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A self-consistent calculation of the electronic structures of alkali-metal clusters based on the
spherical jellium model has been performed by using the spin-polarized local-density-functional
(LDF) approximation and its self-interaction-corrected (SIC) version. The results for the total ener-

gy of the jellium sphere lead to the stabilization of the cluster at the shell-closing numbers and the
half-filled-shell ones with the high-spin configuration. The SIC calculation much improves the
shortcoming of the LDF approximation and gives the correct description of the fragmentation pro-
cess and the ionization potential. The effects of the nonspherical field due to certain geometrical ar-
rangements of atoms are examined within the perturbative treatment. It is shown that the non-

spherical perturbation overcomes the exchange stabilization making the half-filled-shell magic num-

ber invalid while an enhancement of the stabilization at the shell-closing numbers is still expected,
particularly in the SIC version.

I. INTRODUCTION

The recent observation of the mass spectra of sodium
clusters' has offered a very interesting concept of a "giant
atom" for the metal cluster in connection with the
analysis of the magic number: the pronounced abundance
is observed at N =8, 20, 40, 5S, and 92 (E is the number
of atoms contained in a cluster), which can be explained
in analogy with the nuclear magic number by using the
shell model. z That is, noninteracting atomic s electrons
are bound in a spherically symmetric potential well and
the enhancement of the relative stabihty is obtained at the
shell-closing numbers of the single-electron shell. The
theoretical ground of the shell model for nuclear struc-
tures may be found in the concept of the Hartree field or
the mean field. All the nucleons are equally mobile be-
cause of the comparable masses of a proton and a neutron,
and make a correlated motion. However, one may consid-
er to the first approximation that they move independent-
ly in an effective field arising from the interaction be-
tween them. Then the correlated motion of nucleons
causes the smoothing of this effective field and makes it
rather spherical. In metal clusters we have valence elec-
trons and core ions. Since the core ions are less mobile,
they exert a static field on the valence electrons. This
static field reflects the geometrical configuration of ions
and is not spherical. For alkali metals, however, a large
part of the static field is screened by the valence electrons
and the nearly-free-electron model is a good approxima-
tion for the bulk system. Therefore one may consider, as
in the case of nuclei, that the valence electrons of the clus-
ters move independently in the smooth effective field

which loses a great part of the information on the geome-
trical structures of the clusters.

The calculations of the electronic structure of a jellium
sphere have been done by several authors. As a matter
of fact, it is possible to calculate the equilibrium
geometries and other physical quantities for very small
clusters (say, N & 10) without any artificial assumption. '

However, the spherical jellium model can provide us with
both the qualitative and quantitative knowledge of the
electronic structure over a wide range of cluster size and is
suitable for understanding the essence of the physics of
small clusters. Hintermann and Mannineni have per-
formed the spin-dependent calculation in relation to the
problem of a hydrogen impurity in simple metals. Beck
and Ekardt have investigated the convergence of various
properties of clusters to those of the bulk. These authors,
however, do not concern themselves with the problem of
the magic number; that is, the preference of a specific
cluster size. Chou et al. have calculated the second
derivative (difference) of the total energy to obtain the
abundance curve. We consider, however, that it is not
clear that the second derivative of the total energy is pro-
portional to the abundance curve, although it is one of the
measures of the relative stability.

In the present paper we discuss the relative stability
based on the energetical consideration more precisely. For
this purpose we calculate the total energies of jellium
spheres within the spin-polarized local-density-functional
(LDF) approximation and its self-interaction-corrected
(SIC) version. The spin-polarized calculation suggests the
appearance of the half-filled-shell magic numbers giving a
high spin configuration in addition to the shell-closing
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magic numbers. The spin-polarized calculation also en-
ables us to evaluate the exchange energy and the stabiliza-
tion by the multiplet formation. We shall show that the
stabilization due to the multiplet formation is smaller
than that due to the spin polarization.

