
is contained in the cellular approach9 that also allows for
a nonzero density of states at ran=0 which offers an ex-
planation for the linear term in temperature in the very-
low-temperature specific heat, a term not included, yet ex-
plicit in the phonon-fracton approach.

%'e conclude that the glassy superionic conductors in-
vestigated here offer a good example of a system in which
the excitation spectrum can be schematized as made up of
long-wavelength (low-frequency) phonons at low tempera-
ture and of short-wavelength localized vibrations (frac-
tons) at higher temperature.
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