By using the total energies of the ground state, we ex-
amine the possibility of the fragmentation. There the SIC
results describe the fragmentation processes in a way con-
sistent with the experimental observations. The ionization
energies, which are the energies required to remove one
electron from a neutral cluster, can be estimated from the
orbital energies of the highest occupied orbital. The SIC
calculation gives the correct gross feature of the N depen-
dence consistent with the classical results, 9 although a de-
tailed feature such as the even-odd alternation observed in
the photoionization experiment' cannot be obtained
within the spherical jellium model.

The spherical symmetry assumed in the present model
plays an important role in determining various properties.
It must be carefully examined whether or not this as-
sumption introduces fictitious behavior. In the present
paper the effect of the nonspherical field due to the
geometrical configurations of atoms is examined by a per-
turbative treatment. This investigation supplements the
detailed calculation of the electronic structure of the jelli-
um sphere. Indeed, it will be shown that the nonspherical
perturbation overcomes the exchange energy, making the
stabilization at the half-filled-shell numbers ineffective al-
though the shell-closing magic numbers are still valid.

Throughout this paper, the electron mass m, the elec-
tron charge e, and Planck's constant fi are taken as unity;
that is, energy and length are measured in atomic units as
1 a.u. =27.21 eV and 0.529 A, respectively. The denoting
of the single-electron shell as the nl shell in this paper fol-
lows the convention in the shell model; that is, n —1 cor-
responds to the number of nodes of the radial wave func-
tion.

p+(r)=[(4m. !3)r,] 'B(RO r—), (2.3)

with the unit step function B(x) and r=
~

r ~. The elec-
trostati. c potential due to the positive charge is not con-
stant, contrary to the case of a bulk jellium, because of a
sudden cutoff of the positive charge density at R(]; that is,
the surface effect. Indeed, the electrostatic potential due
to the positive charge is calculated as

—(N j2RO)[3 —(rlR(]) ], r &R(]
u+(r}=

Nlr—, r &Ro . (2.4)

The electronic structure is calculated by using the spin-
polarized LDF approximation"' for the exchange-
correlation term and its SIC version. " The total energy
of an interacting N-electron system with the spin polari-
zation M=N, N, —(N is the total number of electrons
of spin o ) is given by

E (N M)= yf (y
~ [——,'P'2+u (r)]

~ y }

+Ul p ]+E„,[p„pi]+Ul p+], (2.5)

(2.6a)

(2.6b)

where g f~=N~ and 0&f &1. The electrostatic in-
teraction part U[p ] is explicitly given by

where we include the Madelung energy term U[p+].
Here, a and a denote the orbital state and the spin state,
respectively. The electron density is related to the wave
function i]( (r) as

II. MODEL AND METHOD OF CALCULATION

In a spherical jellium model the positive charge is dis-
tributed uniformly in a sphere with radius Ro determined
by

rp+ r =N, (2.1)

where p+(r) is the positive charge density and N the num-
ber of atoms forming a cluster. When the positive charge
density is assumed to be equal to the electron density in a
bulk solid, Ro is obtained as

(2.2)

where r, is the radius of the sphere containing one elec-
tron in the bulk. Then, p+(r) is given as

U[p ]=—,
' f dr fd r', . (2.7)

p (r)p (r')

The exchange-correlation part, E„,[p„p,], is given in
the local-density-functional formalism as

E„"[p„p, ]= f 1'r p (r)e„(p, (r), p, (r)), (2.8)

where e„(p„p,) is the exchange-correlation energy per
electron for the homogeneous system. The present calcu-
lation is performed using the parametrized expression]i
for e„,(p„p, ) of the result of Ceperley and Alder. ' Solv-
ing self-consistently the Kohn-Sham equation, '

[——,
'

V +u,n(r ao)]g (r)=e f (r), (2 9)

the total energy is obtained as

E~t,](N,M)= gf e +U[p+] —U[p ]+g f d rfe„,(p, (r), p, (r))—p„,(p, (r), p, (r)}]p (r) . (2.10)

Here the effective potential u,rf(r;acr) is given by

, , p (r')
u,rf(r;ao)=u+(r)+ d r', +p,„,(p, (r), p, (r)), (2.11)



EPFaCFS OF ELECTRON CORRELATION AND GEOMETRICAL. . .

{2.13)

pxc{pi~pi) = tp &—xc{pt~ pi) j ~ {2.12)
dpe

On the other hand, within the self-interaction-corrected version, the self-interaction contribution is subtracted from
the exchange-correlation energy E"„"fp„p, j as

E*'"4 .p &=E*".'(p p j g—«lp j+E.'. "Ip

Correspondingly, the effective potential in Kohn-Sham equation (2.9) is modified as

u,n(r;acr)=u+(r)+ f1r', +p,„,{p, (r), p, (r))—J d r', —Is„',{p~(r), 0) .r—r
The total energy within the self-interiiction correction is obtained as

8~+~ {{{{M)=xfe +U[p+] —U[p ]+QU[p ]++J d3r]e,.{p{r)p{t),) p {p{z)p{r))Q {r)
a,e a,n CJ

—x f d'r[a, ,{p {c[0)—p,',{p {r{,0]lp„{r).
a,n

(2.14)

(2.15)

When the above formalism is applied to a spherically
symmetric system, one requires further manipulation. In
a central field the wave function is given by a.product of
an appropriate radial wave function and a spherical har-
IOIlics as

y (r)=R/(r)Yj (e,y), (2.16)

IH. RELATIVE STABILITY OF A JELLIUM SPHERE

where spin index [r is eliminated. If we consider partially
filled I orbitals, that is, an open-shell configuration, and
apply Eqs. (2.6) in a straightforward way, the resultant
charge density and the effective potential u~{r;ao) are
not spherically symmetric. In order to be self-consistent,
one should regard a squared wave function in Eq. {2.6b) as
that averaged over the degenerate 21+ 1 states as

1 '
1

[ g (r) [
~= [[R„i(r) [

i . (2.17)+ m= —I

This procedure corresponds to averaging over all possible
multiplets for a given electron configuration. Therefore
the calculated total energy is that averaged over all the
possible states with a fixed electron configuration and
spin polarization M.

tion at the shell-closing numbers has been demonstrated
by the spin-unpolarized calculation. However, the stabil-
ization at the half-filled configuration may be shown only
by the spin-polarized one. ' The spin-polarized calculation
of the spherical jellium model shows that the spin-
polarization always takes its maximum value in the
ground state. As mentioned at the end of Sec. II, this
ground state corresponds to that averaged over all the
multiplets with the highest s~in to our approximation,
averaged over F and iP for d, F and P for di, and so
on. Therefore, we may state that Hund's rule with respect
to spin is always satisfied. Hund's rule is violated if the
nonspherical perturbation due to the geometrical struc-

1d

D
CU

C)

A. Spin polarization

In the present paper we confine ourselves to the prob-
lem of sodium clusters, and so the calculation is per-
formed for r, =3.93 a.u. We are interested in the relative
stability of clusters of different size. In Fig. 1 the total
energy per atom E& E~~{N,M~)/N is ——shown as a
function of the system size N for the ground-state config-
uration. The spin polarization M~ giving the ground
state for each N is also shown. The relative stability
shows downward cusps at X=2, 5, 8, 13, 18, 19, and 20.
Here, N =2, 8, 18, and 20 are the shell-closing numbers
of the ls, 1p, ld, and 2s shells, respectively, while N =5,
13, and 19 are the numbers of the half-filled configuration
of the lp, ld, and 2s shells, respectively. The stabihza-

ILLA'
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FIG. 1. Total energy per atom for a jelhum sphere with
r, =3.93 a.u. obtained swithin LDF (thin solid line) and SIC
(thick solid line). The spin polarization M~ giving the ground
state is also shorn& (thin dashed line).
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tures of a cluster exceeds a certain critical value. This
will be discussed in the following section.

From the total energies for the different spin-polarized
states, we can estimate the interaction energy between
electrons. Here we confine our discussion to the open
1 d-shell configuration, which corresponds to the
N =9—18 cases. To be consistent with the spherically
averagixl version (2.17), the interaction energy between d
electrons is assumed to be independent of the magnetic
quantum number m. In general, the interaction energy
for a parallel spin pair, E», is smaller than that for a
antiparallel spin pair, E„,because of the Pauli principle.
The d-d interaction part of the total energy E;„, is ex-

pressed as

ETT
E;„,= g n~(n~ 1}+E—„n,n,In 2

O' C7

« ~, ———,', [9F~(dd) —5F (dd)] . (3.5)

If we assume the ratio F (dd)/F"(dd) to be 1.4, which is
obtained from the straightforward integration by using
the ld wave function of the jellium sphere, the multiplet
stabilization energy he ~, is estimated as

tion by using the ld wave function of the jellium sphere
overestimates the values of F"(dd) because the correlation
effect is not properly taken into account in the wave func-
tion obtained within the LDF approximation.

As already mentioned, the total energy of the ground
state is lowered from that of the state with the maximum

spin polarization due to the multiplet formation' in the
cases of 1 , 1 , 1 , and d ; that is, N = 10, 11, 15, and
16. The stabilization energy due to the multiplet forma-
tion for the ground state in all these cases is obtained in
terms of Slater integrals as

n (n +1)+«,„,hn, n, , (3.1) 5e ~,——0.45he,„,h
=(1.6+0.2) )& 10 a.u. (3.6)

where n is the number of d electrons of spin n,
n =n, +n» and

«e.ch=Eii —E~i . (3.2)

«,„,h ——,', [F (dd)+F—(dd)].
(3.3}

If we assume that the total-energy difference between the
different spin-polarized states comes entirely from the d-d
interaction energy, «,„,h can be evaluated from the
present calculation of the total energies as shown in Table
I. Within either the LDF or SIC approximations, «,„,h
is estimated as

«,„,h ——(3.5+0.5)X10 ' a.u. (3.4)

Here it should be noted that the straightforward integra-

The second term of Eq. (3.1) expresses the fact that the to-
tal energy is lowest when the spin polarization attains its
maximum value. On the other hand, taking an average of
the energies of all the allowed multiplets with a given spin
polarization for the d" configuration, " one can express

E;„, for a given set of ( n„n, ) in terms of Slater integrals
F"(dd). Combining these results with E;„in Eq. (3.1), we

obtain E» and b,e,„,h, explicitly as

E„=F0(dd) ,', [F (—dd—)+F(dd)],

It seems that the multiplet stabilization causes no essential
change in our discussion.

dE„=E~~(N —v, MN „)+E~,~(v,M„)

E„~(N,MN—) . (3.7)

The negative value of h&„means that the fragmentation
is favored energetically.

B. Fragmentation of the jelhum sphere

In order to investigate the relative stability of clusters
more precisely, let us consider a fragmentation process,

X~—+X~ „+X„,
where X denotes a constituent atom. We assume here that
the possibility of the fragmentation is determined by com-
paring the total energies of XN and X~ „+X„.Examin-
ing the possibility of the fragmentation processes with
v=1—10, we find that the important processes are those
with v= 1, 2, and 8. In Fig. 2 we plot the change of the
total energies after the fragmentation given as

TABLE I. he, h estimated from the energy separation between the total energies for the different
spin-polarized states ( X 10 a.u.).

10
11
12
13
14
15
16

Config.

d
d
d4
d'
d'
d
d'

LDF1'

4.1

3.9
3.6
3.4
3.8
3.0
2.9

3.7

3.2

3.6
3.4
3.4

3.9
3.7
3.4
3.0
3.7
3.1

3.5

3.8
3.6
3.2

SIC3c

3.7
3.4
3.3

'Estimated from Et,~{N,2)—E~{X,O) for even N and Et,~(N, 3)—E„~(N,1) for odd ¹

bEstimated from E~~(N, 4)—E,~(N, 2) for even N and Eb,~(N, 5)—E„t,~(%,3) for odd ¹

'Estimated from E~(%,4)—E~(N, O) for even X and Et,~(N, S)—E„~{X,1) for odd ¹
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—+X9+X2—+Xs+X2+X),

X)2—+X)p+X2 —+Xs+2X2,

X)3—+X8+X5,

X)4~Xg +X6,
X)5~XS+X7,
X)6~2XS,

X23~X2) +X2~X)g +2X2,

X24 —+X22+X2—+X2p+ 2X2,

X25 —+X)7+Xs .

This variety of the possible processes is consistent with
the experimental results showing the pronounced abun-
d'mce of clusters %=8 and 20 relative to those of
%=9—11 and 21—24. Our SIC results are inconsistent
with a relatively large abundance of the N =12 and 14
clusters observed in the mass spectra. In the same way
that the SIC calculation much improves the LDF results
for the atomic structures, ' the present SIC calculation
also describes the relative stability of clusters better than
the LDF does.

-20-

-40- I

10
l

15
N

I

20
t

25

FIG. 2. (a) Comparison of the energies E~(N, M~) with

„)+E~(v,M„) obtained by LDF for v=1
(dashed line), v=2 (solid line), and v=8 (~ached-dotted line).
The negative value means that the fragmentation is energeticaOy
favored. (b) Similar to {a),but obtained by SIC.

C. Ionization energy

The ionization energy is usually estimated from the or-
bital energy of the highest occupied orbital. It is known,
however, that the ionization potential calculated from the
orbital energy within the LDF approximation does not
agree with the experimental observation, while self-
interaction correction improves this disagreement. '3 Fig-
ure 3 shows the ionization energies calculated within LDF
and SIC together with those determined by the photoioni-
zation measurements. 'o Here SIC drastically improves
the LDF approximation and gives the correct gross
feature of the N dependence consistent with the classical

The LDF results in Fig. 2(a) show that the possible
fragmentations are

X(p~X8+Xg,
X)) ~X9+X2,
Xi6~2Xs

Xz2~X2o+X2 .
Considering the experimental fact that the abundance of
the N =9—11 and 21—24 clusters are relatively small, one
may speculate that the fragmentations of these clusters
cause a remarkable increase in the abundance of the N =8
and 20 clusters. Our LDF results showing that the frag-
mentation is probable only for %=10, 11, 16, and 22
clusters seem to be inconsistent pvith the experimental ob-
servation.

On the other hand, the SIC results in Fig. 2(b) lead to a
variety of possible fragmentations:

4.0—

2.0
I

25

FIG. 3. Ionization energies obtained by LDF (thin solid line)

and SIC (thick solid line) together with the experimental results
of photoionization measurements (Ref. 10) (open circles). The
dashed curve represents the classical result (Ref. 9)
I~ ——y„+3/880 ', where y„ is the work function of a bulk
metal (2.7 eV for sodium) and Ro a radius of a metal sphere
[given by Eq. (2.2)].
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fcc hcp

$E,exch
i

FIG. 4. Schematic illustration of competition between the ex-

change splitting Le q and the nonspherical field splitting 6,. FIG. 5. Three types of X= 13 clusters.

result. In the experiments the even-odd alternation is ob-
served. In the present calculation, however, the enhance-
ment of the ionization energies is more remarkable at the
shell-closing and half-filled-shell numbers. This
discrepancy seems to be due to the artificial spherical
symmetry assumed in the present model. In fact, the ela-
borate calculation optimizing the total energy to find the
equilibrium geometry of clusters up to E =g gives better
agreemeni ~iih experiment.

IV. NONSPHERICAI. PERTURBATION

—(1/2r, )[3—(r/rg)i], r (r,
—1/r, rpr, (4.1}

with r =3.93 a.u. , gives —3.0 eV (—5.5 eV). In the
present paper we construct the nonspherical potential by
superimposing the jellium potential (4.1) as

V+(r) =g U;,l(r —R;), (4.2)

As shown in the preceding section, the jellium sphere
usually has a magnetic moment, as the ground-state con-
figuration satisfies Hund's rule. For a real system, such
as sodium clusters, this may not be the case because the
nonspherical geometry of a cluster lifts the degeneracy of
a single-electron state as shown in Fig. 4. In order to ex-
amine this possibility, we investigate the nonspherical per-
turbation due to the geometrical structures of clusters by
regarding the spherical jellium as an unperturbed system.
This treatment is similar to the ion lattice model of Lang
and Kohn for metal surfaces. ' Here we investigate the
N =13 cluster with the fcc hcp, and icosahedral struc-
tures' ' as shown in Fig. 5. This cluster has the largest
spin polarization in the ground state of the jellium sphere.

For alkali metals it is well known that the pseudopoten-
tial theory accounts for the bulk properties very welLz

The orbital energy of the sodium atom 3s electron is cal-
culated as —3.1 eV ( —5.1 eV) within the LDF (SIC) ap-
proximation, '~ while a similar calculation, using the jelli-
um potential for N = 1,

where R; is the positional vector of the sodium atoms.
The jellium potential u;,&(r) in Eq. (4.1) is transformed

like Yoo(8,y) under the spatial rotation around the origin,
r=0; that is, rotationally invariant. Therefore,

v;,l(r —Rl) is necessarily expressed in terms of the rota-
tionally invariant combination of the tensorial quantities
generated from r and R;. That is,

uj 1(r Ri)=g Ul(», I R; I )Yl (8 +)Yi (8' Q'), (4.3)

V+(r)=u;,l(r)+Jul(r, a)Ql' Yi (8,p),
I,m

(4.4)

where the first term is the contribution from the center
atom and the second is that from the atoms in the first
coordination shell. In the present calculation the intera-
tomic distance a is chosen to be the same as that for the
bulk solid; that is, a =3.66 A=6.91 a.u. The informa-
tion on the glximetrical configuration of atoms in a cluster
is included in the bond-orientational order parameter'

Ql~ defined by

12

Qi =g Yim(8 o t 0} (4.5)

where 8;0 and q&;0 are the polar and azimuthal angles of
the bond vector directing from the center atom (zeroth
atom) to the ith coordinated atom.

For the clusters depicted in Fig. 5, the nonspherical ex-
pansion (4.4} is thus obtained as follows: For the face-
centered-cubic (fcc) duster which belongs to the Ol, point
group,

where 8l and y; are the polar and azimuthal angles of the
positional vector Rl. Here it can be proved that the ex-
pansion coefficient ul(», R) is independent of m with the
help of the Wigner-Eckart theorem. In the N =13 clus-
ters considered here, 12 atoms are located in the first
coordination shell of the center atom (hatched circles in
Fig. 5). Therefore the nonspherical potential (4.1) can be
expanded around the center of the cluster as

V+ (r) = Vo(r) Yoo(8q&)+ V4(r) I Y40(8p)+( —,'4 )'~ [Y44(8y}+Y4 &(8y})j+(higher order terms} .

For the hexagonal-close-packed (hcp} cluster which belongs to the Dis point group,

V+'i'(r)= VD(r)YOO(8, p)+iV3(r)[Y33(8,g)+ Y3 i(8,y)]+ V4(r}Y40(8,gr}+(higher-order terms) .

For the icosahedral cluster which belongs to the Il, point group,

V+ (r)= Vo(r)Y~(8,y)+ V6(r)I Y60(8,y)+( —,', )' [Y65(8,g) —Y6 q(8, y}]I+(higher-order terms) .

(4.6a)

(4.6b)

(4.6c}
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TABLE II. Competition between the exchange stabilization and the nonspherical field stabihzation

for the X =13 cluster.

(4, 1)

(n„n, )

(3,2)

fcc
hcp

icos

0.0
0.0
0.0

4hz, „,~ —hf ———0.006 a.u.

4~E„,~ —2
I ~b„ I

=o o

4ae~,b ——0.014 a.u.

65m, b —2hf ———0.019 a.u.

6m&~.b —3
I nb~ I

=o.oot a.u.

6he, b
——0.021 a.u.

In the present calculation we obtain the radial parts in the nonspherical expansions (4.6) by performing the two-
dimensional numerical integration

sin yF~', y V+ r

for each r.
The wave function for the jellium sphere is represented in terms of the same basis function Fi (8,q&) as that of the

nonspherical potential [see Eqs. (2.16) and (4A)]. By using the table' of c"(I,m;l', m') defined by
' 1/2

c (l,m, l', m')=
2 +1 g ~lm ~g ~km-m' ~f' I'm'

the matrix elements of the nonspherical perturbation are
easily calculated. The configuration of the highest occu-
pied orbital mainly determines the ground-state properties
and the ld orbital is the highest occupied one for the
N = 13 jelhum sphere. Therefore we investigate the effect
of the nonspherical perturbation on the d orbital Herea. f-
ter we neglect the spherical term in (4.4), l =m =0, be-
cause it gives only the shift of the orbital energy.

We consider the fcc cluster first. The d electrons in the
Os symmetric field have been well investigated in ligand-

field theory. ' The fivefold-degenerate d levels split into
the twofold and threefold ones, with the energy separation
LLrqq glvell by

5
~b.p= «r'Vg(r) /&i/(r) l'.

7 4n
(4.9)

The energy difference between the high-spin and low-spin
state is in this case 3kb,~ [Fig. 6(b)]. The separation b,i„~
is calculated as

tween the lp and ld orbitals. Estimating that the energy
change for the (l,m)=(2, +2) states by considering this
mixing is as small as one-tenth of the unperturbed p-d
separation, we neglcet the V3(r} term in the following.
As shown in Fig. 6(b), the V4(r) term causes the splitting
of the d level into two twofold-degenerate states and one
nondegenerate state, with the separation hb, ~ given by

J dr r'V, (r) l Z,~(r) l

' .
7 4n

(4.7) hb~ ———6.8y, 10 a.u. (4.10)

As shown in Table II, the nonspherical stabilization effect
When these split levels are filled by five d electrons, the
lligh-splii state costs 2kr~~ as coinpared wltll the low-spill
state [Fig. 6(a)]. However, the latter [(n„n, )=(3,2)]
costs the d-d interaction energy 6b,e„,s as compared with
the former [(n„n, }=(5,0)] [Eq. (3.1)]. The competition
between the nonspherical stabilization and the stabiliza-
tion due to the exchange effect determines whether or not
the high-spin state is realized in the ground state. By us-

ing the 1d wave function of the N = 13 jellium sphere ob-
tained from the spin-unpolarized I.DF calculation, the
nonspherical field splitting is calculated as

ah ih iE

hf„——2.0& 10 a.u. (4.8)

As shown in Table II, the stabilization due to the non-
spherical perturbation overcomes that due to the exchange
effect and prohibits the high-spin configuration in the
ground state in the fcc cluster.

For the hcp cluster the situation is slightly more com-
plicated. The perturbation V3(r) generates the mixing be-

(b)
FIG. 6. High- and low-spin configurations under the non-

spherical fields due to (a) the fcc and (1) hcp geometry.
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turns out to be important. It should be noticed here that,
for the d configuration, the multiplet stabilization effect
for the excited spin quartet and doublet states reduces the
spin-pairing energies, which are the energies required for
the excitations to the lowest multiplets of these quartets
and doublets. Assuming that F (dd)/F (dd)=1.4, as was
done before in evaluating the multiplet stabilization ener-

gy for the ground multiplet [Eq. (3.6)), we find that the
spin-pairing energy is reduced by 20% from that estimat-
ed by use of EEexgg

From the above estimation, we conclude that the ap-
pearance of the half-filled-shell magic numbers suggested

by the jellium sphere model is suspicious for the real sodi-
uin clusters. This fact also suggests that the fine struc-
tures observed at N =11—18 in the mass spectra of sodi-
um clusters is caused by the nonspherical perturbation.
Actually, Clemenger 2 has examined the effect of the el-

lipsoidal deformation by using the modified Nilsson
model and shown that some of the fine structures are
reproducible. However, we wonder if the ellipsoidal de-

formation could simulate reasonably the nonspherical per-
turbation due to the geometrical structure of the real clus-
ter.

For the icosahedral cluster, the expansion (4.6c) in-
cludes only higher-order terms (l & 6) which give the van-
ishing matrix elements for the d states. Unfortunately,
from the present perturbative treatment, we cannot obtain
the reliable information on the relative stability of the fcc,
hcp, and icosahedral geometries because of the ambiguity
in the evaluation of the Madelung energy U[p+]. How-
ever, if the nonspherical potential can be treated as a per-
turbation acting on the jellium sphere, there is no reason
why the icosahedral cluster is stable compared with the
fcc and hcp ones for the N =13 sodium cluster in the
sense that it gains no structural energy (Table II).

Finally, we examine whether or not the shell-closing
magic numbers are still valid even when the nonspherical
perturbation is taken into account. As shown schemati-
cally in Fig. 7, the nonspherical field splitting b competes
with the energy separation he„q between the highest occu-
pied orbital and the lowest unoccupied one. In Table III
the orbital energies of the highest occupied and the lowest
unoccupied orbitals and their separation are shown for the
shell-closing numbers. Within the LDF approximation
the orbital energies for the occupied states involve the
large self-interaction error and the energy separation be-
tween the highest occupied and the lowest unoccupied
states is considerably underestimated. The SIC version

TABLE III. Orbital energies of the lowest unoccupied and

highest occupied states and their separation at the shell-closing
numbers (a.u.).

20

he„b

LDF

—0.065
—0.121

0.056

—0.103
—0.115

0.012

—0.081
—0.101

0.020

SIC

—0.066
—0.165

0.099

—0.102
—0.148

0.046

—0.085
—0.137

0.052

essentially improves this shortcoming of the LDF approx-
imation. ' By assuming that the nonspherical field split-
ting b is approximately of the same order of magnitude as
that estimated for the case of % =13, Eqs. (4.8) and
(4.10), and using the values of energy gap b,e„& obtained
from the SIC calculation, we conclude that the shell-
closing magic numbers are still valid even if the nonspher-
ical perturbation is taken into account.

V. SUMMARY AND CONCLUSION
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The self-consistent calculation of the electronic struc-
tures of the jellium sphere has been performed by using
the spin-polarized local-density-functional approximation
and its self-interaction-corrected version. The results for
the total energy of the jellium sphere support the stabiliza-
tion of the cluster at the shell-closing numbers. The
spherical symmetry assumed in the present model leads to
the additional feature of the relative stabilization at the
half-filled-shell numbers with the high-spin configuration.
The SIC calculation drastically improves the quantitative
errors arising from the LDF approximation and gives the
correct description of the fragmentation process and the
ionization potential. The effect of the nonspherical field
due to the geometrical configuration of atoms in the clus-
ter is exainined within the perturbative treatment. It is
shown that the nonspherical perturbation overcomes the
exchange stabilization, making the half-filled-shell magic
number invalid while the stabilization at the shell-closing
numbers is still effective. In conclusion, the SIC formal-
ism is one of the possible ways of improving the
shortcomings of the LDF approximation in the calcula-
tion of smaB clusters.

FIG. 7. Schematic illustration of competition of the energy
separation between the highest occupied and the lowest unoccu-
pied orbitals he„q with the nonspherical field splitting h.
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